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PEEFACE  TO  THE  SECOND  EDITION. 


This  work  contaiDs  all  the  propositions  whicli  are  usually 
included  in  elementary  treatises  on  algebra,  and  a  large  number 
of  examples  for  exercise.  , 

My  chief  object  has  been  to  render  the  work  easily  intelligible. 
Students  should  be  encouraged  to  examine  carefully  the  language 
of  the  book  they  are  using,  so  that  they  may  ascertain  its  meaning 
or  be  able  to  point  out  exactly  where  their  difficulties  arise.  The 
language,  therefore,  ought  to  be  simple  and  precise;  and  it  is 
essential  that  apparent  conciseness  should  not  be  gained  at  the 
expense  of  clearness. 

In  attempting,  however,  to  render  the  work  easily  intelligible, 
I  trust  I  have  neither  impaired  the  accuracy  of  the  demonstra- 
tions nor  contracted  the  Hmits  of  the  subject;  on  the  contrary, 
I  think  it  will  be  found  that  in  both  these  respects  I  have  ad- 
vanced beyond  the  line  traced  out  by  previous  elementary  writers. 

The  present  treatise  is  divided  into  a  large  number  of  chap- 
ters, each  chapter  being,  as  far  as  possible,  complete  in  itsel£ 
Thus  the  student  is  not  perplexed  by  attempting  to  master  too 
much  at  once ;  and  if  he  should  not  succeed  in  fully  comprehend- 
ing any  chapter,  he  will  not  be  precluded  from  going  on  to  the 
next,  reserving  the  difficulties  for  future  consideration:  the  latter 
point  is  of  especial  importance  to  those  students  who  are  without 
the  aid  of  a  teacher. 

The  order  of  succession  of  the  several  chapters  is  to  some 
extent  arbitrary,  because  the  position  which  any  one  of  them 
should  occupy  must  depend  partly  upon  its  difficulty  and  partly 
upon  its  importance.  But,  since  each  chapter  is  nearly  independ- 
ent, it  will  be  in  the  power  of  the  teacher  to  abandon  the  order 
laid  down  in  the  book  and  to  adopt  another  at  his  discretion. 

The  examples  have  been  selected  with  a  view  to  illustrate 
every  part  of  the  subject,  and,  as  the  number  of  them  is  about 
sixteen  hundred  and  fifty,  I  trust  they  will  supply  ample  exercise 
for  the  student.  Complicated  and  difficult  problems  have  been 
excluded,  because  they  consume  time  and  energy  which  may  be 
spent  more  profitably  on  other  branches  of  mathematics.  Each 
set  of  examples  has  been  carefully  arranged,  commencing  with 
some  which  are  very  simple  and  proceeding  gradually  to  others 


The  Third  Edition  has  been  carefully  revised;  and  some  addi- 
tions have  been  made  to  the  text,  to  the  examples,  and  to  the 
answers  and  the  hints  given  at  the  end  of  the  book.  A  treatise 
on  the  Theory  of  Equations  has  been  drawn  up  by  the  author,  to 
form  a  sequel  to  the  Algebra;  and  the  student  is  referred  to  that 
treatise  as  a  suitable  continuation  of  the  present  worL 

St  John's  College, 
June,  1862. 


Some  additions  have  been  made  to  the  text  in  the  fourth  edition 
and  some  improvements  have  been  effected;  these  changes  are 
chiefly  due  to  the  suggestions  of  persons  engaged  in  teaching  the 
subject:  and  the  writer  returns  his  thanks  to  those  who  have 
thus  assisted  him  with  the  results  of  their  experience. 

March,  1866. 
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ALGEBRA. 


L      DEFINITIONS  AND  EXPLANATIONS  OF  SIGNS. 

1.  The  method  of  reasoning  about  numbers,  by  means  of 
letters  whicli  are  employed  to  represent  the  numbers,  and  signs 
which  are  employed  to  represent  their  relations,  is  called  Algebra. 

2.  Letters  of  the  alphabet  are  used  to  represent  numbers, 
which  may  be  either  knoion  numbers,  or  numbers  which  have  to 
be  found  and  which  are  therefore  called  imknovm  numbers.  It  is 
usual  to  represent  knovm  numbers  by  the  first  letters  of  the 
alphabet  a,  5,  c,  (&c,  and  unknown  numbers  by  the  last  letters 
X,  y,  z]  this  is  not  however  a  necessary  rule,  and  so  need  not  be 
stiictly  obeyed. 

Numbers  may  be  either  whole  or  fractional  The  word  quan- 
tity is  frequently  used  as  synonymous  with  number.  The  word 
integer  is  often  used  instead  of  whole  number. 

3.  The  sign  +  signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  added.  Thus  a  +  6  signifies  that  the  number  represented 
by  h  is  to  be  added  to  the  number  represented  by  a.  Ha  repre- 
sent 9,  and  h  represent  3,  then  a  +  h  represents  12.  The  sign  +  is 
called  the  plus  sign,  and  a  +  6  is  read  thus  "  a  plus  b." 

4.  The  sign  —  signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  subtracted.  Thus  a  —  h  signifies  that  the  number  repre- 
sented by  6  is  to  be  subtracted  from  the  number  represented  by  a. 
If  a  represent  9,  and  h  represent  3,  then  a  —  h  represents  6.  The 
sign  —  is  called  the  rrdnus  sign,  and  a  —  6  is  read  thus  ''a  minus  b." 

• 

5.  The  sign  x  signifies  that  the  numbers  between  which  it 
stands  are  to  be  nmUiplied  together.     Thus  axh  signifies  that  the 

T.A.  \ 


2  DEFINITIONS  AND   EXPLANATIONS  OF  SIGNS. 

number  represented  by  a  is  to  be  multiplied  hj  the  number  repre- 
sented by  b.  If  a  represent  9,  and  b  represent  3,  then  axb  repre- 
sents 27.  The  sign  x  is  called  the  sign  of  multiplication,  and  a  x  6 
is  read  thus  ** a  into  b."  Similarly  axb  xc  denotes  the  product  of 
the  numbers  represented  by  a,  b  and  c. 

It  should  be  observed  that  the  sign  of  multiplication  is  often 
omitted  for  the  sake  of  brevity;  thus  ab  is  used  instead  of  a  x  6, 
and  has  the  same  meaning;  so  abc  is  used  for  axbx  c.  Sometimes 
a  point  is  used  instead  of  the  sign  x ;  thus  a .  5  is  used  for  axb 
or  ah.  But  the  point  is  here  superfluous,  because,  as  we  have 
said,  ah  is  used  instead  of  a  x  6.  Nor  is  the  point,  nor  the  sign  x, 
necessary  between  a  number  expressed  in  the  ordinary  way  by  a 
figure  and  a  number  represented  by  a  letter ;  so  that,  for  example, 
3a  is  used  instead  of  3  x  a,  and  has  the  same  meaning. 

The  sign  of  multiplication  must  not  be  omitted  when  numbers 
are  expressed  by  figiires  in  the  ordinary  way.  Thus  45  cannot  be 
used  to  express  the  product  of  4  and  5,  because  a  different  mean- 
ing has  already  been  appropriated  to  45,  namely  forty-jive,  "We 
must  therefore  express  the  product  of  4  and  5  thus  4  x  5,  or  thus 
4.5.  To  prevent  any  confusion  between  the  point  thus  used  as  a 
sign  of  multiplication  and  the  point  as  used  in  the  notation  for 
decimal  fractions,  it  is  advisable  to  write  the  latter  higher  up; 
thus  4*5  may  be  kept  to  denote  4  +  •^. 

6.  The  sign  -j-  signifies  that  the  number  which  precedes  it 
is  to  be  divided  by  the  number  which  follows  it.  Thus  a-^b  sig- 
nifies that  the  number  represented  by  a  is  to  be  divided  by  the 
number  represented  by  b.  If  a  represent  9,  and  b  represent  3, 
then  a-^b  represents  3.  The  sign  is  called  the  sign  of  division, 
and  a  -r  6  is  read  thus  "  a  by  b."  There  is  also  another  way  of 
denoting  that  one  number  is  to  be  divided  by  another;  the  divi- 

a 
dend  is  placed  over  the  divisor  with  a  line  between  them.    Thus  , 

is  used  instead  of  a-i-b  and  has  the  same  meaning. 

7.  The  sign  =  signifies  that  the  numbers  between  which  it  is 
placed  are  eqtial.     Thus  a  =  &   signifies  that  the  number  repre- 


DEFINITIONS  AND  EXPLANATIONS  OP  SIGNS.  3 

sented  by  a  is  equal  to  the  number  represented  by  6,  that  is,  a  and 
h  represent  the  same  number.  The  sign  =  is  called  the  sign  of 
equality^  and  a  =  6  is  read  thus  "  a  equals  b"  or  "  a  w  equal  to  b." 

8.  The  difference  of  two  numbers  is  sometimes  denoted  by 
the  sign  -* ;  thus  a~h  denotes  the  diflference  of  the  numbers 
denoted  by  a  and  6,  and  is  equal  to  a  —  6  or  to  6  —  a,  according 
as  a  is  greater  than  h  or  less  than  5. 

9.  The  sign  >  denotes  greater  than,  and  the  sign  <  denotes  less 
than;  thus  « >  6  denotes  that  the  number  represented  by  a  is 
greater  than  the  number  represented  by  6,  and  h<a  denotes  that 
the  number  represented  by  h  is  less  than  the  number  represented 
by  a.  Thus  in  both  signs  the  opening  of  the  angle  is  turned 
towards  the  greater  number. 

10.  The  sign  .*.  denotes  then  or  therefore;  the  sign  •.•  denotes 
since  or  because. 

11.  "When  several  numbers  are  to  be  taken  collectively  they 
are  enclosed  by  brackets.  Thus  (a  —  6  +  c)  x  (c?  +  e)  signifies  that 
the  number  represented  by  a  —  b  +  c  is  to  be  multiplied  by  the 
number  represented  by  d  +  e.  This  may  also  be  written  thus 
(a  —  b  +  c)(d  +  e).  The  use  of  the  brackets  will  be  seen  by  com- 
paring the  above  expressions  with'  {a  —  b-hc)d  +  e;  the  latter  de- 
notes that  the  number  represented  by  a  —  6  +  c  is  to  be  multiplied 
by  dy  and  then  e  is  to  be  added  to  the  product. 

Sometimes  instead  of  using  brackets  a  line  called  a  vinculum 
is  drawn  over  the  numbers  which  are  to  be  taken  collectively. 

Thus   a  —  6  +  cxc?  +  6   is    used    with    the    same    meaninsr    as 
(a  —  b  +  c)x(d-h  e). 

12.  The  letters  of  the  alphabet,  and  the  signs  or  marks  which 
we  have  already  introduced  and  explained,  together  with  those 
which  may  occur  hereafter,  are  called  algebraical  symbols,  since 
they  are  used  to  represent  the  things  about  which  we  may  be 
reasoning.  Any  collection  of  algebraical  symbols  is  called  an 
algebraical  expression  or  &  formula. 
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13.  Those  parts  of  an  expression  whicH  are  connected  hj  the 
signs  +  or  —  are  called  its  terms.  When  an  expression  consists  of 
two  terms  it  is  called  a  binomial  expression;  when  it  consists  of 
three  terms  it  is  called  a  trinomial  expression;  any  expression 
consisting  of  several  terms  may  be  called  a  multinomial  expression 
or  a  polynomial  expression.  When  an  expression  does  not  contain 
parts  connected  by  the  sign  +  or  the  sign  —  it  may  be  called  a 
simple  eocpression,  or  it  may  be  said  to  contain  only  one  term. 

Thus  abc  is  a  simple  expression;  abc  +  aj  is  a  binomial  expres- 
sion, of  which  abc  is  one  term,  and  x  is  the  other;  ab-\-  ac  —  bc  is 
a  trinomial  expression,  of  which  ab,  ac,  and  be  are  the  terms, 

14.  When  one  number  consists  of  the  product  of  two  or  more 
numbers,  each  of  the  latter  is  called  a  factor  of  the  product.  Thus 
a,  b  and  c  wee /actors  of  the  product  abc. 

15.  A  product  may  consist  of  one  factor  which  is  a  number 
represented  a/rithmsticallt/,  and  of  another  factor  which  is  a  num- 
ber represented  algebraically,  that  is,  by  a  letter  or  letters ;  in  this 
case  the  former  factor  is  said  to  be  the  coefficient  of  the  latter. 
Thus  in  the  product  lahc  the  factor  7  is  called  the  coefficient  of 
the  fiwstor  ahc.  Where  there  is  no  arithmetical  factor,  we  may 
supply  unity;  thus  we  may  say  that,  in  the  product  ahc,  the  co- 
efficient is  \mity. 

And  when  a  product  is  represented  entirely  algebraically, 
any  one  factor  may  be  called  the  coefficient  of  the  product  of  the 
remaining  factors.  Thus,  in  the  product  cibc,  we  may  call  a  the 
coefficient  of  bo,  or  b  the  coefficient  of  oc,  or  c  the  coefficient  of  ah. 
If  it  be  necessary  to  distinguish  this  use  of  the  word  coefficient 
from  the  former,  we  may  caU  the  latter  coefficients  literal  coef- 
ficients, and  the  former  coefficients  numerical  coefficients. 

16.  If  a  number  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  number.  Thus  ax  a  is  called 
the  second  power  of  a;  also  axaxa  is  called  the  third  power  of 
a ;  and  axaxaxa  is  called  the  fov/rth  power  of  a ;  and  so  on. 
The  number  a  itself  is  often  called  Hhe  first  power  of  a. 


DEFINITIONS  AND  EXPLANATIONS  OP  SIGNS.  5 

17.  Any  power  of  a  quantity  is  usually  expressed  by  placing 
above  the  quantity  the  number  which  represents  how  often  it  is 
repeated  in  the  product.  Thus  a'  is  used  to  express  a  x  a ;  also 
o^  is  used  to  express  ay.ay.a\  and  a*  is  used  to  express  axaxaxa; 
and  so  on.  And  a^  may  be  used  to  denote  the  first  power  of  a 
or  a  itself;  that  is,  a^  has  the  same  meaning  as  a. 

Numbers  placed  above  a  quantity  to  express  the  powers  of 
that  quantity  are  called  indices  of  the  powers,  or  exponents  of  the 
powers;  or  more  briefly  indices  or  exponents, 

18.  Thus  we  may  sum  up  the  two  preceding  articles  as 
follows  :  a  X  a  X  a  X  &c.  to  n  factors  is  expressed  by  a",  and  n  is 
called  the  index  or  exponent  of  a",  where  n  may  denote  any 
whole  number. 

19.  The  second  power  of  a  or  a*  is  often  called  the  square 
of  a,  and  the  third  power  of  a  .or  a'  is  often  called  the  cube 
of  a.  The  symbol  a*  is  read  thus  "a  to  the  fourth  potoer'^  or 
briefly  "a  to  the  fourth;^'  and  a"  is  read  thus  "a  to  five  n'^" 

20.  The  square  root  of  any  assigned  number  is  that  number 
which  has  the  assigned  number  for  its  sqvxi/re  or  second  power. 
The  cube  root  of  any  assigned  number  is  that  number  which  has 
the  assigned  number  for  its  cube  or  third  power.  The  fourth  root 
of  any  assigned  number  is  that  number  which  has  the  assigned 
number  for  \\;&  fourth  power.     And  so  on. 

21.  The  square  root  of  a  number  a  is  denoted  thus  IJa,  or 
simply  thus  Ja,  The  cube  root  of  a  is  denoted  thus  IJa,  The 
fourth  root  of  a  is  denoted  thus  Ja,     And  so  on. 

The  sign  J  is  said  to  be  a  corruption  of  the  initial  letter  of 
the  word  radix.     This  sign  is  sometimes  called  the  radical  sign, 

22.  Terms  are  said  to  be  like  or  similar  when  they  do  not 
difler  at  all  or  differ  only  in  their  numerical  coefficients;  otherwise 
they  are  said  to  be  unlike.  Thus  4a,  ^ah,  9a*  and  Za%c  are 
respectively  similar  to  15a,  3a5,  12a*  and  15a*6c.  And  a5,  a'6, 
ab^  and  ahc  are  all  unlike. 


6  EXAMPLES.      CHAPTER  I. 

23.  EacH  of  the  letters  which  occur  in  an  algebi'aical  product 
is  called  a  dimension  of  the  product,  and  the  number  of  the 
letters  is  the  degree  of  the  product.  Thus  a'b^c  or  axaxbxhxbxc 
is  said  to  be  of  six  dimensions  or  of  the  sixth  degree.  A  numerical 
coefficient  is  not  counted;  thus  9a'6*  and  a^b*  are  of  the  same 
dimensions,  namely  of  seven  dimensions.  Thus  the  degree  of  a 
term  or  the  number  of  dimensions  of  a  term  is  the  sum  of  the 
exponents,  provided  we  remember  that  if  no  exponent  is  expressed 
the  exponent  1  must  be  understood  as  indicated  in  Art.  17. 

24.  An  algebraical  expression  is  said  to  be  homogeneoits  when 
all  its  terms  are  of  the  same  dimensions.  Thus  7  a'  +  3a' b  +  4a&c 
is  homogeneous,  for  each*  term  is  of  three  dimensions. 

The  following  examples  will  serve  for  an  exercise  in  the 
preceding  definitions. 


EXAMPLES. 

If  a  =  1,  6  =  3,  c  =  4,  d=z6,  e  =  2  and  /=  0,  find  the  numerical 
values  of  the  following  twelve  algebraical  expressions  : 

1.  a'h2b  +  4c,  2.  3b-h5d-2e, 

3.  ab-^2bc  +  Bed.  4.  ac  +  4:cd-2eb. 

5.  abc  +  4bd  +  ec -fd.  6.  a'  +  6Vc'+/*. 

^  cd     4:be      cd  «  ^     ,  « 


b       3a      24* 


c 


.3 


2c-3a'  '     d^  +  dc  +  c"^' 

11.     J{21b)-il{2c)  +  J{2e).         12.     J{3bc)  + ij{^cd)- ^{2ey 

13.  Find  the  value  of  (9-2/)  (aj+ 1)  + (iB  + 5)(y +  7)- 112, 
when  a?  =3  and  y  =  5. 

1 4.  Find  the  value  of  x  J(x'  _  8y)  +  y  ^(x"  +  8y),  when  x  =  5 
and  y  =  3. 


EXAMPLES.      CHAPTER  I.  7 

15.  Find  the  value  of  a  J{x'  —  3a)  +  x  J  {a?  +  3a),  when  a?  =  5 
and  a  =  8. 

1 6.  Find  the  value  of  a  +  &  ,J{x  +  y)  -  (a  -  6)  U{x  -  y\  when 
a=10,  &  =  8,  a;  =  12,  andy  =  4. 

17.  If  a  =  16,  6  =  10,  aj  =  5  and  y  =  l,  find  the  value  of 

{h-x){Ja-^-h)^J{{a-h){x^y)}^, 
and  of  (a  -  y)  {^/(26a5)  +  aj'}  +  ^{(a  -  a;)  (6  +  y)}. 

18.  If  a  =  2,  6  =  3,  aj  =  6  and  y=5,  find  the  value  of 
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25.  When  the  terms  of  an  expression  are  connected  hj  the 
sign  +  it  is  indifferent  in  what  order  they  are  written ;  thus 
a-\-h  and  h  +  a  give  the  same  result,  namely  the  sum  of  the 
numbers  which  are  denoted  by  a  and  h.  We  may  express  this 
fact  algebraically  thus  : 

Similarly 

a  +  6  +  c  =  a  +  c  +  6  =  6  +  a  +  c  =  6  +  c  +  a  =  c  +  a  +  6  =  c  +  6  +  a. 

2Q,  When  an  algebraical  expression  consists  of  some  terms 
preceded  by  the  sign  +  and  some  terms  preceded  by  the  sign  — , 
we  may  write  the  former  terms  first  in  any  order  we  please, 
and  the  latter  terms  after  them  in  any  order  we  please. 
This  appears  from  the  same  considerations  as  before.  Thus,  for 
example, 

a  +  6  —  c  —  c  =  a  +  6  —  e  —  c  =  &  +  a--c  —  e  =  6  +  a  —  e  —  c. 

27.  In  some  cases  it  is  obvious  that  we  may  vary  the  order 
of  terms  still  further,  by  mixing  up  the  terms  preceded  by  the 
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sign  —  with  those  preceded  by  the  sign  + .     Thus,  for  example, 
if  a  represent  10,  6  represent  6,  and  c  represent  5,  then 

a  +  h~-c  =  a-'C-hb  =  h  —  c-ha. 

If  however  a  represent  2,  h  represent  6,  and  c  represent  5, 
then  the  expression  a-c  +  b  presents  a  difficulty  because  we  are 
thus  apparently  required  to  take  a  greater  number  from  a  less, 
namely  5  from  2.  It  will  be  convenient  to  agree  that  such  an  ex- 
pression as  a  —  c  +  6  when  c  is  greater  than  a  shall  be  understood  to 
meom  the  same  thing  as  a  +  b  —  c.  At  present  we  shall  never  use 
such  an  expression  except  when  c  is  less  than  a  +  6,  so  that  a  +  b  —  c 
presents  no  difficulty.  Similarly  we  shall  consider  —b  +  a  to  mean 
the  same  thing  as  a  —  5.  We  shall  recur  to  this  point  hereafter  in 
Chapter  V. 

28.  Thus  the  numerical  value  of  an  expression  remains  the 
same  whatever  may  be  the  order  of  the  terms  which  compose  it. 
This,  as  we  have  seen,  follows,  partly  from  our  notions  of  addition 
and  subtraction,  and  partly  from  an  agreement  as  to  the  meaning 
we  ascribe  to  an  expression  when  our  ordinary  arithmetical 
notions  are  not  strictly  applicable.  Such  an  agreement  is  called 
in  Algebra  a  convention^  and  conventional  is  the  corresponding 
adjective. 

29.  We  shall  frequently,  as  in  Article  2Q,  have  to  distinguish 
the  terms  of  an  expression  which  are  preceded  by  the  sign  +  from 
the  terms  which  are  preceded  by  the  sign  — ,  and  thus  the  follow- 
ing definition  is  adopted.  The  terms  in  an  algebraical  expression 
which  are  preceded  by  no  sign  or  which  are  preceded  by  the 
sign  +  are  called  positive  terms ;  the  terms  which  are  preceded 
by  the  sign  —  are  called  negative  terms.  This  definition  is  intro- 
duced merely  for  the  sake  of  brevity,  and  no  meaning  is  to  be 
given  to  the  words  positive  and  negative  beyond  what  is  expressed 
in  the  definition.  The  student  will  notice  that  terms  preceded  by 
no  sign  are  treated  as  if  they  were  preceded  by  the  sign  + . 

30.  Sometimes  an  expression  includes  several  like  terms ;  in 
this  case  the  expression  admits  of  simplification.     For  example. 
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consider  the  expression  4a'b  —  3a'c  +  9ac'  ~  2a^b  +  7a'c  —  66* ;  this 
may  be  written  4a"6  -  2a'6  +  7a'c  -  3a'c  +  9ac' -  66*  (Art.  28). 
Now  4a'b  —  2a^b  is  the  same  thing  as  2a'b,  and  7aV  —  3a*c  is 
the  same  thing  as  4a*c.  Thus  the  expression  may  be  put  in  the 
simpler  form  2a%  +  4a'c  +  9ac*  —  66*. 

ADDITION. 

31.  The  addition  of  algebraical  expressions  is  performed  by 
toriting  the  terms  in  succession  each  preceded  by  its  proper  sign. 

For  suppose  we  have  to  add  c  —  d-k-e  to  a  — 6;  this  is  the 
same  thing  as  adding  c  -^e  —  d  to  a  —  b  (Art.  28).  Now  if  we 
add  c+e  to  a  —  b  we  obtain  a  —  b  +  c-he;  we  have  however  thus 
added  d  too  much,  and  must  consequently  subtract  d.  Hence 
we  obtain  a  —  b  +  c  +  e  —  dy  which  is  the  same  as  a  —  b  +  c—d  +  e; 
thus  the  result  agrees  with  the  rule  above  given.  The  result  is 
called  the  sv/m. 

We  may  write  our  result  thus : 

a  —  b  +  {c  —  d  +  e)=a  —  b  +  c  —  d  +  e, 

32.  When  the  terms  of  the  expressions  which  are  to  be 
added  are  all  unlike,  the  sum  obtained  by  the  rule  does  not 
admit  of  simplification.  But  when  like  teims  occur  in  the  ex- 
pressions, we  may  simplify  as  in  Art.  30.  Hence  we  have  the 
following  rules : 

When  like  terms  have  the  same  sign  their  sum  is  found  by 
taking  the  sum  of  the  coefficients  vnth  that  sign  and  annexing  the 
comm>on  letters. 

Example;  add  5a  — 3b  and  4a  — 76;  the  sum  is  9a  — 106. 
For  the  5a  and  the  4a  together  make  9a,  and  the  36  and  76 
together  make  106. 

Again;  add  4a*c  — 106cfe,  6a'c-96c?<e  and  lla*c  — 36flfe.  The 
sum  is  2la'c  —  22bde. 

Wlien  like  terras  occv/r  with  different  signs  their  sum  is  found 
by  taking  the  differerice  of  the  sum  of  the  positive  a/nd  the  sum.  of 
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the  negative  coefficients  ivith  the  sign  of  the  greater  sum  and  an- 
nexing the  common  letters  as  before. 

Example;  add  7a  — 96  and  5h  —  ^a,     The  sum  is  3a  — 46. 

Again ;    add  together   3a'  +  46c  -  c'  +  1 0,    ba^  +  66c  +  26*  - 1 5 
and  4a"  -  96c  -  10c'  +  21.     The  sum  is  12a'  +  6c  -  96"  +  16. 


SUBTRACTION. 

33.  Suppose  we  have  to  take  6  +  c  from  a.  Then  as  each  of 
the  numbers  6  and  c  is  to  be  taken  from  a  the  result  is  denoted  by 
a  —  6  —  c.     That  is 

a  -  (6  +  c)  =  a  —  6  —  c. 

We  enclose  the  term  6  +  c  in  brackets,  because  hotfb  the  num- 
bers 6  and  c  are  to  be  taken  from  a. 

Similarly     a  +  c/—  (6  +  c  +  c)  =  a  +  c?  —  6  —  c—  c. 

Next  suppose  we  have  to  take  6  — c  from  a.  If  we  take 
6  from  a  we  obtain  a  — 6;  but  we  have  thus  taken  too  much 
from  a,  for  we  are  required  to  take,  not  6  but,  6  diminished  by  c. 
Hence  we  must  increase  the  result  by  c;  thus 

a  —  (6  —  c)  =  a  —  6  +  c. 

Similarly,  suppose  we  have  to  take  h  —  c  —  d+e  from  a.  This 
is  the  same  thing  as  taking  h-{-e  —  c  —  d  from  a.  Take  away  6  +  c 
from  a  and  the  result  is  a  -  6  —  c ;  then  add  c-hd,  because  we 
were  to  take  away,  not  6  +  c  but,  6  +  6  diminished  by  c  +  c?;  thus 

a  —  (6  —  c— c?  +  6)  =  a  —  6  —  6  +  c  +  fl? 

=  a  — 6  +C  +  d—e. 

34.  From  considering  these  cases  we  arrive  at  the  following 
rule  for  subtraction.  Change  the  sign  of  enery  term  in  the  expres- 
sion to  be  svhtractedj  and  then  add  it  to  the  other  expression.  Here 
as  before,  we  suppose  for  shortness,  that  where  there  is  no  sign 
before  a  term,  +  is  to  be  understood. 
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For  example;  take  a—h  from  3a +  b, 

3a  +  b'-{a'-b)  =  3a+h-a  +  b-2a  +  2b. 

Again ;  take  5a'  +  4:aJb  -  6x1/  from  1  la'  +  3ab  -  4:xy. 
1  la*  +  3ab  —  A:xy  -  (5a'  +  4:ab  —  6xy) 

=  11a'  +  3db  -  ixy-  5a'-  iab  +  6xy  =  6a'-'al-\-  2xy, 

BRACKETS. 

35.  On  account  of  the  frequent  occurrence  of  brackets  in 
algebraical  investigations,  it  is  advisable  to  call  the  attention 
of  the  student  explicitly  to  the  laws  respecting  their  use.  These 
laws  have  already  been  established,  and  we  have  only  to  give 
them  a  verbal  enunciation. 

When  an  eocpression  within  brackets  is  preceded  by  the  sign  + 
the  brackets  niay  be  removed. 

Thus  a-b  +  {c-d  +  e)  =  a-'b  +  C'-d  +  e,  (Art.  31). 

And  consequently  any  number  of  terms  in  an  expression  may  be 
enclosed  by  brackets,  and  the  sign  +  placed  before  the  wJcole, 

Thus  a  —  5  +  c  —  c?+6  may  be  written  in  the  foUowiDg  ways, 

a—b  +  c  +  {-d+e),     a—d+(c  +  e-b),     a+  (—d  +  c-\-e  —  b), 
and  so  on. 

When  am,  expression  within  brackets  is  preceded  by  the  sign  — 
t?ie  brackets  may  be  removed  if  the  sign  of  every  term  within  the 
brOfCkets  be  changed,  namely  +  to  —  and  —  to  +. 

Thus  a-{b-'C-d  +  e)=a'-b  +  c  +  d-ey  (Art.  34). 

And  consequently  cmy  nurhber  of  terms  in  an  eocpression  may 
he  enclosed  by  brackets  and  the  sign  —  placed  before  the  whole, 
provided  the  sign  of  every  term  within  the  brackets  be  changed. 

Thus  a  —  b  +  c  +  d-e  may  be  written  in  the  following  ways, 
a  —  b-^c-'(-'d+e),     a—{b  —  c  —  d-he),     a  +  c  — (6  — c?+6), 
and  so  on. 
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36.  Expressions  may  occur  with  more  than  one  pair  of 
brackets;  these  may  be  removed  in  succession  by  the  preceding 
rules  beginning  with  the  inside  pair.     Thus,  for  example, 

a  +  {6+(c-c?)}  =  a  +  {6  +  c-t/}  =  a  +  6  +  c-c?, 
a  +  { 6  -  (c  -  c?) }  =  a  +  { 6  -  c  +  c? }  =  a  +  6  -  c  +  c?, 
a  —  {6  +  (c  - 1?)}  =  a  —  {6  +  c  —  c?}  =  a  —  5  —  c  +  c?, 
a  —  {h-'{c  —  d)}  —  a-'\b  —  c-\-d}  =  a  —  h-¥c  —  d. 

Similarly, 

a  -  [6  -  { c  -  (c?  -  6) }]  =■  a  -  [5  -  {c  -  c?  +  e}] 
=  a--[5— c  +  c?  —  e]  =  a  —  6  +  c  —  c?4-tf. 

It  will  be  seen  in  these  examples  that,  to  prevent  confusion 
between  various  pairs  of  brackets,  we  use  brackets  of  different 
shapes;  we  might  distinguish  by  using  brackets  of  the  same  shape 
but  of  different  sizes, 

A  vinculum  is  equivalent  to  a  bracket;  see  Art.  30.  Thus, 
for  example. 


a^[h^{c-{d--e-f)}'\  =  a-[h~{c-{d-e+f)}] 
=  a-\h-{c-d-¥e  -/}]  =  a-[b-'C  +  d-e  +/] 
=  a-'b  +  c~d  +  e  -/. 

In  like  manner  more  than  one  pair  of  brackets  may  be  intro- 
duced.    Thus,  for  example, 

a-'b  +  c-d+e  =  a-'{b-c  +  d—e}  =  a-'{b  —  {c  —  d  +  e)}, 

37.  The  beginner  is  recommended  always  to  remove  brackets 
in  the  order  shewn  in  the  preceding  Article ;  namely,  by  removing 
first  the  innermost  pair,  next  the  innermost  pair  of  all  which  re- 
main, and  so  on.  "We  may  however  vary  the  order;  but  if  we 
remove  a  pair  of  brackets  including  another  bracketed  expression 
within  it,  we  must  make  no  chomge  in  the  signs  of  the  included  ex- 
pression. In  fact  such  an  included  expression  counts  as  a  single 
term.     Thus,  for  example. 
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a  +  {b+(c-(r)}  =  a  +  b  +  {c-d)  =  a  +  b+c-df 
a-^{b-{c-d)}  =  a  +  b-'{c-c[)  =  a-¥b-c  +  dy 
a-'{b-\-{C'-d)}  =  a-b-{c-d)  =  a-b-'C  +  <Jl, 
a-{b-{c-d)}  =  a-b-^{C'-d)  =  a-b  +  c-'d, 

Also,  a-[b-{c-(d-e)}]  =  a-b  +  {c-{d-e)} 

=  a  —  b  +  c  —  (d  —  e)=a  —  b  +  c-'d-^e. 


And  in  like  manner,  a  -  [5  -  {c  -  (c?-  e  -/)}] 


=  a  —  b  +  {c-'  (d—e  —/)}  =  a-b  +  c-{d-'e  —/) 
=  a-  6  +  c  —  d+e-'/=a—b  +  c  —  d+e'-f, 

EXAMPLES. 

1.  Add  together  4a  —  55  +  3c  —  2c?,  a  +  b  —  4:C+  5d, 

3a- 76  +  6c  +  4d  and  a  +  46 -  c - 7c?. 

2.  Add  together  x^  +  2a^-'3x+l,  2a;" -  3jr' +  4a; - 2, 

3a;'+4ar'  +  5  and  4a;" -  33;* - 5a;  +  9. 

3.  Add  together 

a;*-3a^  +  y  +  a;  +  y-  1,  2a;*  +  4a^- 3^- 2a;-2y  +  3, 
3af  —  6xy  —  4^*  +  3a;  +  4y  —  2  and  6a;'  +  IQocy  +  5^"  +  a;  +  y. 

4.  Add  together  as'  -  2aQt^  +  a'a;,  a;"  +  3aa;'  and  2a;"  —  aa^. 

5.  Add  together  4a6  — a;*,  3af—2ab  and  2ax  +  2bx. 

6.  From  5a -  36  +  4c -  7c?  take  2a-26  +  3c-c?. 

7.  From  a;*  +  4a;" -  2a;' +  7a; -  1  take  a;*+  2a;"-  2a;*  +  6a;-  1. 

8.  Subtract  a^—ax  +  a;*  from  3a'  —  2aa; -{-a?.  * 

9.  Subtract  a  —  6  —  2  (c  —  c?)  from  2  (a  —  6)  —  c  +  c?. 

10.  Subtract  (a-6)a;-(6  — c)y  from  (a  +  6)a;  +  (6  +  c)y. 

11.  Kemove  the  brackets  from  a  — {6  — (c  — df)}. 

12.  Bemove  the  brackets  from  a— {(6-c)  — c?}. 

13.  Bemove  the  brackets  from  a  +  26  -  6a  -  {36  -  (6a  -  66)}. 

14.  Bemove  the  brackets  from  7a -{3a- [4a- (5a- 2a)]}. 
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15.  Also  from  3a-[a  +  5-{a  +  6  +  c-(a  +  6  +  c  +  d)}]. 

1 6.  Also  from  2x  -  [3y  -  {4a;  —  (oy  -  6a;)}]. 

1 7.  Also  from  a  -  [25  +  {3c  -  3a  -  (a  +  5)}  +  2a  -  (5  +  3c)]. 

18.  Also  from  a~[56-{a-(3c- 36)  +  2c- (a- 26-c)}} 

19.  If  a  =  2,  b  =  3,  x=6  and  y  =  5>  find  the  value  of 

a+2a;-{6  +  y-[a-a;-(6-2y)]}. 

20.  Simplify 

4a;'-2a;*  +  a;+l-(3a;'-a;'-a;-7)-(a;'-4a;*+2a;  +  8). 


III.     MULTIPLICATIOK 

38.  "We  have  already  stated  that  the  product  of  the  numbers 
denoted  by  any  letters  may  be  denoted  by  writing  those  letters  in 
succession  without  any  sign  between  them ;  thus  abed  denotes  the 
product  of  the  numbers  denoted  by  a,  6,  c  and  d,  "We  suppose  the 
student  to  know  from  Arithmetic,  that  the  product  of  any  num- 
ber of  factors  is  the  same  in  whatever  order  the  factors  may  be 
taken ;  thus  a5c  =  ach  =  hca,  and  so  on. 

39.  Suppose  we  have  to  form  the  product  of  4a,  56,  and  3c ; 
this  product  may  be  written  at  full  thus,  4xax5x6x3xc,  or 
4  X  5  X  3  X  abCf  that  is  60a6c.  And  thus  we  may  (Reduce  the 
fo^owing  rule  for  the  multiplication  of  simple  terms :  multiple/ 
together  the  numerical  coefficients  and  put  the  letters  after  the 
product, 

40.  The  notation  adopted  to  represent  the  powers  of  a  num- 
ber, (Art.  17),  will  enable  us  to  prove  the  following  rule ;  the 
powers  of  a  number  are  multiplied  by  adding  the  exponents,  for 
a^xa'  =  axaxaxaxa  =  a'^  =  a*"*"* ;  and  similarly  any  other  case 
may  be  established. 

Thus  if  m  and  n  are  any  whole  numbers,  a*^  x  a'*=  a"'"''". 
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41.  We  may  if  we  please  indicate  the  product  of  the  same 
powers  of  different  letters  by  writing  the  letters  within  brackets, 
and  placing  the  index  over  the  whole.  Thus  a'  x  6*  =  (aby ;  this 
is  obvious  since  {ahy  =  dbxab  =  a>caxbxb.     Similarly, 

a^xb^xc^=  (abcf. 

Thus  a*  xb'*=  (a^)"j  a*  xb""  x  c'*={ahcy;  and  so  on  for  any 
number  of  factors. 

42.  Suppose  it  required  to  multiply  a  +  b  by  c.  The  pro- 
duct of  a  and  c  is  denoted  by  ac,  and  the  product  of  b  and  c 
is  denoted  by  be ;  hence  the  product  of  a  +  b  and  c  is  denoted  by 
ac4-5c.  For  it  follows,  as  in  Arithmetic,  from  our  notion  of 
multiplication,  that  to  multiply  any  quantity  by  a  number  we 
have  only  to  multiply  all  the  parts  of  that  quantity  by  the  number 
and  add  the  results.     Thus 

{a  +  b)c  =  ac  +  be. 

43.  Suppose  it  required  to  multiply  a  —  b  by  c.     Here  the 

product  of  a  and  c  must  be  diminished  by  the  product  of  b 

and  c.     Thus 

(a  —  6)  c  =  ac  —  be. 

44.  Suppose  it  required  to  multiply  a  +  b  hy  c  +  d.  It 
follows,  as  in  Arithmetic,  from  our  notions  of  multiplication, 
that  if  a  quantity  is  to  be  multiplied  by  any  number,  we  may 
separate  the  multiplier  into  parts*  the  sum  of  which  is  equal  to 
the  multiplier,  and  take  the  product  of  the  quantity  by  each  part, 
and  add  these  partial  products  to  form  the  complete  product. 

Thus  {a  +  b)(e  +  d)  =  (a  +  b)c  +  (a  +  b)d; 

also  (a  +  b)e  =  ac+bej  and  {a  +  b)d=<id  +  bd; 

thus  (a  +  b)  (c  +  d)  =  ac  -\-be  +  ad  +  bd. 

45.  Suppose  it  required  to  multiply  a  —  b  by  c  +  d.  Here 
the  product  of  a  and  c  +  d  must  be  diminislied  by  the  product  of 
b  and  c  +  d.     Thus 

{a-b){c  +  d)  =  a{c  +  d)'-b{c  +  d) 

=  ac  +  ad"  {be  +  bd)  =  ac  +  ad-bC''bd. 
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46.  Suppose  it  required  to  multiply  a  +  b  hy  c  —  d.  Here 
the  product  of  a  +  b  and  c  must  be  diminished  by  the  product 
of  a  +  6  and  d.    Thus 

(a  +  b){c-d)  =  (a  +  b)c-(a+b)d 

=  oc  +  6c  —  {ad  +  bd)  =  a>c  +  bc-'ad—bd. 

H,  Suppose  it  required  to  multiply  a  —  b  by  c  —  d.  Here 
the  product  of  a  —  6  and  c  must  be  diminished  by  the  product 
of  a  -  6  and  d.     Thus 

{a  —  b)(c  —  d)     (a-b)c-'{a-b)d 

=  ac  —  bc  —  {ad  —  bd)  ^  ac  —  be  —  ad  +  bd, 

48.  From  considering  the  above  cases  we  arrive  at  the  fol- 
lowing rule  for  multiplying  two  binomial  expressions.  Multiply 
each  term,  of  the  multiplicand  by  each  term  of  the  multiplier;  if  the 
terms  have  the  sat(ie  sign,  prefix  the  sign  +  to  their  produ^ct,  if  they 
have  different  signs  prefix  the  sign  —  /  then  collect  these  partial 
products  to  form,  the  complete  product. 

The  rules  with  respect  to  the  sign  of  each  partial  product  are 
often  enunciated  thus  for  shortness :  like  signs  produce  + ,  and 
unlike  signs  produce  — . 

49.  It  appears  from  the  preceding  Articles,  that  correspond- 
ing to  the  terms  —  b  and  c  which  occur  in  two  binomial  factors, 
there  is  a  term  -  5c  in  the  product  of  the  factors.  Hence  it  is 
often  stated  as  an  independent  truth  that  —  6  x  c  =  —  6c. 

Similarly,  we  observe,  that  corresponding  to  the  terms  —  b  and 
—  c  which  occur  in  two  binomial  factors,  there  is  a  term  be  in  the 
product  of  the  factors;  hence  it  is  often  stated  as  an  independent 
truth,  that  —  6  x  —  c  =  6c.  These  statements  will  be  examined  and 
explained  in  Chapter  v. 

50.  The  rule  given  in  Article  48  will  hold  for  the  multipli- 
cation of  any  algebraical  expressions.  This  will  appear  from 
considering  a  few  examples.     Suppose,  for  instance,  we  have  to 
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multiply   4:a^  —  bah  +  66*  by  2a^  —  Zah  +  46*.     The  required  pro- 
duct here  is 

2a*  (4a*  -  5a6  +  66*)  -  3a6  (4a*  -  5a6  +  66*)  +  46*  (4a*  -  5a6  +  66*) ; 

thus  we  obtain 

(8a*  -  10a^6  +  12a*6*)  -  (12a'6  -  15a*6*  +  18a6') 

+  (16a^6*-20a6»  +  246*), 
that  is, 

Sa""  - 1  Oa'6  +  1 2a*6*  - 1 2a»6  + 1 5a*6*  - 1 8a6»  +  1 6a*6*  -  20a6'  +  246*. 

This  result  agrees  with  the  rule.     If  we  simplify  the  result  by 
collecting  the  like  terms  we  obtain 

Sal'  -  22a'6  +  43a*6*  -  38a6»  +  246*. 

The  whole  operation  may  be  conveniently  arranged  thus : 

4a*-5a6  +  66* 


8a*-10a'6  +  12a*6* 

-12a'6  +  15a*6*-18a6» 

+  16a*6*-20a6  +246* 

S^a"  -  22a'6  +  43a*6*  -  38a6»  +  246* 

51.  The  student  should  carefully  notice  the  arrangement  of 
the  above  operation.  The  expressions  which  we  wish  to  multiply 
ai*e  here  said  to  be  arranged  according  to  descending  powers  of  a; 
for  in  the  expression  4'a*  —  5ah  +  66*  the  term  which  contains  the 
highest  power  oi  a  is  4a*,  and  this  is  placed  first;  next  we  place 
—  da6  which  contains  a,  and  last  we  place  the  term  +  66*,  which 
does  not  contain  a  at  all.  Similarly  the  other  fiictor  2a^—  3a6  +  46* 
is  arranged.  The  partial  products  which  arise  are  so  arranged 
that  like  terms  occur  in  the  same  column,  and  thus  we  collect 
them  more  easily. 

The  factors  might  also  have  been  arranged  thus  66*—  5a6  +  4a* 
and  46*—  3a6  +  2a^i  they  are  then  said  to  be  arranged  according 
to  ascending  powers  of  a*     It  is  of  no  consequence  which  order 

T.A.  % 
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we  adopt,  but  we  should  take  the  same  order  for  the  multiplicand 
and  the  multiplier. 

52.     Again ;  multiply  2oi?  +  3aj  +  4  by  2a^  -  3a;  +  4.     The  ope- 
ration may  be  arranged  thus : 

2a:'+3a;4-4 
2a;*- 3a; +  4 


4a;*  +  Ga;"  +  8a;» 

-6a;»-9a;'-12a; 

+  8a;'  +  12a;  +  16 

4a;*  +7a;»  +16 

Thus  the  product  is  4a;*  +  7a;*+ 16. 

53.     The  following  three  examples  are  deserving  of  special 
notice, 

a+6  a  —h  a+6 

a  +h  a  —h  a  —b 


a'  +  ah 
+  a6    +6" 

a^  —  ah 
-ab    +h' 

a'-\-aI> 

a'-h2ab-h  V 

a'-2ab  +  If 

a'-b' 

The  first  example  gives  the  value  of  (a  +  5)  (a  4-  6),  that  is,  of 
(a  +  by;  wo  thus  find 

{a-^by  =  aJ'+2ab  +  b'. 

Thus  the  squa/re  of  the  sum  of  ttoo  nvmbers  is  equal  to  the 
swm  of  the  squa/res  of  the  two  numbers  increased  by  twice  their 
product. 

Again  we  have 

(a_6)«  =  a»-2a6  +  6". 

Thus  the  squa/re  of  the  difference  of  two  nwmbers  is  equal  to  tlie 
sum  of  the  sqvja/res  of  the  two  wwmbers  diminished  by  twice  their 
products 
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Also  we  have 

(a  +  6)(a-5)  =  a"-6". 

Thus  the  product  of  the  sum  and  difference  of  two  rmmhers  is 
equal  to  the  difference  of  their  squares, 

54.  "We  may  here  indicate  the  meaning  of  the  sign  *  which 
is  sometimes  used,  and  which  is  called  the  dovhle  sign. 

Since  (a  +  6)*  =  «•-»-  2ah  +  6*, 

and  (a-  6)»  =  a^-2ah-¥  h\ 

-WQ  may  write  (a  ±  hf  =  a'  ±  2ah  +  6*. 

Thus  db  indicates  that  we  may  take  either  the  sign  +  or  the 
sign  — ;  a^h  is  read  thus,  " a  plus  or  minus  b." 

55.  The  results  given  in  Art.  53  furnish  a  simple  example  of 
the  use  of  Algebra ;  we  may  say  that  Algebra  enables  us  to 
prove  general  theorems  respecting  numbers,  and  also  to  express 
those  theorems  briefly.     For  example,  the  result 

is  proved  to  be  true,  and  is  stated  thus  by  symbols  more  com- 
pactly than  by  words. 

There  are  other  results  in  multiplication  which  are  of  less 
importance  than  the  three  formulae  given  in  Art.  53,  but  which 
are  deserving  of  attention.  We  place  them  here  in  order  that  the 
student  may  be  able  to  refer  to  them  when  tliey  are  wanted, 
they  can  be  easily  verified  by  actual  multiplication. 

(a-f  6)  (a»-a6  +  6")  =  a'+  6», 

(a  +  6)»  =  (a  +  6)(a»+2a6  +  6")  =  aV3a'6+3a5"+5', 
{a-by  =  {a"b)  (a«- 2a6  +6»)  =  a»-  Sa'b  +  3ab'-  b\ 
(a  +  6  +  cy  =  a''+  3a»(6  +  c)  +  3a  (6  +  c)"  +  (6  +  c)», 
=  a'+3a'(6  +  c)  +  3a(6'  +  25c  +  c")  +  6"+36*c+36c*-t.c« 
=  a"  + 6»  + c'  + 3a* (6  +  c)+ 36* (a+ c)-t- 3c'(a  +  6)  +  6a5c. 
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56.  By  using  the  formulce  given  in  Art.  53,  the  process  of 
multiplication  may  be  often  simplified.  Thus  suppose  we  have  to 
multiply  a  +  h  -\-c-\-d  by  a-\-h  —  c  —  d.  This  is  the  same  thing  as 
multiplying  (a  +  5)  +  (c  +  d)  by  (a  +  5)  —  (c  +  d).  Then  by  the 
third  formula  we  have 

{(a  +  6)  +  (c  +  cQ}{(a  +  6)-(c+c?)}  =  (a  +  6)^-(c  +  c?/. 

Next  we  oan  express  (a  +  6)*  and  (c  +  df  by  means  of  the  first 
formula ;  thus  finally 

(a  +  5+c  +  6?)(a  +  6-c-6?)=a*+5V  2ah -c^-d^- 2cd. 

57,  From  an  examination  of  the  examples  here  given,  and 
those  which  are  left  to  be  worked,  the  student  will  recognise  the 
truth  of  the  following  laws  with  respect  to  the  result  of  multi- 
plying algebraical  expressions. 

The  number  of  terms  in  the  product  of  two  algebraical  ex- 
pressions is  never  greater  than  the  product  of  the  numbers  of  the 
terms  in  the  two  expressions,  but  may  be  less,  owing  to  the 
simplification  produced  by  collecting  like  terms. 

When  the  multiplicand  and  multiplier  are  both  arranged  in  the 
same  way  according  to  the  powers  of  some  common  letter,  the  first 
and  last  terms  of  the  product  are  unlike  any  other  terms.  For  in- 
stance, in  the  example  of  Art.  50,  the  multiplicand  and  multiplier 
are  arranged  according  to  powers  of  a;  the  Jirst  term  of  the 
product  is  8a*  and  the  last  term  is  246*,  and  there  are  no  other 
terms  which  are  like  these ;  in  fact,  the  other  terms  contain  a 
raised  to  some  power  less  than  the  fourth  power,  and  thus  they 
differ  from  8a*;  and  they  all  contain  a  to  some  power,  and  thus 
they  differ  from  245*. 

"When  the  multiplicand  and  multiplier  are  both  homogeneous 
the  product  is  homogeneous,  and  the  number  of  the  dimensions  of 
the  product  is  the  sum  of  the  numbers  which  express  the  dimen- 
sions of  the  multiplicand  and  multiplier.  Thus  in  the  example  of 
Art.  50,  the  multiplicand  is  homogeneous  and  of  two  dimensions, 
and  the  multiplier  is  homogeneous  and  of  two  dimensions ;  the 
product  is  homogeneous  and  of  four  dimensions.     The  law  here 
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stated  and  exemplified  is  of  great  importance  as  it  serves  to  test 
the  accuracy  of  algebraical  work ;  and  accordingly  the  student  is 
recommended  to  pay  great  attention  to  the  dimensions  of  the 
terms  in  the  results  which  he  obtains. 

There  is  another  law  which  is  often  useful  in  testing  the 
accuracy  of  algebraical  work,  which  we  may  call  the  law  of 
symmetry.     Suppose  we  require  the  product 

{x  -k-  a  +  h)  {x  -y-h  +  c)  (x  +  c  +  a). 

Here  a,  h,  and  c  occur  symmetrically.  If  we  put  a  instead  of  c, 
and  c  instead  of  a,  we  shall  only  change  the  order  of  the  factors ; 
and  this  will  produce  no  change  in  the  result.  Similarly  a  and  h 
may  be  interchanged,  or  6  and  c  may  be  interchanged,  without 
changing  the  value  of  the  result.  We  may  expect  then  that 
the  result  will  be  symmetrical  with  respect  to  a,  6,  and  c]  and 
we  shall  find  this  to  be  the  case.     The  result  is 

a?  +  2x^{a  +  6  +  c)  +  a;  {a"  +  5*  +  c'  +  3  (a6  +  6c  +  ca)} 

■^a?(h  +  c)  +  6^(c  +  a)  +  c"(a  +  6)  +  2abc, 

It  will  be  seen  that  this  expression  is  symmetrical  with  respect  to 
a,  6,  and  c.  Take,  for  example,  the  coefficient  of  a;';  this  is 
2 {a -^h  +  c),  that  is,  2a  +  2b  +  2c  :  if  then  a  student  had  obtained 
an  unsymmetrical  result,  suppose  2a  +  2b  +  c,  it  would  be  obvious 
to  a  person  acquainted  with  the  subject  that  there  must  be  an 
error  in  the  work. 

The  law  of  symmetry  is  one  with  which  the  student  will 
gradually  become  familiar ;  for  the  further  he  proceeds  in  Algebra, 
the  more  frequent  will  be  the  occasions  on  which  the  law  is 
of  service. 

EXAMPLES   OF   MULTIPLICATION. 

1.  Multiply  2p-q  by  2q+p, 

2.  Multiply  a'  +  Sab  +  2b'  by  7a  -  5b. 

3.  Multiply  a'-ab  +  b'  by  a'  +  ab~b', 

4.  Multiply  a'-ah-\-  2b'  by  a'+ab-  2b\ 

5.  Multiply  a*  +  2ax  4-  x'  by  a*  +  2ax  —  x'. 
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6.  Multiply  a'  +  4ax  +  4:X*  by  a*  -  4ax  +  4a^. 

7.  Multiply  a'  —  2aaj  +  6aj  —  a?*  by  h  +  x, 

a  Multiply  15a^  +  18aa?  -  14a'  by  4a^  -  2aa:  -  a*. 

9.  Multiply  2a;'  +  4aj»  +  8a;  +  1 6  by  3a;  -  6. 

10.  Multiply  2a;'  -  8a;y  +  9y*  by  2a?  -  3y. 

11.  Multiply  435^-  3a;2^-y»  by  3a;- 2y. 

12.  Multiply  i»*  -  a;*y -♦- a^*  -  y*  by  a?  +  y. 

13.  Multiply  a5  +  2y- 32?  by  x-'2r/-{-  Sz, 

14.  Multiply  2af-\-  3ajy  +  4^  by  3oi?-  4xt/  +  y^, 

15.  Multiply  a;*  +  a;y  +  y*  by  aj'  +  a»  +  «". 

16.  Multiply  a*-f  6'4-c'-fe-ca-a6  by  a  +  h  +  c. 

17.  Multiply  a;'  — ajy-fy'-faj+y +  1  by  as-fy— 1. 

18.  Multiply  a;«  +  4a;'  +  5x-  24  by  a;'-  4a;  +  11. 

19.  Multiply  a;»-4a;'+lla;-24  by  a;'-^4a;4-5. 

20.  Multiply  a;"  -  2a;»  +  3a?-.  4  by  4a;^  +  3a;'  4-  2a?  +  1. 

21.  Multiply  a;^+2a;«+a;'- 4a;- 11  by  a;'-2a;-|.3. 

22.  Multiply  a;*-5a;*  +  13a;»-a;'-a?4-2  by  a5'-2a;-2. 

23.  Multiply  a^-2a»4- 3a'- 2a  +  l  by  a*  + 2a»+ 3a'+ 2a+ 1. 

24.  Multiply  together  a  —  x,  a-\-Xf  and  a'  +  a;*. 

25.  Multiply  together  x—3,  a?  —  1,  a?  +  1,  and  a?  +  3. 

26.  Multiply  together  a;*— a;+  1,  a;'4-a?+l,  and  a;*  —  a;'  +  1. 

27.  Multiply  x*  —  cux^  +  baf  —  ex  +  d  hj  x*  +  aa^—  bx'  +  cx—  d, 

28.  Shew  that  {x  -f  a)*  =  a;*  -f  4a;*a  +  6;x?a^  +  4a;a*  +  a*. 

29.  Shew  that  a?(a;  +  l)(a;  4-  2)  (a;  +  3)  +  1  =  (a/*  +  3a;  +  1)'. 

30.  Multiply  together  a-^-ody  6  -f  a?,  and  c  +  a?. 

31.  Multiply  together  a;  —  a,  a;  —  6,  a;  -  c,  and  x  —  d, 

32.  Multiply  together  a-f6-c,  a  +  c-6,  6-fc-a>  and  a+^+c. 

33.  Simplify  (a  +  6)(6  +  c)-(c  +  e^(fl?+a)-(a  +  c)(6-c?> 

34.  Simplify  (a  +  6  +  c+<^)'  +  (a-6-c  +  c^)'  +  (a- 6  +  c-df)» 

4-  (a  +  6  -  c  -  c^)'. 
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35.  Prove  tliat  (os+y+js)'-  (a;*+  y^+  «")  =  3(y+  z){z'^x){x  +  y). 

36.  Simplify  (a  +  6  +  c)'—  a(6  +  c  -  a)  —  6 (a  +  c  —  5)  —  c(a+6-c)» 

37.  Simplify  (a;-y)*+(aj+y)*+3{a;-y)*(a;  +  y)+3(a;  +  y)*(aj-y). 

38.  Simplify  (a*+6Vcy-(a  +  6  +  c)(a  +  6-c)(a+c-5)(6+c-a). 

39.  Simplify  (a»+6'+cy+(a+5+c)(a+6-c)(a  +  c-6)(6  +  c-a). 

40.  Prove  that  as*  +  y®  +  (a;  +  y)' =  2  (aj*  +  icy  +  y/ 

+  8ixfi/'{x  +  yy{a^-hxy  +  y'). 

41.  Prove  that  Aocy (aj*  +  y*)  =  (a*  +  icy  +  y*)'- (re"- ay  +  y')*. 

42.  Prove  that  4a?y  (a'-y')  =  (a:'  +  ay-y')'-(a;"-ajy-3^'. 

43.  Multiply  together  («»  -  3a;  +  2)'  and  a?"  +  6a;  + 1. 

44.  Multiply  x^  +  a'^  —  ax  {a?  +  a')  by  m^-^a^  —  otxix-i-  a). 

45.  Multiply  (a  +  6)»  by  (a  -  h)\ 

46.  If  «  =  a  +  6  +  c,  prove  that 
«(«-26)(«-2(;)  +  *(*-2c)(«-2a)+«(«-2a)(«~26) 

=  (»-  2a)  («-25)(«-2(?)+  8a6c. 

IV.    DIVISION. 

58.  Division,  as  in  Arithmetic,  is  the  inverse  of  Multipli- 
cation. In  Multiplication  we  detei*mine  the  product  arising  from 
two  given  factors;  in  Division  we  have  the  product  and  one  of 
the  factors  given,  and  our  object  is  to  determine  the  other  £sictor. 
The  factor  to  be  determined  is  called  the  quotierU* 

59.  Since  the  product  of  the  numbers  denoted  by  a  and  h 
is  denoted  by  ah,  the  quotient  of  ah  divided  by  a  is  5;  thus 
ab-7-a  =  h}  and  also  ab-irb=^a.  Similarly,  we  have  ahc-ra  =  bc, 
abc-rb  =  ac,  ahc-rc  —  aby  and  also  abc-i-bc  =  a,  abc-rac  =  b, 
abc  -roh^c.     These  results  may  also  be  written  thus  : 

abc     ,  abc  ahc       . 

—  =  6<J,  -r^  =  ac.  — =ah: 

a         '  0  '  c 

ahc  abc     ,  abc 

be  ac  ab 
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60.  Suppose  we  require  the  quotient  of  60ahc  divided  by  3c. 
Since  QOahc  =  20ab  x  3c  we  have  60abc  -r  3c  =  20ab,  Similarly, 
60a6c-f  4:a=  156c;  60a5c-f  5a5  =  12c;  and  so  on.  Thus  we  may 
deduce  the  following  rule  for  dividing  one  simple  term  by  another : 
IJ  the  numerical  coefficient  and  literal  product  of  the  divisor  he 
found  in  the  dividend,  the  other  part  of  the  dividend  is  the 
quotient, 

61.  If  the  numerical  coefficient  and  literal  product  of  the 
divisor  be  n^t  found  in  the  dividend,  we  can  only  indicate  the 
division  by  the  notation  we  have  appropriated  for  that  purpose. 
Thus  if  5a  is  to  be  divided  by  2c,  the  quotient  can  only  be  indi- 

cated  by  5a  -r  2c,  or  by  -^ .     In  some  cases  we  may  however 

simplify  the  expression  for  the  quotient  by  a  principle  already 
used  in  Arithmetic.     Thus  if  15a*6  is  to  be  divided  by  65c,  the 

quotient  is  denoted  by  -^ — .     Here  the  dividend  =  36  x  5a^,  and 

the  divisor  =  36  x  2c;  thus  in  the  same  way  as.  in  Arithmetic  we 

may  remove  the  factor  36,  which  occurs  in  both  dividend  and 

5a^ 
divisor,  and  denote  the  quotient  by  -^  . 

62.  One  power  of  any  number  is  divided  hy  another  povyer 
of  the  sarm  number  hy  subtracting  the  index  of  the  latter  power 
from  the  index  of  tJ^e  former. 

Thus  a^-T-a^  =  axaxay.axa-T-axa  =  ay.ay.a-a^=  a*""'. 
Similarly  any  other  case  may  be  established. 

Hence  if  m  and  n  be  any  whole  numbers,  and  m  greater 


a"* 


than  n,  we  have  a*  -r  a"  or  —  =  oT  ". 

a 


a" 


63.     Again,  suppose  we  have  such  an  expression  as  -g .     We 


a 


a'  X  1 

may  write  it  thus  —^ 3 ;  then,  as  in  Art.  61,  we  may  remove 

a  x,  a 
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a^      1 
the  common  factor  a*.     Thus  we  obtain  -g  =  -g .     Similarly  any- 
other  case  may  be  established.     Hence  if  m  and  n  be  any  whole 

oT        1 
numbers,  and  m  less  than  n,  we  have  a"  -f  a"  or  -^r  =  -=-;: . 

a       a    "• 

a' 
64:.     Suppose  such  an  expression  as  v,  to  occur;  this  may  be 

•xj.       XT.      /«\*      -n      /<^\*  a     a         .  a     a     a^ 

written  thus  ( r  1  •     -For  U- 1  means  j^  T)  and  r  ^  r  =  tsj  as  we 

know  from  Arithmetic,  and  as  will  be  shewn  in  Chapter  viii. 
Similarly  any  other  case  may  be  established. 


Hence  if  n  be  any  whole  number  ^j  =  (j-j  . 


65.  When  the  dividend  contains  more  than  one  terrrij  and  the 
divisor  contains  only  one  term,  we  must  divide  each  term  of  the 
dividend  by  the  divisor^  and  then  collect  tlie  partial  quotients  to  ob- 
tain the  complete  quotient. 

Thus,         — 7 —  =  a  —  c',ioT{a  —  c)b  =  ab  —  cb. 

7 =  b  —  c-\-dy  for  {b  —  c  ■¥  d)  ab  =  ab^  —  abc  +  abd. 

In  the  first  example  we  see  that  corresponding  to  the  term  ab 
in  the  dividend  and  to  the  divisor  b  there  is  the  term  a  in  the 
quotient ;  and  corresponding  to  the  term  —  cb  in  the  dividend 
and  to  the  divisor  b  there  is  the  term  —  c  in  the  quotient. 

"We  have  already  stated  in  Art.  49,  that  the  following  results 
are  admitted  for  the  present,  subject  to  future  explanation, 

bx  —  c  =  —  bc,  —b  x-'C  =  bc, 

Similarly,  the  following  results  may  be  admitted, 

—  6c     -  be        y 

=  by  —  =  —  0. 


-c       '  -c 
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Thus  in  Division  as  in  Multiplication,  the  sign  of  the  quotient 
is  deduced  from  the  signs  of  the  dividend  and  divisor  by  the  rule, 
like  signs  produce  +,  and  unlike  signs  produce  —  • 

66.  When  the  divisor  as  well  as  the  dividend  contains  more 
than  one  term,  we  must  perform  the  operation  of  algebraical 
division  in  the  same  way  as  the  operation  called  Long  Division  in 
Arithmetic.     The  following  rule  may  be  given  : 

Arrange  both  dividend  and  divisor  according  to  the  powers  of 
some  common  letter — either  holh  according  to  ascending  powers,  or 
both  according  to  descending  powers.  Find  how  often  the  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  dividend,  and 
vmte  down  this  result  f<yr  the  fi/rst  term  of  the  quotient;  multiply 
the  whole  divisor  by  this  term,  and  subtract  the  produ/st  from  the 
dividend.  Bring  down  as  raany  terms  of  the  dividend  as  the  ca>se 
may  require,  and  repeat  the  operation  till  all  the  terms  a/re  brought 
down. 

Example.     Divide  a*  -  2db  +  6*  by  a  -  6. 
The  operation  may  be  arranged  thus : 


-ab-^-V 
-ab  +  V 

The  reason  for  the  rule  is,  that  the  whole  dividend  may  be 
divided  into  as  many  parts  as  may  be  convenient,  and  the  com- 
plete quotient  is  found  by  taking  the  sum  of  all  the  partial  quo- 
tients. Thus,  in  the  example,  a"  —  2ah  +  V  is  really  divided  by  the 
process  into  two  parts,  namely,  a*  —  ab  and  —ab-\-  6*,  and  each  of 
these  parts  is  divided  by  a  — 5;  thus  we  obtain  the  complete 
quotient  a—b, 

67.  It  may  happen,  as  in  Arithmetic,  that  the  division  can- 
not be  eocactly  performed.  Thus,  for  example,  if  we  divide 
a'  —  2a6  +  26*  by   a  —  b,  we  shall  obtain  as  before  a  —  6  in  the 
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quotient,  and  there  will  then  he  a  remcdnder  h\     This  result  is 
expressed  in  a  manner  similar  to  that  used  in  Arithmetic;  we  say 

= -.  a  —  6  + 7  :  that  is,  there  is  a  complete  quotient 

a-b  a  —  b 

a  —  b  and  a  frcbctional  part z  .     To  the  consideration  of  alge- 
braical fractions  we  shall  return  in  a  subsequent  Chapter. 

68.     The  following  examples  are  important : 

x  —  ajaf—a^{af-¥xa  +  a^  x  —  aJx^  —  d^(af-¥  x'a  +  oca*  +  a' 

of  —  x'a  x^  —  x^a 


v?a  —  (jf  Q^a  —  a* 

Q^a  —  oca*  x^a — oi?a* 


oca^  —  a^  ot^a^-a^ 

Quaf  —  d^  x*a*-occf 


xof  -'  a* 
oca'-a* 


The  student  may  also  easily  verify  the  following  statements: 


oif^a*  x^'-a 


4 


—  x  —  a]  =  o(?  ^  oi?a -¥  oca*  —  a^ ', 


x+a  x+a 

a?  +  a^       ^  «»'  +  «*       48        ja        84 

• =oir^xa^-a  I     =  x*—o(ra  +  o(ra  —  xa  •{•  a. 

x+a  'x+a 

Each  of  these  examples  of  division  furnishes  an  example  of 
multiplication,  as  the  product  of  the  divisor  and  quotient  must  be 
equal  to  the  dividend.  Thus  we  have  the  following  results  which 
are  worthy  of  notice : 

cc"  —  a*  =  (03  +  a)  (oj  —  a), 

a^  —  a'  =  (03  —  a)  (cc*  +  axj  +  a"), 

aj*  +  a'  =  (o3  +  a)  (cc"-  a3a  +  a*), 

»*-»*  =  («-  a)  {x^  +  x*a  +  oca'  +  a'), 

»*  -  a*  =  (03  +  a)  (a;*  -  oj'a  +  oca'  -  a^), 

x^  +  a^  =  {x  +  a)  {x^ "Oifa  +  oi?a* -oca^  +  ay 
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69.  It  will  be  useful  for  the  student  to  notice  the  following 
facts: 

a:"  — a"  is  always  divisible  hj  x  —  a  whether  the  index  n  be  an 
odd  or  even  whole  number. 

as"  —  a"  is  divisible  hj  x-\-a  if  the  index  n  be  an  eijen  whole 
number. 

05"  +  a"  is  divisible  by  x+  a  if  the  index  n  be  an  odd  whole 
number. 

It  will  be  easy  for  the  student  to  verify  these  statements  in 
any  particular  case,  and  hereafter  we  shall  give  a  general  proof  of 
them.     See  Chapter  xxxiii. 

70.  By  means  of  the  results  which  have  been  obtained  in 
the  preceding  articles  we  may  often  resolve  algebraical  expres- 
sions into  factors.     Thus  whatever  A  and  £  denote  we  have 

and  the  student  will  frequently  have  occasion  to  use  this  general 
result  with  various  forms  of  A  and  B.  Thus,  for  example,  sup- 
pose A  =  a^y  and  B  =  b',  so  that  A^  =  a%  and  B'==b*;  then  we 
have 

and  as  a'-6*  =  (a  +  6)(a-6), 

we  obtain  a*  -  6*  =  (a' -t- 6^  (a  +  6)  (a  -  6). 

AgaiD,  suppose  A  =  a',  and  B  =  h%  so  that  A'  =  a®,  and  J5'  =  6'; 
then  we  have 

and,  as  in  Art.  68, 

a«-6«=(a-6)(a»  +  a6  +  6"), 
so  that 

a''^b'={a  +  b)(a-b)(a'-hab  +  b'){a'-ab  +  b'). 
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Again,  suppose  A=a*  and  B  =  h\  so  that  -4'  =  a*,  and  B'  =  ¥; 
then  we  have 

Again,  take  the  general  result 
and  suppose  A  =  a',  and  J3=h';  thus  we  obtain 

and  by  comparing  this  with  the  result  just  proved, 

a''-h'=:{a-hh){a-b){a'-hab-hb'){a'-ah  +  h'), 
we  infer  that 

This  can  be  easily  verified  by  the  method  of  Art.  56. 

Por  (a*  +  a6  +  6")(a*-a6  +  6*)  =  (a*  +  6'  +  a6)(a*  +  6»-a5) 

=  {a'  +  by-a'b' 
==a*  +  2a'b'+b*-a'b' 
=  a*  +  aV  +  b\ 

We  may  also  in  some  cases  obtain  useful  arithmetical  applica- 
tions of  our  formulae.     For  example, 

(127)»-  (123)'  =  (127  + 123)  (127  - 123) 

=  250x4  =  1000; 

thus  the  value  of  (127)*— (123)'  is  obtained  more  easily  than  it 
would  be  by  squaring  127  and  123,  and  subtracting  the  second 
result  from  the  first. 

The  following  additional  examples  are  deserving  of  notice. 

(a*  -^abJ2  +  b")  (a»  -  ab  J2  +  b')  =  {a'  +  by  -  (ab  J2y 

=  a^+2aV+b'-2a'b^ 
^a^  +  b\ 
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=  (a»  +  &^  (a"  +  a5  ^3  +  6")  (a"  -  a6  ^3  +  5«). 

The  student  may  verify  the  following  result  by  multiplication 
or  division. 

OJ®  +  y**  +  «'  —  Sa^z  =(a3  +  y  +  «)(a^4-y'  +  «'  —  apy  —  y«-  zx), 

71.     The  following  are  additional  examples  of  Division. 

Divide  8a*  -  22a''h  +  iSa'b'  -  38a6'  +  246*  by  2a'  -  3a6  +  U\ 

2a'  -  3a6  +  46^  8a*  -  22a^b  +  43a'6»  -  38a6'  +  246*  (^4a'  -  5ab  +  66" 

8a*-12a'6+16a'6» 


10a''6  +  27a*6*-38a6' 
10a'6  +  15aV-20a6'' 


12aV-18a6'+246* 
12a*6»-18a6V246* 

The  quotient  is  4a'  —  5a6  +  66'. 

Divide  05*  —  (a  +  6  +  c)  a?*  +  (a6  +  6c  +  oc)  a;  —  a6c  by  as  —  a. 
aj-a  j  aj'-(a+6  +  c)a;'+(a6  +  6c+ac)a;-a6c  /  a5*-(6  +  c)a;  +  6c 


—  (6  +  c)  a*  +  (a6  +  6c  +  a>c)  x 

—  (6  +  c)  a"  +        (a6  +  ac)  a; 


6ca;  —  a6c 
6ca;  —  a6c 


The  quotient  is  a*  -  (6  +  c)  a:  +  6c. 
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EXAMPLES  OP  DIVISION. 

1.  Divide  a?+l  by  a;  + 1. 

2.  Divide  27rc*  +  8^  by  3x  +  2y. 

3.  Divide  a»  -  2al'  +  6»  by  a  -  6. 

4.  Divide  a»  -  2a'b  -  3db'  by  a  +  5. 

5.  Divide  '64a5*  —  y"  by  2a5  —  y. 

6.  Divide  a* +  6*  by  a +6. 

7.  Divide  re*  —  a^y  +  xy'  —  y'  by  a?  —  y. 

8.  Divide  rc*-7aj-6  by  a;- 3. 

9.  Divide  32a:»  +  y*  by  2x  +  y. 

10.  Divide  a;*  — ai^y  +  aj'y*  — a;y +  ajy*--y*  by  d?  —  y\ 

11.  Divide  aj*  +  a* -  4:a;*  +  5a; -  3  by  aj*+2a;-3. 

12.  Divide  a*  +  2a'6"  +  96*  by  a^-¥2ab'¥  36'. 

13.  Divide  a'  -  &•  by  a»  +  2a"6  +  2a6»  +  h\ 

1 4.  Divide  32a*  +  5idb*  -  81 6*  by  2a  +  36. 

15.  Divide  a;'  -  2a;»  +  1  by  a;"  -  2a;  + 1. 

16.  Divide  a;'^  6a;*+  9a;"-  4  by  v?^  1. 

1 7.  Divide  a*  +  a»6  -  8a'6"  + 1 9a6»  - 1 56*  by  a»  +  3a6  -  56". 

18.  Divide  the  product  of  a;*  — 12a; +  16  and  a;*— 12a;  — 16 
by  a;"- 16. 

19.  Divide  the  product   of  a;*  — 2a;  +  l  and  a;'— 3a; +  2   by 
a;»  -  Sa;*  +  3a;  - 1. 

20.  Divide  the  product  of  a;'  —  a;  —  1,  2aj'  +3,  a;"  +  a;  —  1,  and 
a;  — 4  by  a;*-  3a;*+l. 

21.  Divide    the  product    of   a*  •{•  ax  •{•  x^  and  a*  +  a^    by 
a*  +  a V  +  x\ 

22.  Divide  the  product  of  a;*  —  4a;*a  +  6a; V  —  4a»'  +  a*  and 
a;'  +  2xa  +  a*  by  a;*-  2a?a  +  2a;a'  -  a*. 

23.  Divide  a*  +  a'6  +  a*c  -  a6c  -  6*c  -  6c'  by  a'  -  6c, 
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24.  Divide  3a;»  +  iahyf  -  6a'6"a:  -  ia^^h^  by  a;  +  2ah. 

25.  Divide  the  product  of  x*  —  Sa^  +  3a3  —  1,  a;"  —  2a3  +  1  and 
aj  -  1  by  a;*  —  4:X^  +  6a;'  —  4a;  +  1. 

26.  Divide  6a*  -  a«6  +  2a'h'  +  1 3a6«  +  46*  by  2a»  -  3a6  +  46^ 

27.  Divide  a;*  +  i/'  +  3a^  —  1  by  a;  +  y  —  1. 

28.  Divide  a'  +  6*  -  c'*  +  Sabc  by  a  +  6  -  c. 

29.  Divide  2a'b  -  5a'b'  - 1  la'b'+  5a'b'  -  26a''6*  +  7aV-  12a5' 
by  a*-4a»6  +  a'6'~3a5«. 

30.  Divide  a'b'  +  2a6c'  -  aV  -  6 V  by  a5  +  ac  -  be. 

31.  Divide  the  product  of  a  +  6  —  c,  a  —  6  +  c,  and  6  +  c  —  a 
hj  a'-b'-c'-h2bc. 

32.  Divide  (a  +  6  +  c)  (a6  +  6c  +  ca)  -  a6c  by  a  +  6. 

33.  Divide  (a'  -  6c)'  +  86'c'  by  a*  +  be. 

34.  Divide  6(a;'  -  a^)  +  ax{a:^'-a^  +  a^{x  -  a)  by  (a  +  6)(aj  -  a). 

35.  Divide    ajy'  +  2y V  —  a;y';2?  +  a;y«*  -  afy  —  2y;5'  +  o(?Z'-xs^  by 
y  +  «  -  a;. 

36.  Divide  a*(6  +  c)  -  6*(a  +  c)  +  c'(a  +  6)  +  a6c  by  a  -  6  +  c. 

37.  Divide  (a-6) a;»+  {b'-a')x+ab{a'-¥)  by  (a-6)a;+a»-6'. 

38.  Divide  aa?*  —  ab^  +  ^''a?  -  x^  by  (a;  +  6)  (a  —  a;). 

39.  Divide  (6 - c)a*  +  (c  —  a)6''  +  {a- b)c^  by  a" -  a6  -  ac  +  6c. 

40.  Divide  {ax  +  6y)*  +  {ay  -  bxy  +  cV  +  c^y^  by  a;'  +  y. 

41.  Divide  a^6  —  6aj*  +  a^x  —  x^  by  (a;  +  6)  (a  —  x). 

4:2.     Resolve  a*  —  6*  -  c*  +  c?®  —  2  {ad—  be)  into  two  factors. 

43.  Divide  6  {:t^  +  a^)  +  ax  {x'  -  a^)  ■{■a^{x-\-  a)  by  {a  +  6)  (aj  +  a). 

44.  Shew  that  {x^  -  xy  +  y^  +  {x^  +  xy-¥  yy  is  divisible  by 
2a;"  +  2y\ 

45.  Shew  that  {x  +  yf  —  x'^  —  y''  is  divisible  by  (a;'  +xy-h  y^, 

46.  If^=6c-p^     B  =  ea-q\     C  =  ab-T\     P  =  <yr  -  op, 

Q=rp  —  bq,  and  E  =pq  —  er,  nnd  the  value  oi ,   r , 

AB-F"     QE-AP     RP-BQ        ,  PQ-CR 

^ and  . 

c       ^  '       p        ^  q  r 
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47.  Kesolve  a}^  -  a?**  into  five  factors. 

48.  Resolve  4o*6*  —  (a*  +  V  —  c')*  into  four  factors. 

49.  Resolve  4  {ad  +  6c)'  -  (a*  —  6*  —  c*  +  c?')'  into  four  factors. 

60.     Shew  that  (ay-6aj)'+(6«  — cy)'+(ca5  — a»)'+(aa3  +  6y  +  (»)' 
is  divisible  by  a'  +  6*  +  c*  and  by  ic"  +  y'  +  «*. 


V.     NEGATIVE  QUANTITIES. 

72.  In  Algebra  we  are  sometimes  led  to  a  subtraction 
which  cannot  be  performed  because  the  number  which  should 
be  subtracted  is  greater  than  that  from  which  it  is  required  to 
be  subtracted.  For  instance,  we  have  the  following  relation: 
a  —  (6  +  c)  =  a  —  6  —  c;  suppose  that  a  =  7,  6  =  7  and  c  =  3  so  that 
6  +  c  =  10.  Now  the  relation  a—  (6  +  c)=a  —  6  —  c  tacitly  sup- 
poses 6  +  c  to  be  less  than  a;  if  we  were  to  neglect  this  supposi- 
tion for  a  moment  we  should  have  7  —  10=7  —  7  —  3;  and  as  7 - 7 
is  zero  we  might  finally  write  7  — 10  =  —  3. 

73.  In  writing  such  an  equation  as  7  —  10=— 3  we  may  be 
understood  to  make  the  following  statement :  "  it  is  impossible  to 
take  10  from  7,  but  if  7  be  taken  from  10  the  remainder  is  3." 

74.  It  might  at  first  sight  seem  to  the  student  unlikely  that 
such  an  expression  as  7  — 10  should  occur  in  practice;  or  that  if 
it  did  occur  it  would  only  arise  either  from  a  mistake  which  could 
be  instantly  corrected,  or  from  an  operation  being  proposed  which 
it  was  obviously  impossible  to  perform,  and  which  must  therefore 
be  abandoned.  As  he  proceeds  in  the  subject  the  student  will 
find  however  that  such  expressions  occur  frequently;  it  might 
happen  that  a—h  appeared  at  the  commencement  of  a  long  investi* 
gation,  and  that  it  was  not  easy  to  decide  at  once  whether  a  were 
greater  or  less  than  h.  Now  the  object  of  the  present  chapter  is 
to  shew  that  in  such  a  case  we  may  proceed  on  the  supposition 
that  a  is  greater  than  6,  and  that  if  it  should  finally  appear  that  a  is 
less  than  h  we  shall  still  be  able  to  make  use  of  our  investigation. 

T.A.  ^ 
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75.  Let  us  consider  an  illustration.  Suppose  a  merchant  to 
gain  in  one  year  a  certain  number  of  pounds  and  to  lose  a  certain 
number  of  pounds  in  the  following  year,  what  change  has  taken 
place  in  his  capital  ?  Let  a  denote  the  number  of  pounds  gained 
in  the  first  year,  and  h  the  number  of  pounds  lost  in  the  second. 
Then  if  a  is  greater  than  b  the  capital  of  the  merchant  has  been 
increased  by  a  —  6  pounds.  If  however  h  is  greater  than  a  the 
capital  has  been  diminished  hj  h  —  a  pounds.  In  this  latter  case 
a  —  6  is  the  indication  of  what  would  be  pronounced  in  Arithmetic 
to  be  an  impossible  subtraction;  but  yet  in  Algebra  it  is  found 
convenient  to  retain  a  —  &  as  indicating  the  change  of  the  capital, 
which  we  may  do  by  means  of  an  appropriate  system  of  interpre- 
tation. Thus,  for  example,  if  a  =  400  and  h  =  500  the  merchant*s 
capital  has  suffered  a  diminution  of  100  pounds;  the  algebraist 
indicates  this  in  symbols,  thus 

400 -500  =  -100, 

and  he  may  turn  his  symbols  into  words  by  saying  that  the 
merchant's  capital  has  been  increased  by  —  100  pounds.  This 
language  is  indeed  far  removed  from  the  language  of  ordinary  life, 
but  if  the  algebraist  understands  it  and  uses  it  consistently  and 
logically  his  deductions  from  it  will  be  sound, 

76.  There  are  numerous  instances  like  the  preceding  in  which 
it  is  convenient  for  us  to  be  able  to  represent  not  only  the 
magnitude  but  also  what  may  be  called  the  quality/  or  affection  of 
the  things  about  which  we  may  be  reasoning.  In  the  preceding 
case  a  sum  of  money  may  be  gained  or  it  may  be  lost  /  in  a  ques- 
tion of  chronology  we  may  have  to  distinguish  a  date  hefore  a 
given  epoch  from  a  date  after  that  epoch ;  in  a  question  of  posi- 
tion we  may  have  to  distinguish  a  distance  measured  to  the  north 
of  a  certain  starting-point  from  a  distance  measured  to  the  scwth 
of  it ;  and  so  on.  These  pairs  of  related  magnitudes  the  algebraist 
distinguishes  by  means  of  the  signs  +  and  — .  Thus  if,  as  in  the 
preceding  Article,  the  things  to  be  distinguished  are  gain  and  loss, 
he  may  denote  by  100  or  by  +  100  a  gain^  and  then  he  will  denote 
by  —100  a  loss  of  the  same  extent.  Or  he  may  denote  a  loss  by  100 
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or  by  +  100,  and  then  lie  will  denote  by  — 100  a  gain  of  the  same 
extent.  There  are  two  points  to  be  noticed;  firsts  that  when  no 
sign  is  used  +  is  to  be  understood ;  secondly^  the  sign  +  may  be 
ascribed  to  either  of  the  two  related  magnitudes,  and  then  the  sign 
—  will  throughout  the  investigation  in  hand  belong  to  the  other 
magnitude. 

77.  In  Arithmetic  then  we  are  concerned  only  with  the 
numbers  represented  by  the  symbols  1,  2,  3,  <&c.,  and  intermediate 
fractions.  In  Algebra,  besides  these,  we  consider  another  set  of 
symbols  —  1,  —  2,  —  3,  <fec.,  and  intermediate  fractiona  Symbols 
preceded  by  the  sign  —  are  called  negative  qiiomtities,  and  symbols 
preceded  by  the  sign  +  are  called  positive  qvxintitiea.  Symbols 
without  a  sign  prefixed  are  considered  to  have  +  prefixed. 

The  absolute  value  of  any  quantity  is  the  number  repre- 
sented by  this  quantity  taken  independently  of  the  sign  which 
precedes  the  number. 

78.  In  the  preceding  articles  we  have  given  rules  for  the 
Addition,  Subtraction,  Multiplication,  and  Division  of  algebraical 
expressions.  Those  rules  were  based  on  arithmetical  notions  and 
were  proved  to  be  true  so  long  as  the  expressions  represented  such 
things  as  Arithmetic  considers,  that  is  positive  quantities.  Thus, 
when  we  introduced  such  an  expression  as  a  —  h  we  supposed  both 
a  and  h  to  be  positive  quantities  and  a  to  be  greater  than  h.  But 
as  we  wish  hereafter  to  include  negative  quantities  among  the 
objects  of  our  reasoning  it  becomes  necessary  to  recur  to  the  con- 
sideration of  these  primary  operations.  Now  it  is  found  con- 
venient that  the  laws  of  the  fundamental  operations  should  be  the 
same  whether  the  symbols  denote  positive  or  negative  quantities, 
and  we  shall  therefore  secure  this  convenience  by  means  of  suitable 
definitions.  For  it  must  be  obsei-ved  that  we  have  a  power  over 
the  definitions;  for  example,  multiplication  of  positive  quantities 
is  defined  in  Arithmetic,  and  we  should  naturally  retain  that  defi- 
nition; but  multiplication  oi  negative  quantities,  or  of  a  positive  and 
a  negative  quantity  has  not  hitherto  been  defined ;  the  terms  are 
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at  present  destitute  of  meaning.  It  is  therefore  in  our  power 
to  define  them  as  we  please  provided  we  always  adhere  to  our 
definition. 

79.  The  student  will  remember  that  he  is  not  in  a  position  to 
judge  of  the  convenience  which  we  have  intimated  will  follow  firom 
our  keeping  the  fundamental  laws  of  algebraical  operation  perma- 
nent, and  giving  a  wider  meaning  to  such  common  words  as 
addition  and  multiplication  in  order  to  insure  this  permanence. 
He  must  at  present  confine  himself  to  watching  the  accuracy  of 
the  deductions  drawn  from  the  definitions.  As  he  proceeds  he  will 
see  that  Algebra  gains  largely  in  power  and  utility  by  the  intro- 
duction of  negative  qvxintitiea  and  by  the  extension  of  the  meaning 
of  the  fimdamental  operations.  And  he  will  find  that  although 
the  symbols  +  and  —  are  used  apparently  for  two  purposes,  namely, 
according  to  the  definitions  in  Arts.  3  and  4,  and  according  to  the 
convention  in  Art.  76,  no  contradiction  nor  confusion  will  ulti- 
mately arise  from  this  circumstance. 

80.  Two  quantities  are  said  to  be  equal  and  may  be  con- 
nected by  the  sign  =  when  they  have  the  same  numerical  value 
and  have  the  same  sign.  Thus  they  may  have  the  same  absolute 
value  and  yet  not  be  equal ;  for  example,  7  and  —  7  are  of  the  same 
ahsolute  value  but  they  are  not  to  be  called  equal. 

81.  In  Arithmetic  the  object  oi  addition  is  to  find  a  number 
which  alone  is  equal  to  the  units  and  fractions  contained  in  certain 
other  numbers.  This  notion  is  not  applicable  to  negative  quan- 
tities ;  that  is,  we  have  as  yet  no  meaning  for  the  phrase  "add  —  3 
to  5,"  or  "  add  —  3  to  —  5."  "We  shall  therefore  give  a  meaning  to 
the  word  add  in  such  cases,  and  the  meaning  we  propose  is  deter- 
mined by  the  following  rules.  To  add  two  qtbantities  of  the  sa/nie 
sign  add  the  ahsolute  values  of  the  quantities  and  plax:e  the  sign  of 
the  quantities  before  the  sum.  To  add  two  quantities  of  unlike  signs, 
subtract  the  less  ahsolute  value  from  the  greater,  and  place  hefore 
the  remainder  tfie  sign  of  that  qu<intity  which  has  tlie  greater  ab- 
solute volume. 
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Thus,  by  the  first  rule,  if  we  add  3  to  5  we  obtain  8 ;  if  we 
add  —  3  to  —  5  we  obtaiu  —  8.  By  the  second  i-ule,  if  we  add  3 
to  —  5  we  obtidn  —  2 ;  if  we  add  —  3  to  5  we  obtain  2. 

82.  It  will  be  seen  that  the  rules  above  given  leave  to  the 
word  (zdd  its  common  arithmetical  meaning  so  long  as  the  things 
which  are  to  be  added  are  such  as  Arithmetic  considers — namely, 
positive  qua/ntities — ^and  merely  assign  a  meaning  to  the  word  in 
those  cases  when  as  yet  it  had  no  meaning.  The  reader  may 
perhaps  object  that  no  verbal  definition  is  given  of  the  word  add 
but  merely  a  rule  for  adding  two  quantities.  We  may  reply  that 
the  practical  use  of  a  de/mition  is  to  enable  us  to  know  that  we 
use  a  word  correctly  and  consistently  when  we  do  use  it,  and  the 
rules  above  given  will  ensure  this  end  in  the  present  case. 

83.  The  rules  are  not  altogether  arbitrary — that  is,  the  stu- 
dent may  easily  see  even  at  this  stage  of  his  progress  that  they  are 
likely  to  be  advantageous.  Thus,  to  take  the  numerical  example 
given  above,  suppose  a  man  to  be  entitled  to  receive  3  shillings 
from  one  person  and  5  from  another,  then  he  may  be  considered 
to  possess  8  shillings.  But  suppose  him  to  owe  3  shillings  to  one 
person  and  5  shillings  to  another ;  then  he  owes  altogether  8 
shillings ;  this  may  be  considered  to  be  an  interpretation  of  the 
—  8  which  arises  from  adding  —  3  to  —  5.  Next,  suppose  that  he 
has  to  receive  3  shillings  and  to  pay  5  shillings;  then  he  owes 
altogether  2  shillings;  this  may  be  considered  to  be  an  interpreta- 
tion of  the  —  2  which  arises  from  adding  3  to  —5.  Lastly,  suppose 
that  he  has  to  receive  5  shillings  and  to  pay  3  shillings,  then  he 
may  be  considered  to  possess  2  shillings;  this  may  be  considered 
to  be  an  interpretation  of  the  2  which  arises  from  adding 
-3  to  5. 

84.  Thus  in  Algebra  addition  does  not  necessarily  imply 
augmentation  in  an  arithmetical  sense;  nevertheless  the  word 
sum  is  used  to  denote  the  result.  Sometimes  when  there  might 
be  an  uncertainty  on  the  point,  the  term  algebraical  sum  is  used  to 
distinguish  such  a  result  from  the  arithmeticail  sum,  which  would 
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be  obtained  by  the  arithmetical  addition  of  the  ahsolute  values  of 
the  terms  considered. 

85.  Suppose  now  we  have  to  add  the  five  quantities  —  2,  +5, 
— 13,  —  4  and  +  8.  The-  sum  of  —  2  and  +5  is  +  3 ;  the  sum 
of  +  3  and  —  13  is  —  10;  the  sum  of  —  10  and  —  4  is  —  14  ;  the 
sum  of  - 14  and  +8  is  —  6.  Thus  —  6  is  the  sum  required. 
Or  we  may  first  calculate  the  sum  of  the  negative  quantities  —  2, 
—  13  and  —4,  and  we  thus  get  —19;  then  calculate  the  sum 
of  the  positive  quantities  +5  and  +8,  and  we  thus  get  +13. 
Thus  the  proposed  sum  becomes  +13  —  19,  that  is,  —  6  as  before. 
It  will  be  easily  seen  on  trial  that  the  same  result  is  obtained 
whatever  be  the  order  in  which  the  terms  are  taken.  That  is, 
for  example,  -2  —  13  +  5+8-4,  8-13-2-4  +  5,  and  so  on, 
all  give  —  6. 

86.  Next  suppose  we  have  to  add  two  or  more  algebraical 
expressions ;  for  example,  2a  —  35  +  4c  and  —  a  —  26  +  c  +  2dL  We 
have  for  the  sum 

2a-36  +  4c-a-26+c+2(/. 

Then  the  like  terms  may  be  collected ;  thus 

2a^a  =  ay     —36  — 26  =  — 56,     4c  +  c  =  5c; 

and  the  sum  becomes 

a- 56  +  5c  +  2d, 

Thus  we  may  give  the  following  rule  for  algebraical  addition : 
Write  tJie  terms  in  the  same  line  preceded  by  tJieir  proper  signs; 
collect  like  terms  into  one,  and  arrange  the  terms  of  the  result 
in  any  order. 

87.  In  arithmetical  subtraction  we  have  to  take  away  one 
number,  which  is  called  the  subtrahend^  jfrom  another  which  is 
called  the  minuend,  and  the  result  is  called  the  remainder.  The 
remainder  then  may  be  defined  as  that  number  which  must  be 
added  to  the  subtrahend  to  produce  the  minuend,  and  the  object 
of  subtraction  is  to  find  this  remainder. 
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We  shall  use  the  same  definition  in  algebraical  subtraction, 
that  is,  we  say  that  in  subtraction  we  have  to  find  the  quantity 
which  must  be  added  to  the  subtrahend  to  produce  the  minuend. 
From  this  definition  we  obtain  the  rule :  Change  the  sign  of  every 
term  in  the  evhtrahend  and  add  the  result  so  obtained  to  the  minvn 
endy  and  the  result  wUl  be  the  remainder  required. 

For  it  is  obvious,  that  if  to  the  expression  thus  formed  we  add 
the  subtrahend,  giving  to  each  term  its  proper  sign,  all  the  terms 
of  the  subtrahend  will  disappear  and  leave  the  minuend ;  which 
was  required. 

88.  We  have  still  another  point  to  notica  According  to 
what  has  been  laid  down,  the  sum  of  +  a  and  —  5  is  denoted  by 
a  —  6;  if  we  take  —  b  from  a,  the  result  is  a  +  b;  and  the  sum  of 

—  a,  +by  and  — c  is  —a  +  b  —c ;  and  so  on.  But  we  have  as  yet 
supposed  that  the  letters  themselves  stand  for  positive  numbers; 
for  example,  when  we  say  that  the  sum  of  +  a  and  —  6  is  a  -  6, 
a  may  be  6,  and  b  may  be  1 0  ;  but  suppose  that  a  is  -  6,  and  b  is 

—  10,  do  the  rules  adopted  apply  herel     Since  b  is  —10,  —b  or 

—  (  —  10)  will  naturally  be  taken  to  mean  10,  and  +  a  or  +  (—  6) 
will  be  taken  to  mean  —  6;  and  the  sum  of  10  and  —  6  is  4. 

89.  Thus  if  a  be  itself  a  negative  quantity,  we  have  assigned 
a  meaning  to  +  a  and  to  —  a ;  and  the  meanings  are  these,  let 
a  =  —  a,  so  that  a  is  a  positive  quantity,  then  •¥  a  or  +  (—  a)  =  —  a, 
and  ^a  or  —  (—  a)  =  a.  We  said  in  the  preceding  article  that 
these  meanings  followed  naturally  from  what  had  preceded ;  it  is 
however  of  little  consequence  whether  we  consider  these  meanings 
to  follow  thus,  or  whether  we  look  upon  them  as  new  interpreta- 
tions; the  material  point  is  to  use  them  uniformly  and  consistently 
when  once  adopted. 

Since  +  (—  a)  =  —  a,  and  —  (-  a)  =  a,  that  is,  +  a,  we  may  enun- 
ciate the  same  rule  as  formerly,  namely,  that  like  signs  produce  + 
and  unlike  signs  — . 

90.  There  are  four  cases  to  consider  in  multiplication.  Let 
a  aind  b  denote  any  two  numbers,  then  we  have  to  consider 

+  ax+6,     — ax  +  6,     +ax—  5,     — ax  —  6. 
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The  first  case  is  that  of  common  Arithmetic  and  needs  no 
remark.  The  ordinary  definition  of  multiplication  may  also  be 
applied  to  the  second  case ;  for  suppose,  for  example,  that  5=3, 
then  —ax3  indicates  that  —  a  is  to  be  repeated  three  times,  that 
is,  we  have  — a  —  a  —  a  or  —  3a  as  the  result.     Thus 

—  a  X  +  5  =  —  a6. 

In  the  other  two  cases  the  multiplier  is  a  negative  qiuzrUUi/, 
and  thus  the  common  arithmetical  notion  of  multiplication  is  not 
applicable ;  we  may  therefore  give  by  definition  a  meaning  to  the 
term  in  this  case.  Now  we  observe  that  when  the  multiplier  is 
positive,  the  sign  of  the  multiplicand  is  preserved  in  the  product; 
thus  we  are  led  to  adopt  the  following  convention  :  When  the  mul- 
tiplier is  negative,  perjbrm  the  multiplication  as  if  the  multiplier 
were  positive,  and  change  the  sign  of  the  product.  Hence  we  con- 
clude immediately  that 

+  a  X  —  6  =  —  a6  and  —  a  x  —  6  =  +  a6. 

91.  Hence  we  have  the  following  rule :  To  multiply  two 
quantities  whatever  he  their  signs,  multiply  them  without  consider- 
ing  the  signs,  and  put  +  or  —  before  the  product  according  as  the 
two  factors  have  the  same  sign  or  different  signs.  As  before  re- 
marked, the  rule  for  the  sign  of  the  product  is  abbreviated  thus  : 
Like  signs  give  +  and  unlike  signs  give  — . 

92.  In  the  preceding  articles  we  supposed  a  and  h  themselves 
to  denote  arithmetical  numbers;  it  is  important  however  to 
observe  that  if  they  denote  any  quantities,  positive  or  negative, 
the  four  results  obtained  are  true ;  that  is, 

+  ax+6  =  +  a5,  — ax+6  =  —  a6,  +ax  —  6  =  —  oft,  — ax  —  6  =  +  a6. 

Take,  for  example,  the  last  of  these,  and  suppose  that  a  is  a 
negative  quantity,  and  so  may  be  denoted  by  —a;  then  —a  is  a 
positive  quantity,  and  =  a.  (Art.  89.)  Hence  --ax-6  =  ax-6; 
and  this  by  the  third  case  =  —  a6.  And  a6  =  -  a  x  6  =  —  a6  by 
the  second  case. 
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Thus  the  result  —  a  x  —  6  =  a6  holds  when  a  is  a  negative 
quantity.     Similarly  any  other  case  may  be  established. 

93.  We  must  now  shew  that  the  rule  for  multiplying  bino- 
mial and  polynomial  expressions  given  in  Art.  48  is  true,  whatever 
the  symbols  denote.     Take,  for  example,  the  case 

(a  —  6)  c  =  ac  —  he. 

When  this  was  proved,  we  supposed  c  a  positive  quantity ;  we 
will  now  suppose  that  c  is  a  negative  quantity,  namely  —  y. 
Now  by  virtue  of  the  convention  in  Art.  90,  to  find  the  product 
of  a—h  and  —  y  we  must  multiply  a—b  by  y  and  then  change 
the  sign  of  each  term  in  the  result.     Now, 

(a  —  6)  y  =  ay  —  6y ; 

thus  (a-6)(-y)  =  -ay  +  6y. 

But  since  c  =  — y,  we  have 

ac  —  6c  =  —  ay  +  6y ; 

thus  the  relation  (a  —  6)  c  =  oc  —  6c 

holds  whatever  c  may  be,  positive  or  negative.     Similarly,  any 
other  case  may  be  established. 

94.  The  ordinary  definition  of  division  will  be  universally 
applicable;  we  suppose  a  product  and  one  factor  given,  and  we 
have  to  determine  the  other  factor. 

Hence  if  we  perform  the  division  without  i-egarding  the  signs 
we  obtain  the  quotient  apart  from  its  sign.  It  remains  then 
to  determine  the  sign,  for  which  we  may  give  the  following 
rule : 

When  the  dividend  and  divisor  have  the  same  sign,  the  quotient 
must  have  the  sign  +  ;  wlien  the  dividend  and  divisor  have  differ- 
ent signSy  the  quotient  must  have  the  sign  —, 

This  rule  follows  from  the  fact  that  the  product  of  the  divisor 
and  quotient  must  be  equal  to  the  dividend.  The  inile  for  the 
aign  of  the  quotient  may  as  before  be  abbreviated  thus :  Like  signs 
give  +  and  unlike  signs  give  — . 
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<>5.  The  words  grecUer  and  less  are  often  used  in  Algebra  in 
an  extended  sense.  *  We  say  that  a  is  grecUer  than  b  or  that  b  is 
l^its  thM  aifa-bis  a  positive  quantity.  This  is  consistent  with 
orviinarr  language  when  a  and  b  are  themselves  both  positive,  and 
it  is  found  convenient  to  extend  the  meaning  of  the  words  greater 
mud  few  so  *hat  this  definition  may  also  hold  when  a  or  &  is  nega- 
tive or  when  both  are  negative.  Thus,  for  example,  in  algebraical 
Uwgnage  1  w  greater  than  -  2  and  -  2  is  greater  than  —  3. 

96.  Before  leaving  this  part  of  the  subject  we  may  make  a 
fcw  general  remarks.  The  subject  of  Algebra  has  been  divided 
br  some  modem  writers  into  two  parts,  which  they  have  called 
Arithnietical  Algebra  and  Symbolical  Algebra.  In  Arithmetical 
Algehra  symbols  are  used  to  denote  the  numbers  and  the  opera- 
tions which  occur  in  Arithmetic.  Here,  as  shewn  in  the  preced- 
ing chapters  of  the  present  work,  we  begin  by  defining  our 
symbols,  and  then  arrive  at  certain  results,  as  for  example,  at 
the  result  (a  +  b)  (a  —  ^^a^  —  V,  In  Symbolical  Algebi-a  we 
assume  that  the  rules  of  Arithmetical  Algebra  hold  universally, 
and  then  determine  what  must  be  denoted  by  the  symbols  and 
the  operations,  in  order  to  ensure  this  result.  Thus  we  may 
consider,  that  in  the  present  chapter  we  have  been  examining 
what  meanings  must  be  given  to  the  symbols  to  make  the  results 
of  the  previous  chapters  hold  universally.  And  we  have  thus 
been  led  to  the  theory  of  negative  quantities,  and  to  an  extension 
of  the  meaning  of  the  words  addition,  subtraction,  multiplication 
and  division. 

97.  In  some  of  the  older  works  on  Algebra,  scarcely  any 
reference  is  made  to  the  extensions  of  meaning  which  we  have 
given  to  some  simple  arithmetical  terms.  In  such  works  the 
proofs  and  investigations  are  only  valid  so  long  as  the  symbols 
have  purely  arithmetical  meanings;  and  the  proofs  and  investiga- 
tions are  really  assu/med  without  demonstration  to  hold  when  the 
symbols  have  not  purely  arithmetical  meanings.  In  recent  works, 
as  in  the  present,  an  attempt  is  made  to  establish  the  proofs 
completely.     It  must  not  however  be  denied  that  this  branch  of 
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the  subject  presents  considerable  difficulty  to  the  beginner,  and  it 
will  probably  only  be  after  repeated  examination  of  the  subject 
that  the  student  will  obtain  a  conviction  of  the  universal  tinith 
of  the  fundamental  theorems. 

The  student  is  recommended  to  proceed  onwards  as  far  as  the 
chapter  on  equations;  he  will  there  see  some  further  remarks 
on  negative  quantities,  and  he  may  afterwards  read  the  present 
chapter  again.  It  would  be  inconsistent  with  the  plan  of  this 
work  to  enter  very  largely  on  this  branch  of  Algebra;  but  the 
present  chapter  may  furnish  an  outline  which  the  student  can 
fill  up  by  his  future  reading  and  reflection. 

We  shall  require  in  the  course  of  the  work  certain  propo- 
sitions which  are  obvious  axioms  in  Arithmetic,  and  which  are 
also  true  when  we  give  to  the  terms  and  symbols  their  extended 
meanings. 

98.  If  equal  quantities  be  added  to  equal  quantities,  the  sums 
will  be  equal. 

99.  If  equal  quantities  be  taken  from  equal  quantities,  the 
remainders  will  be  equal. 

Thus,  for  example,  if  -4  =  pB  +  C,  then  by  taking  C  from  these 
equal  quantities  we  have  A  —  C  =  pB. 

100.  If  equal  quantities  be  multiplied  by  the  same  or  equal 
quantities,  the  products  will  be  equal. 

Thus  too  if  a=  6  then  a"  =  6"  and  :^a  =  ;Jh. 

101.  If  equal  quantities  be  divided  by  the  same  or  equal 
quantities,  the  quotients  will  be  equal. 

102.  If  the  same  quantity  be  added  to  and  subtracted  from 
another,  the  value  of  the  latter  will  not  be  altered. 

103.  If  a  quantity  be  both  multiplied  and  divided  by  another, 
its  value  will  not  be  altered. 
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104.  It  is  important  to  draw  the  attention  of  the  reader  to 
the  fact,  that  these  propositions  are  still  true  whether  the  quanti- 
ties spoken  of  are  positive  or  negative,  and  when  the  terms  addi- 
tion, subtraction,  multiplication,  and  division  have  their  extended 
meanings.  Por  example,  if  a  =  b,  and  c  =  <if  then  <ic  =  hd;  this  is 
obvious  if  all  the  letters  denote  positive  quantities.  Suppose 
however  that  c  is  a  negative  quantity,  so  that  we  may  represent 
it  by  —  y ;  then  d  must  be  a  negative  quantity,  and  if  we  denote 
it  by  -  8,  we  have  y  =  S ;  therefore  ay  =  68 ;  therefore  —  ay  =  —  68 ; 
and  thus  ac  =  hd. 
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1.  Shew  that  x*  +  y' +  W  +  2oci/ +  Sxz  and  4  («  +  «)"  become 
identical  when  x  and  y  each  =  a. 

2 

2.  If  a  =  1,  6  =  ^ ,  as  =  7  and  y  =  8,  find  the  value  of 

5  (a  -  6)  4/ { (a  +  a;)  y }  -  6  V  { (a  +  a;)  y }  +  a . 

5  1  9 

3.  1£  a=  -f  h  =  j:y  x  =  5  and  y  =  « ,  find  the  value  of 

(10a  +  206)V{(«-6)y}-3a4/{/(a;-6)}  +  56. 

4  10  4 

4.  If  a  =  - ,  6  =  2,  35  =  -o-  and  y  =  « >  ^^  ^^^  value  of 

o  o  o 

(a  +  6)^{(aJ-6)y'}-aV{y(aJ-6)}  +  a;. 

5.  Substitute  y  +  3  for  x  in  aj*  —  as'  +  29if  —  3  and  arrange  the 
result. 

6.  Prove  that 

{(a-6)«  +  (6-c)«+(c-a)'}»  =  2{(a-6)*+(6-c)*  +  (c-a/}. 

7.  If  25  =  a  +  6  +  c,  shew  that 

2{8-a){8-h)(8-c)+a{8''b){8-c)  +  b(8-c)(8-a) 

+  c  («  —  a)  («  —  6)  =  abc, 

8.  Prove  that 

(a  +  6  +  c)*-.(6  +  c)*-(c  +  a)*-(a  +  6)*+a*  +  6*  +  c*=12a6c(a  +  6  +  c). 
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0.     Prove  that  if  a^  +  a^  +  ...  +  a.  =  ^  «,  then 

10.     If  28  =  a  +  h  +  c  and  20^  =  a*  +  6' +  c",  shew  that 

(cr^-a«)((r"-6')  +  (<r"-0((r«-c*)  +  ((r'-c')((r'-a») 

=  4«  («  -  a)  («  -  6)  (*  -  c). 
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105.  In  Arithmetic  the  greatest  common  measure  of  two  or 
more  whole  numbers  is  the  greatest  number  which  will  divide  each 
of  them  without  remainder.  The  term  is  also  used  in  Algebra,  and 
its  meaning  in  this  subject  will  be  understood  from  the  following 
definition  of  the  greatest  common  measure  of  two  or  more  Alge- 
braical expressions.  Let  two  or  more  Algebraical  expressions  be 
arranged  according  tp  descending  powers  of  some  common  letter ; 
then  the  factor  of  highest  dimensions  in  that  letter  which  divides 
each  of  these  expressions  without  remainder  is  called  their  greatest 
common  measure. 

106.  The  term  greatest  common  measure  is  not  very  appro- 
priate in  Algebra,  because  the  words  greater  and  less  are  seldom 
applicable  to  Algebraical  expressions  in  which  specific  numerical 
values  have  not  been  assigned  to  the  various  letters  which  occur. 
It  would  be  better  to  speak  of  the  highest  commxtn  divisor  or  of 
the  highest  common  m^easure;  but  in  conformity  with  established 
usage  we  retain  the  term  greatest  common  measure.  The  letters 
G.  c.  M.  will  often  be  used  for  shortness  instead  of  this  term. 

When  one  expression  divides  two  or  more  expressions  without 
remainders  we  shall  say  that  it  is  a  common  measv/re  of  them,  or 
more  briefly,  that  it  is  a  measure  of  them. 

107.  The  following  is  the  rule  for  finding  the  G.  c.  M.  of  two 
Algebraical  expressions : 
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Let  A  axidB  denote  the  two  expressions;  let  them  be  arranged 
according  to  descending  powers  of  some  common  letter,  and  snppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B.  Divide  A  by 
B;  then  make  the  remainder  a  divisor  and  B  the  dividend. 
Again,  make  the  new  remainder  a  divisor  and  the  preceding 
divisor  the  dividend.  Proceed  in  this  way  until  there  is  no 
remainder ;  then  the  last  divisor  is  the  G.  c.  M.  required. 

108.     Example:  find  the  G.  a  M.  of 

x'-6x-^8  and  4aj'-- 210*+ 15a;  +  20. 

a'-6«+ 8J  4a^-21aj"+ 15a;  +  20  (^4aj+ 3 

ia^  -  24af  +  32a; 


3x'-17aj+20 

3a;' -18a; +  24 

x—  4 
a;-4^a;'-6aj  +  8(jB-2 
a;*— 4aj 


~2a;  +  8 
-2aj  +  8 


Thus  a?  -  4  is  the  g.  c.  m.  required. 

109.  The  truth  of  the  rule  given  in  Art  107  depends  upon 
the  following  principles : 

(1)  If  P  divide  A,  then  it  will  divide  mA.  For  since  F 
divides  -4,  we  may  suppose  A=aF,  then  mA-maPy  thus  P 
divides  mA. 

(2)  If  P  divide  A  and  B,  then  it  will  divide  mA  ^nB.  For 
since  P  divides  A  and  By  we  may  suppose  A  =  aP,  and  B  =  bP, 
then  mA  =fc  nB  =  {ma  ^nh)P ,  thus  P  divides  mA  «t  nB, 

"We  can  now  prove  the  rule  given  in  Art.  107. 
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110.     Let  A  and  B  denote  the  two  expres-  BJ  A  (^p 
sions ;  let  them  be  arranged  accordiDg  to  de-       pB 
scending  powers  of  some  common  letter,  and         ^ .  «  . 
suppose  the  index  of  the  highest  power  of  that  p 

letter  in  A  not  less  than  the  index  of  the  — 

highest  power  of  that  letter  in  B.     Divide  A  ^J  ^  (^ 

hy  B ;  let  p  denote  the  quotient,  and  C  the  ^^ 

remainder.     Divide  B  hj  C ;  let  q  denote  the 
quotient,  and  D  the  remainder.     Divide  C  by  D,  and  suppose 
that  there  is  no  remainder,  and  let  r  denote  the  quotient.     Thus 
we  have  the  following  results  : 

A=pB-hG;        B  =  qG+D;        C=rl). 

T7e  shall  first  shew  that  i>  is  a  common  measure  of  A  and  B, 

i)  divides  G,  since  G  =  rD ;  hence  (Art.  109)  D  divides  qG  and 
also  qG  -k-D  \  that  is,  D  divides  B,  Again,  since  D  divides  B  and 
C  it  divides  pB-i-G ;  that  is,  D  divides  A,  Hence  D  divides  A 
and  B. 

We  have  thus  shewn  that  2>  is  a  common  measure  of  A  and  B; 
we  shall  next  shew  that  it  is  their  greatest  common  measure. 

By  Art.  109  every  expression  which  divides  A  and  B  divides 
A  —pB,  that  is,  G ;  thus  every  expression  which  is  a  measure  of 
A  and  B  ia  &  measure  of  B  and  G,  Similarly  every  expression 
which  is  a  measure  of  B  and  (7  is  a  measure  of  G  and  B.  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  D.  But 
no  expression  higher  than  D  can  divide  D.  Thus  D  is  the  g.  c.  m. 
required. 

111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
article  that  Z>  measures  A  and  B,  it  may  be  shewn  that  every 
expression  which  divides  D  also  measures  A  and  B,  And  it  is 
shewn  in  the  preceding  article  that  every  expression  which  mea- 
sures A  and  B  divides  D,  Thus  every  measure  of  A  and  B 
divides  their  G.  C.  M. ;  and  every  divisor  of  their  G.  c.  M.  measures 
A  and  B. 
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Let  -4  and  J?  denote  the  two  expressions;  let  them  be  arranged 
according  to  descending  powers  of  some  common  letter,  and  suppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B,  Divide  A  by 
B;  then  make  the  remainder  a  divisor  and  B  the  dividend. 
Again,  make  the  new  remainder  a  divisor  and  the  preceding 
divisor  the  dividend.  Proceed  in  this  way  until  there  is  no 
remainder ;  then  the  last  divisor  is  the  G.  c.  M.  required. 

108.     Example :  find  the  g.  c.  m.  of 

x'-6x+S  and  4aj'- 210*+ 15aj  +  20. 

a'-6«+ 8J  4aj«-21aj"+ 15aj  +  20  (^4aj+ 3 

4ic'  -  24a;'  +  32a; 


3a;'- 17a; +  20 
3a;" -18a; +  24 

x—  4 
a._4^a;«-6a;  +  8(^a;-2 
a;*— 4a; 


-2a;  +  8 
-'2x  +  8 

Thus  a; -4  is  the  g.  c.  m.  required. 

109.  The  truth  of  the  rule  given  in  Art.  107  depends  upon 
the  following  principles  : 

(1)  If  P  divide  A,  then  it  will  divide  mA.  For  since  F 
divides  -4,  we  may  suppose  A^aF,  then  mA  —  maP^  thus  P 
divides  raA. 

(2)  If  P  divide  A  and  B,  then  it  will  divide  mA  ^nB.  For 
since  P  divides  A  and  B,  we  may  suppose  A  =  aPy  and  B  =  hPy 
then  mA  =fc  nB  =  (iwa  ±  nb)  P ;  thus  P  divides  mA  «t  nB. 

"We  can  now  prove  the  rule  given  in  Art.  107. 
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110.     Let  A  and  B  denote  the  two  expres-  BJ  A  {^p 
sions ;  let  them  be  arranged  according  to  de-       pB 
scending  powers  of  some  common  letter,  and         ^ .  «  . 
suppose  the  index  of  the  highest  power  of  that  ^ 

letter  in  A   not  less  than  the  index  of  the  — 

highest  power  of  that  letter  in  B.     Divide  A  ^)  C'  (^ 

bj  B\  let  j3  denote  the  quotient,  and  0  the  ^-^ 

remainder.     Divide  B  hj  C ;  let  q  denote  the 
quotient,  and  2>  the  remainder.     Divide  G  by  D,  and  suppose 
that  there  is  no  remainder,  and  let  r  denote  the  quotient.     Thus 
we  have  the  following  results  : 

A^pB-^G;        B^qG-hD;        G=rl). 

We  shall  first  shew  that  D  ia  a  common  measure  of  A  and  B. 

2>  divides  (7,  since  G  =  rD ;  hence  (Art.  109)  JD  divides  qC  and 
also  qG-^B ;  that  is,  D  divides  B.  Again,  since  D  divides  ^  and 
(7,  it  divides  pB-\-G ;  that  is,  D  divides  A,  Hence  2>  divides  A 
and  B. 

"We  have  thus  shewn  that  D  la  a  common  measure  of  A  and  B; 
we  shall  next  shew  that  it  is  their  greatest  common  measure. 

Bj  Art.  109  every  expression  which  divides  A  and  B  divides 
A  —pB,  that  is,  G ;  thus  every  expression  which  is  a  measure  of 
A  and  B  is  &  measure  of  B  and  G.  Similarly  every  expression 
which  is  a  measure  of  B  and  C  is  a  measure  of  G  and  B,  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  D,  But 
no  expression  higher  than  JD  can  divide  D,  Thus  D  is  the  G.  c.  m. 
required. 

111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
article  that  2>  measures  A  and  B,  it  may  be  shewn  that  every 
expression  which  divides  D  also  measures  A  and  B,  And  it  is 
shewn  in  the  preceding  article  that  every  expression  which  mea- 
sures A  and  B  divides  D.  Thus  every  measure  of  A  and  B 
divides  their  G.  C.  M. ;  and  every  divisor  of  their  a  c.  M.  measures 
A  and  B, 
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95.  The  words  greater  and  less  are  often  used  in  Algebra  in 
an  extended  sense.  We  say  that  a  is  greater  them  h  or  that  h  is 
less  than  a  if  a  — b  is  a  positive  quantity.  This  is  consistent  with 
ordinary  language  when  a  and  b  are  themselves  both  positive,  and 
it  is  found  convenient  to  extend  the  meaning  of  the  words  greater 
and  less  so  that  this  definition  may  also  hold  when  a  or  6  is  nega- 
tive, or  when  both  are  negative.  Thus,  for  example,  in  algebraical 
language  1  is  greater  than  —  2  and  —  2  is  greater  than  —  3. 

96.  Before  leaving  this  part  of  the  subject  we  may  make  a 
few  general  remarks.  The  subject  of  Algebra  has  been  divided 
by  some  modem  writers  into  two  parts,  which  they  have  called 
Arithmetical  Algebra  and  Symbolical  Algebra,  In  Arithmetical 
Algebra  symbols  are  used  to  denote  the  numbers  and  the  opera- 
tions which  occur  in  Arithmetic,  Here,  as  shewn  in  the  preced- 
ing chapters  of  the  present  work,  we  begin  by  defining  our 
symbols,  and  then  arrive  at  certain  results,  as  for  example,  at 
the  result  (a  +  6)  (a  —  6)  =  a*  —  6*.  In  Symbolical  Algebi-a  we 
assume  that  the  rules  of  Arithmetical  Algebra  hold  universally, 
and  then  determine  what  must  be  denoted  by  the  symbols  and 
the  operations,  in  order  to  ensure  this  result.  Thus  we  may 
consider,  that  in  the  present  chapter  we  have  been  examining 
what  meanings  must  be  given  to  the  symbols  to  make  the  results 
of  the  previous  chapters  hold  universally.  And  we  have  thus 
been  led  to  the  theory  of  negative  quantities,  and  to  an  extension 
of  the  meaning  of  the  words  addition,  subtraction,  multiplication 
and  division. 

97.  In  some  of  the  older  works  on  Algebra,  scarcely  any 
reference  is  made  to  the  extensions  of  meaning  which  we  have 
given  to  some  simple  arithmetical  terms.  In  such  works  the 
proofs  and  investigations  are  only  valid  so  long  as  the  symbols 
have  purely  arithmetical  meanings;  and  the  proofs  and  investiga- 
tions are  really  assvmned  without  demonstration  to  hold  when  the 
symbols  have  not  purely  arithmetical  meanings.  In  recent  works, 
as  in  the  present,  an  attempt  is  made  to  establish  the  proofs 
completely.     It  must  not  however  be  denied  that  this  branch  of 
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the  subject  presents  considerable  difficulty  to  tbe  beginner,  and  it 
will  probably  only  be  after  repeated  examination  of  the  subject 
that  the  student  will  obtain  a  conviction  of  the  universal  tinith 
of  the  fundamental  theorems. 

The  student  is  recommended  to  proceed  onwards  as  far  as  the 
chapter  on  equations;  he  will  there  see  some  fui-ther  remarks 
on  negative  quantities,  and  he  may  afterwards  read  the  present 
chapter  again.  It  would  be  inconsistent  with  the  plan  of  this 
work  to  enter  very  largely  on  this  branch  of  Algebra;  but  the 
present  chapter  may  furnish  an  outline  which  the  student  can 
fill  up  by  his  future  reading  and  reflection. 

We  shall  require  in  the  course  of  the  work  certain  propo- 
sitions which  are  obvious  axioms  in  Arithmetic,  and  which  are 
also  true  when  we  give  to  the  terms  and  symbols  their  extended 
meanings. 

98.  If  equal  quantities  be  added  to  equal  quantities,  the  sums 
will  be  equal. 

99.  If  equal  quantities  be  taken  from  equal  quantities,  the 
remainders  will  be  equal 

Thus,  for  example,  if  A  =  pB  +  (7,  then  by  taking  C  from  these 
equal  quantities  we  have  A  —  C=  pB. 

100.  If  equal  quantities  be  multiplied  by  the  same  or  equal 
quantities,  the  products  will  be  equal. 

Thus  too  if  a  =  6  then  a"  =  6"  and  ^a  =  J^b. 

101.  If  equal  quantities  be  divided  by  the  same  or  equal 
quantities,  the  quotients  will  be  equal. 

102.  If  the  same  quantity  be  added  to  and  subtracted  from 
another,  the  value  of  the  latter  will  not  be  altered. 

103.  If  a  quantity  be  both  multiplied  and  divided  by  another, 
its  value  will  not  be  altered. 
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104.  It  is  important  to  draw  the  attention  of  the  reader  to 
the  fact,  that  these  propositions  are  still  true  whether  the  quanti- 
ties spoken  of  are  positive  or  negative,  and  when  the  tenns  addi- 
tion, subtmction,  multiplication,  and  division  have  their  extended 
meanings.  For  example,  if  a  =  6,  and  c  =  e?,  then  ac  =  ftc? ;  this  is 
obvious  if  all  the  letters  denote  positive  quantities.  Suppose 
however  that  c  is  a  negative  quantity,  so  that  we  may  represent 
it  by  —  y ;  then  d  must  be  a  negative  quantity,  and  if  we  denote 
it  by  —8,  we  have  y  =  S;  therefore  ay  =  M;  therefore  —  fl&y  =  — 68; 
and  thus  ac  =  hd. 
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1.  Shew  that  a;' +  y*  +  4«' +  2ajy  +  8a»  and  4(a5  +  «)*  become 
identical  when  x  and  y  each  =  a. 

2 

2.  If  a  =  1,  6  =  - ,  as  =  7  and  y  =  8,  find  the  value  of 


3. 


5  1  9 

Ifa=-,  6  =  7v,  x  =  5  and  y  =  s >  ^^d  the  value  of 

(10a  +  206)V{(aj-6)y}-3a4/y(»-6)}  +  56. 


4  10  4 

4.  If  a  =  ^ ,  6  =  2,  35  =  -^  and  y  =  « j  ^^^  ^^^  value  of 

5.  Substitute  y  +  3  for  x  in  aj*  —  a?**  +  2a;*  —  3  and  arrange  the 
result. 

6.  Prove  that 

{(a  -  by  +  (6  -  c)'+  (c  -  ayy  =  2  {(a  -  by  +  (6  -  cy  +  (c  -  a)*}. 

7.  If  25  =  a  +  6  +  c,  shew  that 

2  {s  -a)  {s "b)  {8-  c)  +a{8 -b)  {s- c)  +  b  (a-c)  (8 -  a) 

+  c{8  —  a){8  —  b)  =  abc. 

8.  Prove  that 

(a  +  6  +  c)*-(6  +  c)*-(c  +  a)*-(a  +  6)*+a*  +  6*  +  c*=12a6c(a  +  6  +  c). 
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9.  Prove  that  if  a^  +  a^  +  ...  +  a.  =  ^  «,  then 
{8-a^y  +  {8  -  a^*+  ...  +  {a-ay^a*  +  a*+  ..  +  a/. 

10.  If  2«  =  a  +  6  +  c  and  2a^  =  a*+V+c^^  shew  that 

(cr»-a«)(cr»-6')  +  (cr«-6")(<r"-c0  +  (cr«-c»)((r'-a») 

=  4s  («  -  a)  («  -  6)  («-  c). 
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105.  In  Arithmetic  the  greatest  common  measure  of  two  or 
more  whole  numbers  is  the  greatest  number  which  will  divide  each 
of  them  without  remainder.  The  term  is  also  used  in  Algebra,  and 
its  meaning  in  this  subject  will  be  understood  from  the  following 
definition  of  the  greatest  commmi  measure  of  two  or  more  Alge- 
braical expressions.  Let  two  or  more  Algebraical  expressions  be 
arranged  according  tp  descending  powers  of  some  common  letter ; 
then  the  factor  of  highest  dimensions  in  that  letter  which  divides 
each  of  these  expressions  without  remainder  is  called  their  greatest 
conmion  measure. 

106.  The  term  greatest  comm>on  measure  is  not  very  appro- 
priate in  Algebra,  because  the  words  greater  and  less  are  seldom 
applicable  to  Algebraical  expressions  in  which  specific  numerical 
values  have  not  been  assigned  to  the  various  letters  which  occur. 
It  would  be  better  to  speak  of  the  highest  comm^on  divisor  or  of 
the  highest  common  measure;  but  in  conformity  with  established 
usage  we  retain  the  term  greatest  common  measure.  The  letters 
G.  c.  M.  will  often  be  used  for  shortness  instead  of  this  term. 

When  one  expression  divides  two  or  more  expressions  without 
remainders  we  shall  say  that  it  is  a  common  measure  of  them,  or 
more  briefly,  that  it  is  a  measure  of  them. 

107.  The  following  is  the  rule  for  finding  the  G.  c.  M.  of  two 
Algebraical  expressions : 
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Let  A  BXid  JB  denote  the  two  expressions;  let  them  be  arranged 
accordiDg  to  descending  powers  of  some  common  letter,  and  suppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B,  Divide  A  by 
B;  then  make  the  remainder  a  divisor  and  B  the  dividend. 
Again,  make  the  new  remainder  a  divisor  and  the  preceding 
divisor  the  dividend.  Proceed  in  this  way  until  there  is  no 
remainder ;  then  the  last  divisor  is  the  G.  c.  M.  required. 

108.     Example :  find  the  g.  c.  m.  of 

x'-6x  +  S  and  ix''-2W+l5x  +  20, 

a"  -  6a?  +  8J  4aj«  -  21aj"  +  15aj  +  20  (^4aj  +  3 

4ic'  -  2iaf  +  32a; 


3a'--17a;+20 
3a;' -18a; +  24 

x—  4 
x-iJaf-'ex  +  8{x-2 
a;'— 4a? 


~2a;  +  8 
-'2x-i-8 


Thus  a; -4  is  the  g.  c.  m.  required. 

109.  The  truth  of  the  rule  given  in  Art.  107  depends  upon 
the  following  principles : 

(1)  If  P  divide  Ay  then  it  will  divide  mA.  For  since  F 
divides  A,  we  may  suppose  A=aFy  then  mA  =  maFy  thus  F 
divides  mA, 

(2)  If  F  divide  A  and  B,  then  it  will  divide  mA  ^nB,  For 
since  F  divides  A  and  B,  we  may  suppose  A  =  aF,  and  B  =  bF, 
then  mA  ±  nB  =  (ma  ±  nh)  F ;  thus  F  divides  mA  ±  nB, 

We  can  now  prove  the  rule  given  in  Art.  107. 
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110.     Let  A  and  B  denote  the  two  expres-  £J  A  {^p 
sions;  let  them  be  arranged  according  to  de-       pB 
scending  powers  of  some  common  letter,  and         ^ .  ^  , 
suppose  the  index  of  the  highest  power  of  that  n 

letter  in  A  not  less  than  the  index  of  the  — 

highest  power  of  that  letter  in  B.     Divide  A  ^J  ^  (^ 

bj  B ;  let  p  denote  the  quotient,  and  C  the  ^^ 

remainder.     Divide  B  hy  C ;  lei  q  denote  the 
quotient,  and  2>  the  remainder.     Divide  C  by  D,  and  suppose 
that  there  is  no  remainder,  and  let  r  denote  the  quotient.     Thus 
we  have  the  following  results  : 

A=pB  +  G;        B^qG-^JD;        C=rD. 

We  shall  first  shew  that  D  is  a  common  measure  of  A  and  B, 

i)  divides  (7,  since  G  =  rD ;  hence  (Art.  109)  D  divides  qG  and 
also  qG  •\-D  \  that  is,  D  divides  B,  Again,  since  D  divides  B  and 
(7,  it  divides  pB  +  C ;  that  is,  D  divides  A,  Hence  D  divides  A 
and  B. 

"We  have  thus  shewn  that  2>  is  a  common  measure  of  A  and  B\ 
we  shall  next  shew  that  it  is  their  greatest  common  measure. 

By  Art.  109  every  expression  which  divides  A  and  B  divides 
A  —pB,  that  is,  G ;  thus  every  expression  which  is  a  measure  of 
A  and  ^  is  a  measure  of  B  and  G,  Similarly  every  expression 
which  is  a  measure  of  B  and  (7  is  a  measure  of  G  and  B.  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  B.  But 
no  expression  higher  than  D  can  divide  D.  Thus  D  is  the  g.  c.  m. 
required. 

111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
article  that  I)  measures  A  and  B^  it  may  be  shewn  that  every 
ea^ession  which  divides  D  also  measures  A  and  B,  And  it  is 
shewn  in  the  preceding  article  that  every  expression  which  mea- 
sures A  and  B  divides  D.  Thus  every  measure  of  A  and  B 
divides  their  a  C.  m.  ;  and  every  divisor  of  their  G.  c.  m.  measures 
A  and  B. 
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112.     As  an  example  of  the  process  in  Art.  110,  suppose  we 
have  to  find  the  G.  c.  M.  of  (b*  +  5a;  +  4  and  x^+4:af  +  5x  +  2. 

x'  +  5x  +  AJ  x^  +  ix'  +  5x  +  2  {x-l 
a^  +  5x'-¥  4aj 


jc*  +   x  +  2 
a^—5x  —  i 


6x  +  6 


X     4 
6aj+6JiB*  +  5aj+4  U  +^ 

a;*+    X 


4a; +  4 
403  +  4 

This  example  introduces  a  new  point  for  consideration.     The 

last  divisor  here  is  6x+6 ;  this,  according  to  the  rule,  must  be 

the  G.  c.  M.  required.     We  see  from  the  above  process  that  when 

X     4 
a*  +  5a;  +  4  is  divided  by  6x  +  6  the  quotient  is  ^  +  ^ .     If  the 

other  given  expression,  namely  a?  +  4a;*  +  5a;  +  2,  be  divided  by 

{X>        X       1 

6x  +  6,  it  will  be  found  that  the  quotient  is  -^  +  ^  +  ^ .     It  may 

at  first  appear  to  the  student  that  6x+6  cannot  be  a  measure 
of  the  two  giveu  expressions,  since  the  so-called  quotients  really 
contain  fractions.  But  we  see  that  in  these  quotients  the  letter 
of  reference  x  does  not  appear  in  the  denominator  of  any  fraction 
although  the  coefficients  of  the  powers  of  x  are  fractions.     Such 

expressions  as  ^  +  ^  and  "^  +  «  +  o  >  therefore,  may  be  said  to  be 
integral  expressions  so  far  cw  relates  to  x. 

Thus,  in  the  example,  when  we  say  that  6a;  +  6  is  the  g.  c.  k. 
of  the  two  given  expressions,  we  merely  mean  that  no  measure 
can  be  found  which  contains  higher  powers  of  x  than   Qx  +  6, 
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Other  measures  may  be  found  which  differ  from  this  so  far  as 
respects  numerical  coefficients  only.  Thus  3x  +  3  and  2x  +  2  will 
be  found  to  be  measures  ;  these  are  respectively  the  half  and  the 
third  of  605  +  6,  and  the  corresponding  quotients  when  we  divide 
the  given  expressions  by  these  measures  will  be  respectively  tunce 
and  three  times  what  they  were  before.  Again,  oj  + 1  is  also  a 
measure,  and  the  corresponding  quotients  are  x  +  i  and  ic*  +  3a;  +  2 ; 
we  may  then  conveniently  take  x+1  SiS  the  greatest  common  mea- 
sure, since  the  quotients  are  free  from  fractional  coefficients, 

113.  In  order  to  avoid  /ractional  coeffidenta  in  the  quotients 
it  is  usual  in  performing  the  operations  for  finding  the  G.  c.  M.  to 
reject  certain  factors  which  do  not  form  part  of  the  G.  c.  M.  re- 
quired. 

Suppose  we  have  to  find  the  g.  c.  m.  of  -4  and  J3 ;  and  at  any 
stage  of  the  process  suppose  we  have  a  divisor  K  and  a  remainder 
B.  Let  B  =.  mS,  where  m  has  no  fiictor  which  K  has ;  then  m 
may  be  rejected:  that  is,  instead  of  continuing  the  process  with  X 
and  M  we  may  continue  it  with  K  and  S, 

For  by  what  has  been  already  shewn  we  know  that  A  and  B 
have  just  the  same  common  measures  as  K  and  B  have. 

Now  any  common  measure  of  JST  and  >S^  is  a  common  measure 
of  K  and  B,  and  is  therefore  a  common  measure  of  A  and  B, 

And  any  common  measure  of  K  and  ^  is  a  common  measure 
of  X  and  mS.  But  m  has  no  factor  which  JT  has.  Therefore 
any  common  measure  of  K  and  B  is  &  common  measure  of  JTand 
S,  Hence  any  common  measure  of  A  and  ^  is  a  common  mea- 
sure of  K  and  S. 

Thus  we  see  that  A  and  B  have  just  the  same  common  mea- 
sures as  K  and  S  have ;  and  this  is  what  we  had  to  shew. 

114.  A  factor  of  a  certain  kind  may  also  be  introduced  at 
any  stage  of  the  process. 

Suppose  we  have  to  find  the  G.  c.  m.  of  A  and  B ;  and  at  any 
stage  of  the  process  suppose  we  have  a  divisor  K  and  a  remainder 

T.A.  4 
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R.  Let  L  =  nK,  where  n  has  no  factor  which  E  has ;  then  n  may 
be  inti-oduced :  that  is,  instead  of  continuing  the  process  with  K 
and  E  we  may  continue  it  with  L  and  E, 

For  by  what  has  been  already  shewn  we  know  that  A  and  B 
have  just  the  same  common  measures  as  K  and  E  have. 

Now  any  common  measure  of  K  and  -R  is  a  common  measure 
of  L  and  E ;  so  that  any  common  measure  of  A  and  £  ia  &  com- 
mon measure  of  L  and  E, 

And  any  common  measure  of  L  and  E  la  a.  common  mea- 
sure of  nK  and  E,  But  n  has  no  factor  that  E  has.  Therefore 
any  common  measure  of  L  and  E  ia  s,  common  measure  of  K  and 
E,  and  is  therefore  a  common  measure  of  A  and  E, 

Thus  we  see  that  A  and  £  have  just  the  same  common  mea- 
sures as  L  and  E  have ;  and  this  is  what  we  had  to  shew. 

115.  By  means  of  such  modifications  of  the  process  for  find- 
ing the  G.  c.  M.  as  are  indicated  in  the  preceding  two  articles,  we 
may  avoid  the  introduction  of  fractional  coefficients.  The  follow- 
ing example  will  guide  the  student.     Required  the  G.  c.  M.  of 

3a:"-10aj'+15a;  +  8  and  a;' -  2aj*  -  6a;'*  +  4aj*  +  1 3ic  +  6. 

a;'-  2a;*-  6aj'  +  4a;'+  13a;+  6^  3a;*-  lOa;"  +  15a;  +  8  (3 

3a;*  -  ex"  -  ISaj'  +  12a;»  +  39a;  +  18 


6x*+    8a;'-12a;»-24a;-10 


Before  proceeding  to  the  next  division  we  may  strike  out  the 
factor  2  from  every  term  of  the  new  divisor,  and  multiply  every 
term  of  the  new  dividend  by  3.  Then  continue  the  operation 
thus : 

3a;*  +  4a;' -6a;»- 12a; -5J  3a;*-    6a;*- 18a;' +  12a;"  +  39a;  +  18  {x 

3a;*+    4a;*-    eaj"- 12a;'- 5a; 


-  10a;*  -  12a;'  +  24a;"  +  44a;  +  18 


GREATEST  COMMON  MEASURE.  51 

Remove  the  factor  2  from  every  term  of  the  last  expression, 
and  then  multiply  every  term  by  3.     Thus  we  have 

-  15iB*-  18a;»+  36iB"+  66a;  +  27. 

Proceed  with  the  division 
Sx"  +  4a;'-  6af-  Ux-SJ  -  15a;*-  183^^+  Sea;*  +  66a;  +  27  ( -5 

-  15a;*  -  20a;'  +  30a;'  +  60a;  +  25 


2a^+ 63;"+ 6a;  + 2 

Remove  the  factor  2  and  then  continue  the  operation  thus  ; 
aj"+3a;'  +  3aj+lJ3a;*  +  4a;'-    6a;'- 12aj-5  (^3a;-5 

3a;*+9a;'+    9a;'+3a; 


-5a;'-15a;'-15a;-5 
-5a;»-15a;'-15a;-5 


Thus  af  +  3a;"  +  3a;  +  1  is  the  g.  o.  m.  required. 

116.  Suppose  the  original  expressions  A  and  J3  to  contain  a 
common  £su;tor  F,  which  is  obvious  on  inspection ;  let  -4  =  aF,  and 
B  —  hF,  Then  ^will  be  a  fcictor  of  the  g.  an;  as  is  shewn  in 
Art  111.  We  may  then  find  the  G.  c.  M.  of  a  and  6,  and  multiply 
it  by  Fy  and  the  product  will  be  the  g.  cm,  of  ui  and  B. 

117.  Similarly,  if  at  any  stage  of  the  operation  we  perceive 
that  a  certain  Victor  is  common  to  the  dividend  and  divisor,  we 
may  strike  it  out,  and  continue  the  operation  with  the  remaining 
factors.  The  feictor  omitted  must  then  be  multiplied  by  the  last 
divisor  which  is  obtained  by  continuing  the  operation,  and  the 
product  will  be  the  required  G.  c.  m. 

118.  Suppose,  for  example,  that  we  require  the  g.  c.  m.  of 
(a;  -  1)'  (a;  -  2)  (a?  -  3)  and  (a;  -  1)'  {x  -  4)  (a;  -  5).  Here  the  factor 
(aj—  1)'  is  common  to  both  the  proposed  expressions,  and  is  there- 
fore a  factor  of  the  G.  c.  M.  Moreover  in  this  example  (a;  —  1)'  forms 
the  entire  g.  c.  m.  ;  for  no  common  measure  can  be  found,  except 
unity,  of  (aj-2)  (a?- 3)  and  (a;-  1)  (a;-4)  (a;-5)  which  are  the 

4—2 
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remaining  factors  of  the  proposed  expressions.  The  last  statement 
can  be  verified  by  trial,  but  when  the  student  is  acquainted  with 
the  subject  of  the  resolution  of  algebraical  expressions  into  factors 
it  will  be  obvious  on  inspection.  The  resolution  of  algebraical 
expressions  into  factors  is  discussed  in  the  Theory  of  Equations, 

119.  Next  suppose  we  require  the  G.  c.  m.  of  three  algebraical 
expressions  A,J3yG.  Find  the  g.  c.  m.  of  two  of  them,  say  A  and 
jB  ;  let  i>  denote  this  g.  o.  H.;  then  the  G.  c.  M.  of  i>  and  G  is  the 
required  G.  cm.  of  -4,  B  and  G, 

For  by  Art.  Ill  every  measure  of  D  and  0  is  a  measure  of 
A,  B  and  C;  and  also  every  measure  o£  A,  B  and  C  is  a  measure 
of  I)  and  C.  Thus  the  G.  c.  m.  of  J)  and  0  is  the  g.  c.  m.  of  -4,  -S 
and  (7. 

120.  In  a  similar  manner  we  may  find  the  G.  cm.  of  /our 
algebraical  expressions.  Or  we  may  find  the  G.  c.  M.  of  two  of 
the  given  expressions  and  also  the  G.  c.  M.  of  the  other  two ;  then 
the  G.  0.  M.  of  the  two  expressions  thus  found  will  be  the  g.  c.  m. 
of  the  four  given  expressions. 

121.  The  definition  and  operations  of  the  preceding  articles  of 
this  chapter  relate  to  polynomial  expressions.  The  meaning  of 
the  term  greatest  common  measure  in  the  case  of  simple  expressions 
will  be  seen  from  the  following  example : 

Required  the  G.  c.  M.  of  i32a*b'x7/,  270a'bVz  and  90a^hx\ 

We  find  by  Arithmetic  the  g.  c.  m.  of  the  numerical  coeffi- 
cients 432,  270,  and  90 ;  it  is  18.  After  this  number  we  write 
every  letter  which  is  common  to  the  simple  expressions,  and  we 
give  to  each  letter  respectively  the  least  index  which  it  has  in 
the  simple  expressions.  Thus  we  obtain  ISa^hx,  which  will  divide 
all  the  given  simple  expressions,  and  is  called  their  greatest  com- 
mon measure. 
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Find  the  a.  c.  m.  in  the  following  examples  : 

1.  0£af~Sx  +  2  and  af--x-2. 

2.  ...  0?*+ 3ic"+4a5  +  12  an4  aJ*  +  4:05' +  4aj  +  3. 

3.  ...  a^  +  af  +  x-S  and  oc^  +  3x' +  5x -h  3, 

4.  ...  tc'  +  l  and  af  +  moc^  +  mx-hl. 

5.  . . .  6a:^  —  7a3if  —  20a^x  and  Sjc*  +  ckc  -  4a*. 

6.  ...  fiC*  — y'  and  ic*-y*. 

7.  ...  3a;»-13jB»  +  23aj-21  and  6aj'  +  a^-44a;+ 21. 

8.  ...  a;*- 3aj'  + 2a;*  +  a;- 1  and  a;' -  a*  -  2ic  +  2. 

9.  ...  a;*-7aj'+8«*  +  28a;-48  and  a^-8a:*+ lQa;-14. 

10.  ...  a;*-a;'  +  2a^  +  a;  +  3  and  x*  +  2x^-x-2. 

11.  ...  4aj*  +  9a;'  +  2a;*-2a:-4  and  3a^  +  5a;"-a;  +  2. 

12.  ...  2a:*-12a^  +  19«*-6aj  +  9  and  4a^-18a;'  + 19a;-3. 

13.  ...  6x*  +  af^-x  and  4a;' -  6a;* -  4a;  +  3. 

14.  . . .  a;'+  aa;'—  (tx^/  —  y*  and  x*  +  2a;'y  —  a*a;*  +  a;*y*—  2aa5y*-  y\ 

15.  ...  2a;»-lla;*-9  and  4a;«+ lla;*  + 81. 

16.  ...  2a*-h 3a»a; - 9a*a;*  and  6a*x -  1 7a V  +  1 4a*a;* - 3aa;*. 

17.  ...  2a;*  +  (2a-9)a;*-(9a  +  6)a;  +  27  and  2a;*-13a;+ 18. 

18.  ...  aV  -  a*5a;*y  +  ah'xy'  -  by  and  2a*6a;*y  -  ab^xT/"  -  by. 

19.  ...  12a;*-152AB+32/*  and  ea;"  -  6ya;' +  2y*aj - 2^ . 

20.  ...  a;*+3a;*-8a;*-9a;-3  and  a:* -2a;*- 6a;' +  4a;*  +  13a;  +  6. 

21.  ...  6a;"-4aj*-lla;»-3a;»-3a;-l  and  4a;*+2a;»-18a;*+3a;-5. 

22.  ...  a;*-aa;'-a*a;*-a*a;  -  2a*  and  3a;*-  7aa;*  +  3a*a;  -  2a\ 
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VII.    LEAST  COMMON  MULTIPLK 

122.  In  Arithmetic  the  least  comjtwn  m/idtiple  of  two  or  more 
whole  numbers  is  the  least  number  which  contains  each  of  them 
exactly.  The  term  is  also  used  in  Algebra,  and  its  meaning  in  this 
subject  will  be  understood  from  the  following  definition  of  the  least 
common  multiple  of  two  or  more  Algebraical  expressions.  Let  two 
or  more  Algebraical  expressions  be  arranged  according  to  descend- 
ing powers  of  some  common  letter ;  then  the  expression  of  lowest 
dimensions  in  that  letter  which  is  divisible  by  each  of  these 
expressions  is  their  least  common  multiple. 

123.  The  letters  l.  c.  m.  will  often  be  used  for  shortness 
instead  of  the  term  least  common  multiple;  the  term  itself  is  not 
very  appropriate  for  the  reason  already  given  in  Art.  106. 

Any  expression  which  is  divisible  by  another  may  be  said  t 
be  a  multiple  of  it. 

124.  We  shall  now  shew  how  to  find  the  l.  c.  m.  of  two 
Algebraical  expressions.  Let  A  and  B  denote  the  two  expres- 
sions, and  D  their  greatest  common  measure.  Suppose  A  =  aD 
and  B  =  hD,  Then  from  the  nature  of  the  gi*eatest  common 
measure,  a  and  h  have  no  common  factor,  and  therefore  their 
least  common  multiple  is  ah.  Hence  the  expression  of  lowest 
dimensions  which  is  divisible  by  aD  and  hD  is  ahD, 

AB 


And  abI>  =  Ah  =  Ba  = 


D 


Hence  we  have  the  following  rule  for  finding  the  L.  c.  H.  of 
two  Algebraical  expressions  :  find  their  G.  c.  m.;  divide  either  ex- 
pression by  this  G.  c.  M.,  and  multiply  the  quotient  by  the  other 
expression.  Or  thus : — divide  the  product  of  the  expressions  by 
their  G.  c.  M. 
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125.  If  if  be  the  least  common  multiple  of  A  and  B,  it  is 
obvious  that  every  multiple  of  Jf  is  a  common  multiple  of  A 
and  JS. 

126.  Every  common  multiple  of  two  Algebraical  ea^easiona  is 
a  mtUtiple  o/ their  least  common  mvltiple. 

Let  A  and  B  denote  the  two  expressions,  M  their  l.  c.  m.  ; 
and  let  N  denote  any  other  common  multiple.  Suppose,  if 
possible,  that  when  N  is  divided  by  M  there  is  a  remainder  R ; 
let  q  denote  the  quotient.  Thus  R  =  N—qM,  Now  A  and  B 
measure  M  and  iT,  and  therefore  (Art  109)  they  measure  R, 
Bat  i?  is  of  lorjoer  dimensions  than  Jf;  thus  there  is  a  common 
multiple  of  A  and  B  of  lower  dimensions  than  their  l.  c.  m.  This 
is  absurd;  hence  there  can  be  no  remainder  R*,  that  is,  iT  is  a 
multiple  of  M. 

127.  Next  suppose  we  require  the  l.  c.  m.  of  three  Algebraical 
expressions  -4,  B,  G.  Find  the  L.  c.  M.  of  two  of  them,  say  A  and 
JS;  let  Jf  denote  this  l.  c.  m.  ;  then  the  L.  c.  M.  of  if  and  G  is 
the  required  l.  o.  M.  of  ^  B  and  G. 

For  every  common  multiple  of  M  and  G  is  a.  common  multiple 
of  A,  B  and  G  (Art.  125).  And  every  common  multiple  of  A 
and  -ff  is  a  multiple  of  M  (Art.  126)  j  thus  every  common  multi- 
ple of  A,  B  and  (7  is  a  common  multiple  of  M  and  G.  Therefore 
the  L.  CM.  of  if  and  G  is  the  L.  c.  m.  of  A,  B  and  G, 

128.  By  resolving  Algebraical  expressions  into  their  compo- 
nent factors,  we  may  sometimes  facilitate  the  process  of  determin- 
ing their  g.  c.  m.  or  l.  c.  m.  For  example,  required  the  l.  c.  m.  of 
x'  —  a'  and  x^  —  a\     Since 

ic*  —  a'  =  (oj  —  a)  (a:  +  a)  and  a?  —  a^  =  {x—  a)  (x'  •¥ax  +  a'), 

we  infer  that  a;  —  a  is  the  G.  a  m.  of  the  two  expressions ;   con- 
sequently their  L.C.M.  is  {x  •¥  a)  {x^  —  a^),  that  is, 

aj*  +  ax^  -  a^x  —  a\ 
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129.  The  preceding  articles  of  this  Chapter  relate  to  polyno- 
mial expressions.  The  meaning  of  the  term  least  common  mvl- 
Hple  in  the  case  of  simple  expressions  will  be  seen  from  the 
following  example.  Required  the  L.C.M.  of  432a*5*a;y,  270a'6V« 
and  %0ofh7?.  We  find  by  Arithmetic  the  L.  c.  m.  of  the  numeri- 
cal coefficients  432,  270  and  90;  it  is  2160.  After  this  number 
we  write  every  letter  which  occurs  in  the  simple  expressions,  and 
we  give  to  each  letter  respectively  the  greatest  index  which  it  has 
in  the  simple  expressions.  Thus  we  obtain  2160a*6Vy«,  which  is 
divisible  by  all  the  given  simple  expressions,  and  is  called  their 
least  common  multiple. 

130.  The  theories  of  the  greatest  common  measure  and  of  the 
least  common  multiple  are  not  necessary  for  the  subsequent  Chap- 
ters of  the  present  work,  and  any  difficulties  which  the  student 
may  find  in  them  may  be  postponed  until  he  has  read  the  Theory 
of  Equations.  The  examples  however  attached  to  the  preceding 
Chapter  and  to  the  present  Chapter  should  be  carefully  worked, 
on  account  of  the  exercise  which  they  afford  in  all  the  fundar 
mental  processes  of  Algebra. 
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1.  Find  the  l.  c.  il  of  6a;*  -  «  -  1  and  2a;*  +  3a;  -  2. 

2.  Find  the  l.  c.  m.  of  3a;*  -5x  +  2  and  4a;'  -  4a;*  -  a;  +  1. 

3.  Find  the  L.  c.  M.  of  a;*  -  1  and  x'  +  x~'2, 

4.  Find  the  L.  c.  m.  of  a;'-9a;*  +  23aj-  15  and  a;*-  8a;+  7. 

5.  Find  the  l.  c.  m.  of  (x  +  1)  (a;*-  1)  and  a;'- 1. 

6.  Find  the  l.  c.  m.  of  a;*  +  2x't/  -  osy'  -  2y*  and 

a;' -  2a;*y  -  a;2/*  +  2/. 

7.  Find  the  l.  a  m.  of  2a;-  1,  4a;*-  1  and  4a;*  +  1. 

8.  Find  the  l.  c.  m,  of  a;'- a;,  x^ -I  and  a;'  +  1. 
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9.     Find  the  l.  c.  m.  of  a?*  -  4a',  {x  +  2a)'  and  (a;  -  2a)*. 

10.  Find  the  l.  c.  m.  of  aj'-6a;'+ lla- 6,  a" -90*+ 26a: -24 

and  a;"-8a^+19aj-12. 

11.  Find  the  l.  c.  m.  of  a*  -  4a*,  x^  +  2aa^  +  Mx  +  8a'  and 

a;'  -  2aa;*  +  4a*a;  -  8a'. 

12.  Find  the  l.  c.  m.  of 

a:"— (a  +  6)aj  +  a5,  a*— (6  +  c)a:  +  ^  and  a;'-^(c +a)a;  +  ca. 

13.  Hequired  the  L.  c.  M.  of 

2a^  +  {2a  -  36)  a^  -  (26'  +  3a6)  x  +  36'  and  2af  -  (36  -  2c)  a;  -  36c. 

14.  Hequired  the  L.  a  M.  of 

6(a»-6')(a-6)',   9  (a* - 6*) (a - 6)«  and  12(a'-67. 


VIII.    FRACTIONS. 

131.  We  propose  to  recall  to  the  student's  attention  some 
propositions  respecting  fractions  which  he  has  already  found  in 
Arithmetic,  and  then*  to  shew  that  these  propositions  hold  uni- 
versally in  Algebra.  In  the  following  articles  the  letters  repre- 
sent whole  numbers,  unless  it  is  stated  otherwise. 

132.  By  the  expression  j-  we  indicate  that  a  unit  has  been 
divided  into  6  equal  parts,  and  that  a  of  such  parts  are  taken.    Here 

r-  is  called  2k  fir  action;   a  is  the  numerator  and  6  the  denominator. 

0 

so  that  the  denominator  indicates  into  how  many  equal  parts  the 
unit  is  to  be  divided,  and  the  numerator  indicates  how  many  of 
those  parts  are  to  be  taken. 

Every  integer  may  be  considered  as  a  fraction  with  unity  for 

its  denominator;  that  is,  J9  =  y . 
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133.     Biile  for  multiplying  a  fraction  by  an  integer.     JSither 
m/ultvply  the  numerator  hy  that  integer y  or  divide  iJie  denormrwior 
'  hy  that  integer. 

Let   J-  denote  any  fraction,  and  c  any  integer;    then   will 

-  X  c  =  -=- .     For  in  each  of  the  fitwtions  ■=-  and  -r-  the  unit  is 

0  0  0  0 

divided  into  h  equal  parts,  and  c  times  as  many  parts  are  taken 

.    ac       ,    a     ^  ac  .       ..         a 

m  ^-  as  in  r  i  hence  -=-  is  c  times  t  • 

0  0  0  0 

This  demonstrates  the  first  form  of  the  Rule. 


Again ;   let  -=—  denote  any  fraction,  and  c  any  integer ;  then 
oc 

will  -=—  X  c  =  T .     For  in  each  of  the  fractions  t—  and  ■=-  the  same 
he  0  he  0 

number  of  parts  is  taken,  but  each  part  in  ,  is  c  times  as  large  as 

each  part  in  -=— ,  because  in  -^  the  unit  is  divided  into  c  times  as 
^  he  he 

many  parts  as  in  ^ ;   hence  t-  is  c  times  j- . 

This  demonstrates  the  second  form  of  the  Rule. 

134.  Rule  for  dividing  a  fraction  by  an  integer.  Either  mut- 
tiply  the  denominator  hy  that  integer,  or  divide  the  nurrwraJbor  hy 
that  integer. 

Let  7-  denote  any  fraction,  and  c  any  integer;    then   will 

■7--=-c=  ,— .     For  ^  is  c  times  r->  by  Art.  133:    and  thereS)re 

h  he  h  he'     '^  ' 

a  ,    I  .      „  a 

■—  is— th  of  r  • 
he       c  h 

This  demonstrates  the  first  form  of  the  Rule. 
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Again;  let  -r  denote  any  fraction,  and  c  any  integer;  then 
will  -^  -r  c  =  T  .     For  -,-  is  c  times  ^ ,  by  Art.  133  :  and  there- 

fore  7-  is  -th  of  -:;  . 

0         c  0 

This  demonstrates  the  second  form  of  the  Kule. 

135.  If  any  quantity  be  both  multiplied  and  divided  by  the 
same  number  its  value  is  not  altered.  Hence  if  the  numerator 
and  denominator  ol  a  fraction  be  multiplied  by  the  same  number 

t  value  of  the  fraction  is  not  altered.  For  the  fraction  is 
multiplied  by  any  number  by  multiplying  its  numerator  by  that 
number,  and  is  divided  by  the  same  number  by  multiplying  its 
denominator  by   that   number.      (Arts.    133   and    134.)      Thus 

:=-=—.     And  so  also  if  the  numerator  and  denomiuator  of  a 
o      be 

fraction  be  divided  by  the  same  number  the  value  of  the  fraction 
is  not  altered. 

136.  Hence,  an  Algebi-aical  fraction  may  be  reduced  to  an- 
other of  equal  value  by  dividing  both  numerator  and  denominator 
by  any  common  measure ;  when  both  numerator  and  denominator 
are  divided  by  their  g.  a  m.  the  fraction  is  said  to  be  reduced  to  its 

lowest  terms.     For  example,  consider  the  fraction  -—5 — ^r= -. 

*^  4a:  —  2703  +  o 

Here  the  g.  c.  m.  of  the  numerator  and  denominator  will  be  found 

to  be  2a;  —  5  ;  hence,  dividing  both  numerator  and  denominator  by 

this  we  obtain 

6a;'~7a;-20_      3a;  +  4 

4a;"-27aj  +  6""2a;*  +  5a;-l* 

137.  Since  t^  = — j-  (Art.   94)  it  is   obvious  that  we  may 

change  the  signs  of  the  numerator  and  denominator  of  a  fraction 
without  altering  the  value  of  the  fraction. 

138.  To  reduce  fractions  to  a  common  denominator: — multi- 
ply the  num&ratAyr  of  each  fraction  hy  all  the  denominators  except 
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its  ovmfor  the  numerator  corresponding  to  tJiat  fraction^  cmd  TnuU 
tvply  all  Uie  denominators  together  for  the  common  denominator. 

Thus,  suppose  t-  ,  -^^  and  >  to  be  the  proposed  fractions ;  then, 

by  Art.  135,  -  =  _,-=  and^  =  ^;  thus  -^     ^    and 

fih/l 

,-7>  are  fractions  of  the  same  value  respectively  as  the  proposed 
fractions,  and  having  the  common  denominator  hdf. 

139.  If  the  denominators  have  any  factors  in  common,  we 
may  proceed  thus :  —Jmd  the  l.  c.  m.  of  the  denominators  and  use 
this  as  the  common  denominator;  then  for  the  new  numerator  cor- 
responding to  each  of  tlie  proposed  fractions,  multiply  the  numerator 
of  that  fraction  by  the  quotient  which  is  obtained  by  dividing  the 
L.  c.  M.  by  the  denominator  of  that  fraction. 

Thus  suppose,  for  example,  that  the  proposed  fractions  are 

—  ,  —  ,  and  —  .     Here  the  l.  c.  m.  of  the  denominators  is  wmiiz  : 

mac    my  mz  '^   ' 

,    a        ayz       b         bxz  ,     c         cocy 

and  —  ^  — - — ,  —  = ,  and  —  =  — ^-  . 

mx     mxyz    my     mxyz  mz     mocyz 

140.  To  add  or  subtract  fractions, — reduce  them  to  a  common 
denominator,  then  add  or  subtract  the  numerators  and  retain  the 
common  denominator. 

For  example,  r  +  r  =  — r—  j  this  follows  immediately  from  the 

meaning  of  a  fraction. 

_    a      c     ad     cb      ad+cb 
h     d^M     bd^'~bd~' 


1  1  a  —  b       a  +  6  2a 

+    T=—. 7^  + 


a  +  5     a-b     a'-b^     a'  —  b'     a'^b 

h     a     b     ac     b     ac  +  b 

a+-  =  -+-=  —  +-  = ; 

6     I     e      c      c         e 


8  > 
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a  +  b     a-h  _2(a'-h')     (a  +  h)*     (a -by 
a-6'*'a  +  6"    a'-b'    '^  a' -  b'  "^  ~^?^b' 

_2a'-2b^  +  a'  +  2ab  +  b'  +  a'-2ab  +  b' 

a'~b' 

a     e     a—c 


b     b        b    ' 

a      c  ^ad     be  ^  ad— be  ^ 
b''d''bd''bd''     bd    ' 

a     c  +  d ^a{c  —  d)     b  (c-hd)  _ac  —  ad-'(bc  +  bd) 
b"  C'-d''b{c-d)''b{cTd)^         b(c-d) 

ac  —  ad—  be  —  bd 
"         b(c-d)         ' 

a  +  b  _ a-b  _{a-¥bY  __  {a-Vf  _  (a  +  bf^{a-bY 
a-b     a  +  b~  a'-b'      a'-b'"'      a'-b' 

_  a'  +  2ab  +  5'  -  (a'-2ab  +  fe') 
a'-b' 

c?  +  2ab  +  5'  -  a*  +  2ah  -  6'        4a& 


141.  The  rule  for  the  multiplication  of  two  fractions  is,  faul- 
tiply  tlie  numerators  Jbr  a  new  numerator,  a/nd  the  denominators 
/or  a  new  denominator. 

The  following  is  usually  given  for  a  proof.     Let  ^  and  -^  be 

two  fractions  which  are  to  be  multiplied  together;  put  r-  =  ^>  ai^cl 

-T  =  y;   therefore 

a—bx,  and  c  =  di/, 
therefore  ac  =  bdxi/; 

divide  by  bd;  thus  Tj=^' 
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This  process  is  satisfactory  when  x  and  y  are  really  integers, 
though  under  a  fi:actional  form,  because  then  the  word  multiplica- 
tion has  its  common  meaning.  It  is  also  satisfactory  when  one  of 
the  two,  X  and  y,  is  an  integer,  because  we  can  speak  of  multiplying 
a  fraction  by  an  integer,  as  in  Art.  133.  But  when  both  x  and  y 
are  fractions  we  cannot  speak  of  multiplying  them  together  with- 
out defining  what  we  mean  by  the  term  mvJitiplicationy  for,  ac- 
cording to  the  ordinary  meaning  of  this  term,  the  multiplier  must 
be  a  whole  number. 

In  fact  the  so-called  rule  for  the  multiplication  of  fractions  is 
really  a  definition  of  what  we  find  it  convenient  to  understand  by 
the  multiplication  of  fractions.  And  this  definition  is  so  chosen 
that  when  one  of  the  fractions  we  wish  to  multiply  together  is  an 
integer  in  a  fractional  form,  or  when  both  are  such,  the  result  of 
the  definition  coincides  with  the  consequences  drawn  from  the  or- 
dinary use  of  the  word  multiplication. 

142.  The  following  verbal  definitions  may  shew  more  clearly 
the  connexion  between  the  meaning  of  the  word  multiplication 
when  applied  to  integers,  and  its  meaning  when  applied  to  frac- 
tions. When  we  multiply  one  integer  a  by  another  h,  we  may 
describe  the  operation  thus :  what  we  did  vyith  unity  to  obtain  b 
we  must  now  do  with  a  to  obtain  b  times  a.  To  obtain  b  from 
imity  the  unit  is  repeated  b  times;  therefore  to  obtain  b  times  a 
the  number  a  is  repeated  b  times.     Now  let  it  be  required  to 

multiply  the  fraction  t  by  -^;  adopting  the  same  definition  as 

above,  we  may  say  that,  what  we  did  with  unity  to  obtain  -r  we 

must  now  do  with  r  to  obtain  ,  tim^  =- .     To  obtain  -r  from  unity 

b  d  b  rf  •^ 

the  unit  is  divided  into  d  equal  parts,  and  c  of  such  parts  are  taken; 

therefore,  to  obtain  -^  times  7-,  the  fraction  ^  is  divided  into  d 

do  0 

equal  parts,  and  c  such  parts  are  taken.    Now,  by  Art.  134,  if  ^  be 
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divided  into  d  equal  parts,  each  of  ihem  is  j-z ,  and  if  c  such  parts 

be  taken  the  result  is  7-,. 

bd 

The  definition  then  of  multiplication  may  be  given  thus;  to 
obtain  the  product  of  the  multiplier  and  multiplicand  we  treat  the 
multiplicand  in  the  same  way  as  unity  was  treated  to  obtain  the 
multiplier. 

143.  To  multiply  three  or  more  fractions  together,  mvUiply 
aU  the  rmmeratora  for  the  new  numerator,  cmd  aU  the  denominators 

for  ihe  new  denominator. 

144.  Suppose  we  have  to  divide  j.   ^7  -j'     Here,  by  the 

nature  of  division,  we  have  to  find  a  quantity  such  that  if  it  be 

multiplied  by  -^  the  product  shall  be  y  .     This  is  the  meaning  of 

division  applied  to  integers,  and  we  shall  give  the  same  meaning 
to  division  applied  to  fractions,  an  operation  which  hitherto  has 
not  been  defined. 

T  ^  Of      c  ^i^  c     Qcc     ,^      J,        ad  J 

Let  5- -r -,  =  a; :  then  t  =^^-i=-T'y  therefore  -7-  =  xc,    and 
0     d  0  d     d  ^  0 

-5— =  aj.     Thus  we  obtain  the  rule  for  dividing  one  firaction  by 

DC 

another;  invert  the  divisor,  and  proceed  as  in  multiplication. 

145.  Hitherto  we  have  supposed,  in  the  present  chapter,  that 
the  letters  represented  whole  numbers;  and  have  thus  only  recalled 
rules  and  proofe  which  are  familiar  to  the  student  in  Arithmetic. 
But  in  virtue  of  our  extended  definitions  it  may  be  proved  that  all 
the  rules  and  formulae  given  are  true  when  the  letters  denote  any 
numbers  whole  or  fractional.     Take,  for  example,  the  formula 

—  =5  — ,  and  suppose  we  wish  to  shew  that  this  is  true  when 

m     ,     p         J        ^ 
a=r—     6  =  -,   andc  =  -. 
n^         q  8 
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Here  ^=— 4-^=— x^  =  -^; 
0     n      q      n     p      np 

also  ac  =  — ,  and  &c  =  —  : 
na  qs 

,       CLG  _fn/r  ^pr  _7n/r      qs  _^ mrqs  _ mq 
be      ns   '  qs      ns      pr     nspr      np' 

Thus  the  fonnula  is  shewn  to  be  true. 

Moreover  these  formulae  and  rules  hold  when  the  letters  de- 
note negative  quantities  by  virtue  of  the  remarks  already  made 
in  Chapter  v. 

1 

146.  By  means  of  the  foregoing  rules  and  formulae  we  can 
simplify  Algebraical  fractions,  in  which  the  numerator  and  de- 
nominator are  themselves  fractional  expressions.     For  example, 

a        h        a{a  +  h)-^b' 

b      a  +  h        b{a  +  b)         a'+ah-^b*        a(a  —  b)    ^a{a^—b^ 

a        h~"^--b(a-b)~    b(a  +  b)     ""  a' -- ab  ■\' b' '  b  {(f  +  b')  ' 
a  —  b     a        a{a  —  b) 

147.  The  beginner  requires  to  be  warned  that  in  reducing 
fractional  expressions  he  should  keep  the  simplest  forms  which 
are  admissible,  in  order  to  avoid  unnecessary  labour.  For  exam- 
ple, suppose  we  have  to  reduce  the  following  expression  to  a  single 
fraction, 

a  b  c 

I +  

(a  — 6)(a  — c)(a;  — a)      (6  — a)(6-c)(a;- 6)      {c  —  a){c  —  b)(x-'c)' 

We  might  take  the  product  of  all  the  denominators  for  a  com- 
mon denominator  and  transform  the  three  fractions  accordingly; 
but  a  little  consideration  will  shew  that  there  is  a  much  simpler 
common  denominator  which  we  may  put  in  the  following  sym- 
metrical form, 

{a  —  6)  (6  —  c)  {c  —  a)  (aj  —  a)  {x  -&)(«-  c). 
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We  may  write  the  proposed  expression  thus, 

■ 
a  h  c 


(a  —  b){c  —  d){x-'a)     (a-6)  (6-c)(a;-6)     (c-a)(6-c)(iB-c)^ 

then  by  reducing  to  the  common  denominator  we  find 

a{b  —  c){x  -  b)(x  -'c)  +  b(c-  a){x  —  a){x  —  c)-hc(a  —  b){x  —  a){x  —  b) 
(a  —  b){b  ^  c)(c  -  a)(aj  —  a){x  —  b)(x  —  c) 

On  working  out  the  numerator  we  find  tliat  it  reduces  to 
x{a{(^-b^-\-b (a'- c')  +  c  (6*- a*)}, 
and  we  shall  also  find  that 

-{a(c'-6")+6(a'-c«)  +  c(6«-a")}  =  (a-6)(6-c)(c-a). 

Thus  the  proposed  expression  becomes 

(oj  —  a)(x  —  b)  (x  —  c)' 
'As  another  example  it  may  be  shewn  that 

a«  V  c* 

(a-6)(a-c)(a5-a)     {b  -  a)  {b  -  c){x^-b)     {c-a){c-b)  (x-c) 


x' 


(x  —  a)  {x  —  6)  (a;  —  c)  * 
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Simplify  the  following  fractions  : 

1.     5 — ^ 7. — .  '  2. 


aj»-3a;  +  2       *  a'+2a6  +  6*      * 

x*-hl0a?+35a^  +  50x  +  24:  Saf" -  IQcd' +  23x -  6 

'  a^+dx'  +  26x  +  24:       '  2a^ -- Ux' + 17  x- 6' 


o. 


6ic«-5a;»  +  4  ^       2ac«  +  9a;' +  7a; -  3 

0. 


2a^-af-x  +  2'  3a;»  +  5a;^- 15a;  +  4 


3a;'+12a;  +  9  ^      a;»- 6a;' -  37a;  +  210 

aj*+5a;»+6   '  a;»  +  4a;"-47a;-210* 

T.A.  5 


66 


EXAMPLES  OP  FRACTIONS.        CHAPTER  VIII. 


9. 


11. 


13. 


a;*+2aj'+9 


»*-4a;»  +  4a:"-9* 


X 


i*-a3*-aj+l 


a;*-2a;«-a:"-2aj+l 


10. 


12. 


aj*+4aj 


Jaj  +  2 


14     (a?  +  yr-«"--y" 


26  +  (6«_4)a;-2&B"' 

(1  ~  lOa^  +  5a;*)(5  -  30a^  +  5x*)  +  (5a;  -  lOa^  +  a^20a?  -  20g«) 
(5aj  -  10iB»  +  a*)'  +  (1  -  10«»  +  5ajY  ' 

.^      (l-a')(l-6')(l-c')--(c  +  a6)(5  +  (;a)(a  +  5c) 
^^*  i-.a"-6»-c'-2a6c  * 

Perform  the  additions  and  subtractions  indicated  in  the  fol- 
lowing examples  from  17  to  37  : 


17. 


a 


a  +  6     a  — 6 ' 


18. 


a 


2a-2b     2b-2a* 


2         3  2a;-3 

^^-     a;     2a;- 1      4a;'- T 

20.     (-  +-)(a+5)-( ). 


21. 


22. 


a;-l     a;  +  2     {x'h2y' 
5  1 


24 


2(a;+l)     10(a;-l)     5(2a;  +  3)* 


h-a     a -2b     3x{a-b) 
2t5.     T  -" ~  + 


a;  — 6      a;  +  6 


a;"- 6^ 


24. 


25. 


26. 


3  +  2a;     2-3a;     16a;- a;* 
"2^"T+^  "*■   a;'-4  ' 

3  7         4- 20a; 

rir2»"'lT2»"'4a;'-l  * 


a 


a  +  b     a*- 6'     a'  +  6 


«• 


27. 


1  1 

+ 


aj'-y*     {x  +  yY     (a-y)** 
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28.     <f/^y-^-i-2.  29.    -^  +  J£-_J^. 

abifh—o)      0     a  a—x     a+x     a*  — of 

3a- 46     2a  — ft  — c     15a  — 4c     a  — 46 

a  +  6  h  +  c  c  +  a 

(6-c)(c-a)'*"(c-a)(a-6)'*"(a-6)(6-c)' 

qg  ^'-^^  ^^-ca  (f'-cbb 

(a  +  6)(a  +  c)     (6  +  c)(6  +  a)     (c  +  a)(c  +  6)' 

a*-ho  6'  +  ca  c*+a6 


31. 


34 


35. 


36. 


37. 


(a-6)(a-c)  (6  +  c)(6-a)     (c-a)(c  +  6)* 

6c  ca                     a6 

(c  —  a)  (a  —  6)  (a  —  6)  (6  —  c)     (6  —  c)  (c  -  a) ' 

a(a-6){a-c)     6(6-c)(6.-a)     c(c-a)(c-6)* 

a  — 6     6  — c  c— a     (a  — 6)  (6-c)(c-a) 

a  +  6     6  +  c  c  +  a     (a  +  6)(6  +  c)(c  +  a)  * 

2  2        (a-6)'  +  (6-c)'+(c-a)' 


2 


0—6     6  — c     c  — a  (a  — 6)(6  — c)(c  — a) 


38.  Multiply  ^^-^'by     /   ,,. 

'^  ■'      6  +  a         a5(a-6) 

39.  Multiply  5^  by  ^^,. 

« 

40.  Multiply  together^,  ^3^,   ^57^  "^d  ^Z^- 

41.  Prove  that 

42.  Multiply  together  ^^- ,  ^  and  1  +  j^ . 

43.  Multiply  ^^^^  and  ^^i^±^. 

*^'  a +2a«  +  ar         a—zax  +  ar 

5—2 
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A  A      c-      IT  a*-b*  a-b 

^^'     Simplify  ^,_^^^^,.x^,^--^. 

\x-y     x  +  y     a  -yv    2y 

i/.      a-      vr    a'~^'   a  +  ^    /a'-ab  +  b\» 

46.  Simplifjr  ^  ,     , a . -, .  ( -^j 7 — 73 ) . 

^    '^  a  +b    a-b    \a  +ab-{-b / 

47.  Multiply  ^--  +  1  by  ^+-  +  1. 

Cb      a  a      a 

48.  Multiply  af-x  +  l  by-^+-  +  l. 

X         X 

49.  Simplify ^«^^^_,     7  « ^ 


a'ic  +  Goa;*  —  7a^  a*  -  a*a  -  4a 

50.  Divide  7 r^  by  -^ — -5. 

(a  +  ic)     ''  a  —or 

51.  Divide  -r^T TTir  l>y  —2 — r2  • 

52.  Divide  -^^  by  -^ . 

53.  Dmde  ^  +  -^^^ ^ — ^  ^7    2      >  • 

aj  +  y       a;-y      a;  -2r        «  -y 

54.  Sin.plify(^.l).(^-Ul). 

57.  Divide  a;*- -4  by  «+-. 

X  X 

58.  Divide  a" 4^-5  +  2  by  »  +  -. 

a;  a 
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59. 


I     iDivide  a5*+l+-3  by   —  l+a. 

60.     Divide  a'-h'-c'  +  2hc  by  ?^±4^. 

■'    a  +  o  +  c 

fil       -r^.  .1    a' +  3a'a;  +  Sao*  +  ic*  ,          (a  +  x)' 
^^-     X>ivide  i i by   -^ f— ,. 

62.      Divide  a'-.5'-c--26c  by  5±|±f . 

•^    a  +  6-.c 

63-      lHvide  (B'-3aa!-2a*  +  -i^  by  3aj-6a -,-. 

x  +  Sa     •"  x  +  oa 

61-      Divide  -^-4+^'  by  --  — , 
®  2a'  «•    ^  2a      a;  ' 

a-hh     a-  b 

65.      Simplify  -77 y. 

c—dc+d 


66.    Simplify  — 


a+x     a—x 

+ 

a  — a?     a  +  x 


X     a  —  x 


a—x     a+x 


CT-1      5-1      c-1 

ftiy     a*      I'j^  Sahc  a  b  c 

^7.    Simplify  r £•-  1 !? • 

^    "^   5c  +  ca-a6  111 

70.     Sinpli«r(^-^*(?±i!-!rn. 
^    "^    Vr-y      X  +jf/      \c  —  y     x  +  y) 
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72.     Simplify 


1  _  1^         m^-\-n*' 
n     m 

x+a     x—a 


fro      a-      i*jf       *           *        x  —  a     x  +  a 
73.     Simplify , 

^    "^  a— a     x  +  a     x  +  a     x-a 

+ 

85— a     x  +  a 

1        1 

-  + 


74.     Simplify  ^^ _|l  +  ____j. 


75.     Simplify 


a     6+c 
1 


a;  + 


76.     Simplify 


-      x+l 

1  +  ^ 

o  —  x 

a 


IX    EQUATIONS  OF  THE  FIRST  DEGREE. 

148.  Any  collection  of  Algebraical  symbols  is  called  an  ex- 
pression. When  two  expressions  are  connected  by  the  sign  of 
equality  the  whole  is  called  an  eqiuilion.  The  expressions  thns 
connected  are  called  sides  of  the  equation,  or  vn&mhe/rs  of  the  equa- 
tion. The  expression  to  the  left  of  the  sign  of  equality  is  called 
they^^^  side>  and  the  expression  to  the  right  the  secowd  side. 

149.  An  identical  eqiuition  is  one  in  which  the  two  sides  are 
equal  whatever  numbers  the  letters  stand  for;  for  example, 

is  an  identical  equation.     An  identical  equation  is  called  briefly 
an  iderUity. 
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150.  An  equation  of  condition  is  one  which  is  not  true  for 
every  value  of  the  letters,  but  only  for  a  certain  number  of  values; 
for  example, 

aj+1  =7 

cannot  be  true  unless  x  =  6.    An  equation  of  condition  is  called 
biieflj  an  egmUion. 

151.  A  letter  to  which  a  particular  value  or  values  must  be 
giv-en  in  order  that  the  statement  contained  in  an  equation  may 
De  true  is  called  an  unknoum  qvxmtUy,  Such  particular  value  of 
the  unknown  quantity  is  said  to  satisfy  the  eqiuition,  and  is  called 
^  root  of  the  eqtiation.  To  solve  an  equation  is  to  find  the  parti- 
cular value  or  values.  ^ 

152.  An  equation  involving  one  unknown  quantity  is  said  to 
^  of  as  many  dimensions  as  is  denoted  by  the  index  of  the 
Wghest  power  of  the  unknown  quantity.  Thus,  if  x  denote  the 
^Uiknown  quantity,  the  equation  is  said  to  be  of  one  dimension 
^hen  X  occurs  only  in  the^«^  power;  such  an  equation  is  also 
called  a  simple  equation^  or  an  equation  of  the  frst  degree.  If  (x? 
occurs,  and  no  power  of  x  higher  than  a?  occurs,  the  equation  is  said 
to  be  of  ttoo  dimensions ;  such  an  equation  is  also  called  a  quad- 
ratic equa^tion,  or  an  equation  of  the  second  degree.  If  aj*  occurs, 
and  no  power  of  x  higher  than  35*  occurs,  the  equation  is  said  to  be 
of  three  dimensions ;  such  an  equation  is  also  called  a  ctihic  equa- 
tion, or  an  equation  of  the  third  degree.     And  so  on. 

It  must  be  observed  that  these  definitions  suppose  both  mem- 
bers of  the  equation  to  be  integral  expressions  so  far  as  relates 
to  X,  and  not  to  contain  x  under  the  radical  sign. 

153.  We  shall  now  indicate  some  operations  which  may  be 
performed  on  an  equation  without  destroying  the  equality  which 
it  expresses.  It  will  be  seen  afterwards  that  these  operations  are 
useful  'Vfhen  we  have  to  solve  equations. 
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154.  If  every  term  on  each  side  of  an  equation  he  mm 
<yr  divided  hy  the  sa/me  qiux/ntity  the  results  a/re  eq^ial.  This  i 
from  Arts.  100,  101. 

155.  The  principal  use  of  the  preceding  article  is  to  el 
eqvMion  of  fractions  ;  this  is  eflfected  by  multiplying  everi 
by  the  product  of  all  the  denominators  of  the  fractions,  or 
please,  by  the  least  commmi  multiple  of  those  denomi 
Suppose,  for  example, 

05     a?     a?     -  rt 

Multiply  every  term  by  2  x  3  x  4 ;  thus, 

3x  4  xa;  +  2x4xa;4-2x3xaj=  13x2x3x4; 

that  is,  12x  +  8a;  +  6»  =  312. 

Divide  every  term  by  2 ;  thus, 

6a;  +  4a;  +  35c=156. 

Instead  of  multiplying  every  term  by  2  x  3  x  4  we  may 

ply  by  12,  which  is  the  L.  c.  m.  of  2,  3  and  4.     Thus  we 

at  once 

6a;+4a;+3a;=156. 

156.  Any  quantity  m>ay  he  transposed  from  one  side 
equation  to  the  other  side  hy  changing  its  sign. 

Thus  suppose  a  — a  =  6  — y. 

Add  a  to  each  side  (Art.  98) ;  then 

a?  —  a  +  a  =  6  —  y  +  Oy 
that  is,  a;  =  6  +  a—  y. 

Now  subtract  h  from  each  side ;  thus, 

X'~h  =  h  +  a-y-  h=ia  —  y. 

Here  we  see  that  —  a  has  been  removed  from  one  side 
equation,  and  appears  as  +  a  on  the  other  side ;  and  +  h  has 
removed  from  one  side  and  appears  as  —  &  on  the  other  side. 
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57.  If  the  sign  of  every  term  in  cm  equation  he  ehomged  the 
lUy  8tiU  holds, 

Tiis  follows  from  lihe  preceding  article  by  transposing  every 
Thus  suppose 

05  —  a  =  5  —  y. 

ranspositioui  y  —  6  =  a  — a, 

s,  o-a;  =  y-5; 

esult  is  what  we  shall  obtain  if  we  change  the  sign  of  every 
in  the  original  equation. 

58.  "We  can  now  give  a  rule  for  the  solution  of  any  simple 
ion  with  one  unknown  quantity. 

et  the  equcUion  first  he  cleared  of  fractions  ;  then  transpose  all 
rms  which  involve  the  tmknoum  quantity  to  one  side  of  the 
ion,  and  the  known  qtiantities  to  the  other;  divide  hoth  sides 
e  coefficient  or  the  sum  of  the  coefficients  of  the  unknown 
\ity,  amd  the  value  required  is  obtained, 

he  truth  of  the  rule  will  be  obvious  from  the  principles 
e  preceding  articles,  and  we  shall  now  apply  it  to  some 
pies ;  in  these  examples  the  urJcnown  quantity  will  be  de- 
by  05,  and  when  other  letters  occur,  they  are  supposed  to 
sent  hruywn  quantities. 

59.  Solve  3a;- 4  =  24 -as. 
ansposition,              3a;  +  «  =  24  +  4 ; 

4a;  =28; 

28     . 
nsiouy  05  =  -J-  =  7. 

^e  may  verify  the  result  by  putting  7  for  a?  in  the  original 
ion.  The  first  side  becomes  3x7-4,  that  is,  21  -  4,  that  is, 
he  second  side  becomes  24  —  7,  that  is,  17. 
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160.  Solve  'l-'i-l^-l^r2- 

Multiply  by  96,  which  is  the  L.aM.  of  the  denominators; 
thus,     5x48xaj-4x32xaj-13x96  =  5x  12  +  3aj; 
that  is,  240a;  -  128a;  -  1248  =  60  +  3a; ; 

by  transposition,  240a;  -  128a;  -  3a;  =  1248  +  60 ; 

thus,  109a;  =1308; 

by  division,  x  =  j^  =  12. 

"We  may  verify  the  result  by  putting  12  for  a;  in  the  original 
equation ;  it  will  be  found  that  each  side  of  the  equation  then 
becomes  1. 

161.  Sometimes  it  is  convenient  to  clear  of  fractions  pctr- 
tiallyy  and  then  to  effect  some  reductions  before  getting  rid  of  the 
remaining  fractional  coefficients.     For  example,  solve 

x  +  1     2a;-16     2a;  +  5     ^,      3a;  +  7 
—I Z-^—4: ^*-*-"l2^- 

Here  we  may  conveniently  multiply  by  12 ;   thus, 
12(a;  +  7) 


11 


-.4(2aj- 16) +  3 (2a;  +  5)=  16  X  4 +  3a;  +  7 ; 


that  is,         ?li^!:l)-.8a;  +  64  +  6a;+15  =  64  +  3a;  +  7. 

By  transposition  and  reduction, 

12<a;  +  7)     ^     . 
— \- — '-  +  8  =  5a^ 

Multiply  by  11 ;  thus, 

12a;  +  84  +  88  =  55a; ; 

by  transposition,  172  =  43a; ; 

172 

by  division,  x  =  -j«-  =  4. 
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162.  Solve  ^-A.^=-A^. 

2a; +  1     5a- 8 

Multiply  by  {2x  + 1)  {5x  -  8) ;  thus, 

5(5aj-8)  =  2(2a;  +  l); 
that  is,  25id-40  =  4a?  +  2; 

by  transpositioii,  21a; = 42 ; 

bydiyision,  x  =  ^  =  2. 

1/jo      a  1         2a;-3     4a;-5 

163.  Solve     3^Z4  =  6^r7- 

Multiply  by  (3a;  -  4)  (Qx  -  7) ;  thus, 

(2a:-3)(6a;-.7)  =  (4a;-5)(3a;-4); 

that  is,  12a;*  -  32a;  +  21  =  12a;"  -  31a;  +  20. 

Take  away  12a;'  firom  both  sides ;  thus, 

21 -32a;  =  20 -31a;; 
by  transposition,  21  -  20  =  32a;- 31a; ; 

thus,  a;=l. 

164.  Solve     ^-4  =  ^-1 . 

4  3      6 

Multiply  by  12;  thus, 

3a;-48  =  20a;-14; 

by  transposition,  17a;  =  —  34; 

34  • 

by  division,  a;=  — y==  — 2. 

We  may  verify  this  result ;  each  side  of  the  equation  will  be 

9 
found  to  become  -^  • 
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165,     Solve  aac  +  h^cx  +  d. 

By  transposition^         ax  —  cx^d—h; 

that  is,  (a  —  c)x  =  d  —  b; 

,     J.  .  .  d—h 

Dv  division,  X  = . 

•^  a  — c 

Verification;  put  this  value  for  x  in  the  original  equation; 

then  the  first  side  becomes  — +  6,  that  is,  — +  -^ , 

a  —  c  a-^c  a—c 


Hiat  is, .     And  the  second  side  becomes  — +c?,  that 

a—c  a—c 

a—c  a—c  a—c 

166.  We  may  remark  that  an  equation  of  the  first  degree 
cannot  have  more  than  one  root.  For  any  equation  of  the  first 
degree  will  take  the  form  005  =  6  if  the  unknown  quantity  is 
brought  to  one  side  of  the  equation,  and  the  known  quantities  to 

the  other,  and  to  make  this  true  x  must  be  equal  to  — ,  and  to 
nothing  else. 

The  result  is  sometimes  obtained  thus.  Suppose,  if  possible, 
that  this  equation  has  two  different  roots  a  and  /3;  then  by 
supposition, 

oa  =  J,  .       aP  =  h ; 

therefore,  by  subtraction, 

a(a-j8)  =  0; 

but  this  is  impossible,  since  by  supposition  a  — )3  is  not  zero,  and 
a  is  not  ^ro.  Thus  an  equation  of  the  first  degree  cannot  have 
more  than  one  root 
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*       2x+l  _ 7ag  +  5  ^     oj    J,    aj     aj     - 

1.    —2--— 8--  ^-     S"^"!"^?"-^' 

„     x  +  1     Zx-4c     1      ^x  +  7 

3.      -^r-+—z —  +7?  = 


4. 


2  5         8         8 

5x^11      g-llla;-! 
4  10    ""      12 


-     aj     a;     05     1  ^     a;  +  l     aj  +  2     -^     a;+3 

^-    2^3"I  =  2-  ^-    ~2"^^"=-^^"""r"- 

^      7a;~8     15a  +  8_«       31 -a; 
^-    'TI"'*"~li3        ^^       1~' 

a;-3     2a;-5_41      3a;- 8     5a;  +  6 
^'    "T""      6      "60"*"~X~         15    • 

aj— 3     x  —  4t^x-5     aj  +  1 
^'     ir^~3  2~^"8~' 

,^     aj-1      4a;-f     7a;-6     „     aj-2     3a?-9 
^^-     '^^-5^"--8-  =  ^-*~2--^-IO-- 

1/r.       X  -«aj  +  6aj 

13.     g(8-aj)  +  a;-l|  =  -2--3'. 

a;  +  3     a;-2_3a;-5      1 
^^-     ~2~"     3     -     12     ■*"?• 


15. 


3a; 


-1      13-a;_7a;     ll(a?  +  3) 
5  2      ■■  3  "        6 


5a;-3     9-a;_5^     19,   __^. 

,^      6a;-l      9a;-5     9a;-7 
17.    -7— +-1T~-— 5— 
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,^     X     5XA-8     2aj-9  ^^      ^       19-2a;     2aj-ll 

19.      T t; = 5 .  20.       ^X" 


21. 


4         6  3     •  -..     -^         2  3      • 


4 
23.    '^^^^-j^=U-.'=^^.     24.    a;  + 


oj+l     5-aj    -.     aj  +  2       «.  ll-a     26-aj 


^^      3fB-ll     28- 9a;     .       -.' 
25.     —J _=4aj-14|. 


26. 


2a;- 1     3a;-2_5a;-4     7a;+6 
""3  4      ""     6  12 


2a;  -  9      x      x-3      •, 

27-  -27-"-*-i8— r=^i-^- 

3a;-7     25-4a;  _5a;-14 
28.     — = • K —  —  — o —  • 


29.     19a!  +  |(7«-2)  =  4ai+^ 


• 


30.     a;=3a;-^(4-a;)  +  g. 


31. 


2a;  +  g     40 -a;     10a; -427 
13     "*■     8      "       19 


32.  ^-.?^  =  3a;-14. 

^t.  X     x-'5     ^  /2x    -\ 

34  ^+?^=^+^  +  l. 

x—1     x-2     x-5     x-6 

^°'  ^^~^^~»-6     x-T 

36.  («-5)(a!-2)-(aj-5)(2a!-5)  +  (aj  +  7)(a!-2)  =  0. 

37.  3-a!-2(a!-l)(x+2)  =  (a!-3)(5-2a;). 
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38.  aj-3-(3-aj)(aj+l)  =  (aj-3)(l+aj)  +  3-j». 

39.  ^-Llg-|(3.-4)^<^-y"'^=«^-rg- 


41.     (x-l)(x+l)-{x-tf)(x  +  Z)-^  =  0. 


42. 


9x+S     8x-7  _Z6x  +  15     10^ 
14    ■*"6«+2~      66       ■*■  14  • 


6x+7     2x-2     2x+l        ..      6aj+l      2x-i      2a!-l 


45. 


15        7ai-6         6  15        7a!- 16         6 

4  7  37 


a!  +  2     x  +  3     «"  +  5aj+6* 

46.  (a!  +  l)*={6-(l-iB)}a!-2. 

47.  1  ^  ^  ^ 


«— 2     as  — 4     as- 6     as  — 8' 


48. 


49. 


2a!-5     a!-3     Sas-l* 

25-Jta!  ^  16«  +  4i  ^  _23_  +  5. 
as+l         3ai  +  2    °°a!+l 


^-  \{'-t)-lHh\{'-t)-^ 

51.     (a  +  aj)(6  +  a5)  =  (c  +  a5)(rf  +  a5). 

a     6-a     D+a  «     o 

x-a     05-6     a?-<?     a;-(g-t-6  +  c) 

ic«     a  +  6        <*     .     ^ 

00.     = + y  • 

05  — c     »  — a     »  — 6 


a*G 


56.     (a  +  aj)(6  +  aj)-o(6  +  c)  =  -y-  +  a'. 
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^^      3abc        uV        (2a  +  h)h'x     ^        hx 

fx  —  a\^_^  x  —  2a  —  h 
\x-{-bJ  ~  x  +  a  +  2b' 

59.  '15x  +  1-575 --''S75x  =  '0e25x. 

60.  1.2aj-*-l?^^  =  4a;  +  8-9. 

•5 

•72rK  —  '05 

61.  4-8aj- -^^^^-^-^  =  1-60;+ 8-9. 


X.     PROBLEMS  WHICH  LEAD   TO  SIMPLE  EQUA- 
TIONS WITH  ONE  UNKNOWN  QUANTITY. 

167.  We  shall  now  apply  the  methods  already  given  to  the 
solution  of  some  problems,  and  thus  exhibit  to  the  student  speci- 
mens of  the  use  of  Algebra.  In  a  problem  certain  quantities  are 
given,  and  cei-tain  others,  which  have  some  assigned  relations  to 
them,  are  to  be  found.  The  relations  are  usually  expressed  in 
ordinary  language  in  the  enunciation  of  the  problem,  and  the 
method  of  solving  the  problem  may  be  thus  described  in  general 
terms: — denote  tJie  unknown  quomtities  hy  lettersy  and  express  in 
Algebraical  language  the  relations  which  hold  between  the  un- 
known quantities  and  the  given  quantities;  we  shall  thus  obtain 
equations  from  which  the  values  of  the  unknoum^quantities  may  be 
derived. 

We  shall  now  give  some  examples. 

168.  The  sum  of  two  numbers  is  89  and  their  difference 
is  31  j  find  the  numbers* 

Let  X  denote  the  less  number,  then  the  greater  number  is 
31  +icj  thus  since  their  sum  is  89,  we  have 

31+a?  +  aj  =  89, 
that  is,  31-f2aj  =  89; 
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V  transposition,  2aj  =  89  -  31  =  58 ; 

^T  division,  a  =  -^  =  29. 

Thus  the  less  number  is   29,  and  the  greater  is  29+31,  that 
is,  60. 

169.  A  bankrupt  owes  B  twice  as  much  as  he  owes  A,  and 
G  as  much  as  he  owes  A  and  B  together;  out  of  £300  which  is  to 
be  divided  among  them,  what  should  each  receive  ? 

liCt  X  denote  the  number  of  pounds  which  A  should  receive; 
then  2x  is  what  B  should  receive;  and  x  +  2xy  that  is  3x,  is  what 
C  sliould  receive.     The  whole  sum  they  receive  is  £300 ;  thus, 

x-h2x  +  3x=300; 

that  is,  6a;  =300; 

.r.^  300      ^^ 

a^a  a.=        =50- 

o 

therefore  A  should  receive  £50,  B  £100,  and  G  £150. 

170.  Divide  a  line  21  inches  long  into  two  parts,  such  that 
one  may  be  three-fourths  of  the  other. 

3a; 
Let  x  denote  the  number  of  inches  in  one  part,  then  -7-  denotes 

the  number  of  inches  in  the  other  part ;  thus, 

a;  +  -7-  =  21; 

clear  of  fractions;  thus, 

4a;+3a;  =  84; 

that  is,  7a;=84; 

84 
therefore,  05 = —  =  1 2. 

Thus  one  part  is  12  inches  long  and  the  other  9  inches. 

171.  If  -4  can  perform  a  piece  of  work  in  8  days,  and  B  in 
10  days,  in  what  time  will  they  perform  it  together? 

T.A.  6 
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Let  X  denote  the  number  of  days  required.     In  one  day  A  can 

1  a? , 

perform  -th  of  the  work,  therefore  in  x  days  he  can  perform  ^ths 

of  the  work.     In  one  day  £  can  perform  r^vth  of  the  work,  there- 

oc  

fore  in  x  days  he  can  perform  VTvths  of  the  work.     Hence  since 
A  and  B  together  perform  the  whole  work  in  x  days,  we  have 

X  X  ^ 

L    =   1    • 

clear  of  fractions  by  multiplying  by  40;  thus, 

5x-{-ix  =  40, 

that  is,  9a:  =  40; 

40 
therefore,  05  =  -^  =  44. 

172.  A  workman  was  employed   for  60  days,  on  conditic^^ 
that  for  every  day  he  worked  he  should  receive  15  pence,  and  f^f^ 
every  day  he  was  absent  he  should  forfeit  5  pence;  at  the  end  ^^ 
the  time  he  had  20  shillings  to  receive;  required  the  number  ^^ 
days  he  worked. 

Let  X  denote  the  number  of   days  he   worked,  then  he  wtm-^^ 
absent  60  — a;   days;    thus  15x   denotes   his   pay   in   pence,  an< 
5  (60  -  x)  denotes  the  sum  he  forfeited.     Thus, 

15aj-5(60-a;)  =  240; 
that  is,  15aj-300  +  5a;  =  240; 

therefore,  20x  =  240  +  300  =  540 ; 

therefore,  x  =  -^rr-  =  27. 

Thus  he  worked  27  days  and  was  absent  60  —  27  days,  that  is, 
33  days. 

173.  How  much  rye  at  four  shillings  and  sixpence  a  bushel 
must  be  mixed  with  fifty  bushels  of  wheat  at  six  shillings  a  bushel, 
that  the  mixture  may  be  worth  five  shillmgs  a  bushel? 
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Let  X  denote  the  number  of  bushels  required;  then  9x  is  the 
value  of  the  rye  in  sixpences,  and  600  is  the  value  of  the  wheat. 
The  value  of  the  mixture  is  10  (50  +  x).     Thus, 

10(50  +  aj)  =  9a;+600; 
that  is,  10a;  +  500  =  9a?  +  600 ; 

and  aj=100. 

174.  A  smuggler  had  a  quantity  of  brandy  which  he  expected 

vould  produce  £9,  18s. ;  after  lie  had  sold  10  gallons  a  revenue 

officer  seized  one-third  of  the  remainder,  in  consequence  of  which 

^le  makes,  only  £S,  28. ;  required  the  number  of  gallons  he  had 

and  the  price  per  gallon. 

198 
Xet  X  denote  the  number  of  gallons ;  then is  the  value 

X 

^f  a  gallon  in  shillings.     The  quantity  seized  is  — - — ,  and  the 

^AiUe  of  this  IS  — s —  x ;  thus, 

o  X 

^xl^  =  198-162  =  36. 

O  X 

Multiply  by  3aj;  thus, 

198(a;-10)  =  3ajx36  =  108aj; 
Wefore,  198a;  -  108a;  =  1980 ; 

Wis,  90a;  =1980, 

90 

Thus  22  is  the  number  of  gallons,  and  the  price  of  each  is 

198 

~2o"  shillings,  that  is,  9  shillings. 

175.  The  student  may  now  exercise  himself  in  the  solution 
^^  the  following  problems.  We  may  remark  that  in  these  cases 
the  only  difficulty  consists  in  translating  ordinary  verbal  state- 
^nts  into  Algebraical  language,  and  the  student  shoidd  not  be 
discouraged  if  at  fii-st  he  is  sometimes  a  little  perplexed,  since 
nothing  but  practice  can  give  him  readiness  and  certainty  ir 
this  process. 
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1.  The  property  of  two  persons  amounts  to  £3870,  and  one 
of  them  is  twice  as  rich  as  the  other;  what  is  the  property  of 
each? 

2.  Divide  £420  among  two  persons  so  that  for  every  shilling 
one  receives  the  other  may  receive  half-a-crown. 

3.  How  much  money  is  there  in  a  purse  when  the  fourth 
part  and  the  fifth  part  together  amount  to  £2,  Ss.  1 

4.  After  paying  the  seventh  part  of  a  bill  and  the  fifth  part, 
£92  is  still  due;  what  was  the  amount  of  the  bill? 

5.  Divide  46  into  two  parts,  such  that  if  one  part  be  di- 
vided by  7  and  the  other  by  3,  the  sum  of  the  quotients  shall 
be  10. 

6.  A  company  of  266  persons  consists  of  men,  women  and 
children;  there  are  four  times  as  many  men  as  children,  and 
twice  as  many  women  as  children.  How  many  of  each  are 
there  ? 

7.  A  person  expends  one-third  of  his  income  in  board  and 
lodging,  one-eighth  in  clothing,  and  one-tenth  in  charity,  and 
saves  £318.     What  is  his  income? 

8.  Three  towns.  A,  £,  G,  raise  a  sum  of  £594 ;  for  every  pound 
which  B  contributes,  A  contributes  twelve  shillings,  and  G  seven- 
teen shillings  and  sixpence.     What  does  each  contribute? 

9.  Divide  £1520  among  -4,  j5,  and  (7,  so  that  £  shall  have 
£100  more  than  A,  and  G  £270  more  than  J5. 

10.  A  certain  sum  is  to  be  divided  among  A,  B,  and  (7. 
-4  is  to  have  £30  less  than  the  half,  B  is  to  have  £10  less  than 
the  third  part,  and  G  is  to  have  £8  more  than  the  fourth  part. 
What  does  each  receive  ? 

11.  The  sum  of  two  numbers  is  5760,  and  their  difference  is 
equal  to  one-third  of  the  greater;  find  them. 


EXAMPLES  OP  PEOBLEMS.        CHAPTER  X,  86 

12.  Two  casks  contain  equal  quantities  of  beer;  from  the 
first  34  quarts  are  drawn,  and  from  the  second  80;  the  quantity 
remaining  in  one  vessel  is  now  twice  that  in  the  other.  How 
much  did  each  cask  originally  contain  1 

13.  A  person  bought  a  print  at  a  certain  price,  and  paid  the 
same  price  for  a  frame;  if  the  frame  had  cost  £1  less  and  the 
print  15&  more,  the  price  of  the  frame  would  have  been  only 
half  that  of  the  print.     Find  the  cost  of  the  print. 

14.  Two  shepherds  owning  a  flock  of  sheep  agree  to  divide 
its  value;  A  takes  72  sheep,  and  B  takes  92  sheep  and  pays  A 
£35,     Required  the  value  of  a  sheep. 

15.  A  house  and  garden  cost  £850,  and  five  times  the  price 
of  the  house  was  equal  to  twelve  times  the  price  of  the  garden; 
find  the  price  of  each. 

1 6.  One-tenth  of  a  rod  is  coloured  red,  one-twentieth  orange, 
one-thirtieth  yellow,  one-fortieth  green,  one-fiftieth  blue,  one- 
sixtieth  indigo,  and  the  remainder  which  is  302  inches  long,  violet. 
What  is  its  length? 

17.  Jwo-thii*ds  of  a  certain  number  of  persons  received 
eighteenpence  each,  and  one-third  received  half-a-crown  each. 
The  whole  sum  spent  was  £2.  Ids,  How  many  persons  were 
there  1 

18.  A  and  B  play  at  a  game,  agreeing  that  the  loser  shall 
always  pay  to  the  winner  one  shilling  more  than  half  the  money 
the  loser  has ;  they  commence  with  equal  quantities  of  money,  but 
after  B  has  lost  the  first  game  and  won  the  second,  he  has  twice 
as  much  as  A ;  how  much  had  each  at  the  commencement  ? 

19.  A  crew  which  can  pull  at  the  rate  of  nine  miles  an 
hour,  finds  that  it  takes  twice  as  long  to  come  up  a  river  as  to  go 
down;  at  what  rate  does  the  river  fiow? 

20.  Of  a  certain  dynasty  one-third  of  the  kings  were  of  the 
same  name,  one-fourth  of  another,  one-eighth  of  another,  one- 
twelfth  of  a  fourth,  and  there  were  five  besides.  How  many  were 
there  of  each  name  1 
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21.  Find  that  number  the  third  part  of  which  added  to  its 
seventh  part  makes  20. 

22.  A  person  who  possesses  ^12000  employs  a  portion  of  the 
money  in  building  a  house.  One-third  of  the  money  which  re- 
mains he  invests  at  4  per  cent.,  and  the  other  two-thirds  at  5  per 
cent.,  and  from  these  investments  he  obtains  an  income  of  £392. 
What  was  the  cost  of  the  house? 

23.  The  difference  of  the  squares  of  two  consecutive  numbers 
is  15.     What  are  the  numbers? 

24.  A  farmer  has  oxen  worth  £12.  lOs,  each,  and  sheep 
worth  £2,  58.  each;  the  number  of  oxen  and  sheep  being  35,  and 
their  value  £191.  10s.     Find  the  number  he  had  of  each. 

25.  A  and  B  find  a  purse  with  shillings  in  it.  A  takes  oat 
two  shillings  and  one-sixth  of  what  remains;  then  £  takes  out 
three  shillings  and  one-sixth  of  what  remains ;  and  then  they  find 
that  they  have  taken  out  equal  shares.  How  many  shillings 
were  in  the  purse,  and  how  many  did  each  take? 

26.  A  hare  is  eighty  of  her  own  leaps  before  a  greyhound; 
she  takes  three  leaps  for  every  two  that  he  takes,  but  he  covers 
as  much  ground  in  one  leap  as  she  does  in  two.  How  many  leaps 
will  the  hare  have  taken  before  she  is  caught? 

27.  The  length  of  a  field  is  twice  its  breadth;  another  field 
which  is  50  yai'ds  longer  and  10  yards  broader,  contains  6800 
square  yards  more  than  the  former;  find  the  size  of  each. 

28.  A  vessel  can  be  emptied  by  three  taps;  by  the  first  alone 
it  could  be  emptied  in  80  minutes,  by  the  second  in  200  minutes, 
and  by  the  third  in  5  hours.  In  what  time  will  it  be  emptied  if 
all  the  taps  are  opened? 

29.  If  an  income  tax  of  7d,  in  the  pound  on  all  incomes 
below  £100  a  year,  and  of  Is,  in  the  pound  on  all  incomes  above 
£100  a  year  realise  £18750  on  £500000,  how  much  is  raised 
ori  incomes  below  £100  a  year? 
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30.  A  person  buys  some  tea  at  3  shillings  a  pound,  and  some 
at  5  shillings  a  pound;  he  wishes  to  mix  them  so  that  by  selling 
the  mixture  at  3«.  8<f.  a  pound  he  may  gain  10  per  cent,  on  each 
pound  sold;  find  how  many  pounds  of  the  inferior  tea  he  must 
mix  with  each  pound  of  the  superior. 

31.  A  fruiterer  sold  for  19s.  (jd,  a  certain  number  of  oranges 
and  apples,  of  which  the  latter  exceeded  the  former  by  180.  He 
sells  the  apples  at  the  rate  of  5  for  3g?.,  and  15  oranges  bring 
him  in  \^d,  more  than  35  apples.  How  many  are  there  of  each 
sort? 

32.  A  cask  A  contains  12  gallons  of  wine  and  18  gallons  of 
water;  and  another  cask  B  contains  9  gallons  of  wine  and  3  gal- 
lons of  water ;  how  many  gallons  must  be  drawn  from  each  cask 
so  as  to  produce  by  their  mixture  7  gallons  of  wine  and  7  gallons 
of  water? 

33.  A  can  dig  a  trench  in  one-half  the  time  that  B  can ;  B 
can  dig  it  in  two-thirds  of  the  time  that  C  can ;  all  together  they 
can  dig  it  in  6  days;  find  the  time  it  would  take  each  of  them 
alone. 

34.  A  person  after  pajring  sevenpence  in  the  pound  for  In- 
come Tax  has  £408.  is.  ^d,  left.     What  had  he  at  first? 

35.  At  what  times  between  one  o'clock  and  two  o'clock  is 
there  exactly  one  minute  division  between  the  two  hands  of  a 
clock? 

36.  •  A  person  has  just  a  hours  at  his  disposal;  how  far  may 
he  ride  in  a  coach  which  travels  h  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour? 

37.  A  certain  article  of  consumption  is  subject  to  a  duty 
of  6  shillings  per  cwt.;  in  consequence  of  a  reduction  in  the 
duty  the  consumption  increases  one-half,  but  the  revenue  falls 
one-third.     Find  the  duty  per  cwt.  after  the  reduction. 

38.  A  ship  sails  with  a  supply  of  biscuit  for  60  days,  at  a 
daily  allowance  of  1  lb.  a  head;  after  being  at  sea  20  days  she 
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encounters  a  storm  in  which  5  men  are  washed  overboard,  and 
damage  sustained  that  will  cause  a  delay  of  24  days,  and  it  is 
found  that  each  man's  allowance  must  be  reduced  to  five-sevenths 
of  a  pound.     Find  the  original  number  of  the  crew. 


XI.     SIMULTANEOUS    EQUATIONS    OF   THE   FIRST 
DEGREE  WITH  TWO  UNKNOWN  QUANTITIES. 

176.  Suppose  we  have  an  equation  containing  two  unknown 
quantities  x  and  y,  for  example  5x—2y  =  4.  For  every  value 
which  we  please  to  ascribe  to  one  of  the  unknown  quantities  we 
can  determine  the  corresponding  value  of  the  other,  and  thus 
find  as  many  pairs  of  values  as  we  "please  which  satisfy  the  given 

equation.      Thus,   for  example,   if  2/=l   we  find  x  =  -=;  if  y  =  2 

we  find  x  =  -=\  and  so  on. 

Also,  suppose  that  there  is  another  equation  of  the  same  kind, 
as  for  example,  40?  +  3y  =  17.  We  can  also  find  as  many  pairs  of 
values  as  we  please  which  satisfy  this  equation. 

But  suppose  we  ask  for  values  of  x  and  y  which  satisfy  hotJh 
equations;  we  shall  find  then  that  there  is  only  one  value  of  x 
and  one  value  of  y.     For  multiply  the  first  equation  by  3 ;  thus, 

15a;-6y=12; 

multiply  the  second  equation  by  2 ;  thus, 

8a;  +  6y  =  34. 

Therefore,  by  addition, 

1 5a;  -  6y  +  8a;  +  6y  =  1 2  +  34  j 

that  is,  23a;  =  46, 

and,  a;  =  2. 
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Thus  if  boih  equations  are  to  be  satisfied  x  rmist  equal  2  ;  put 
this  value  of  x  in  either  of  the  two  given  equations ;  for  example, 
in  the  second  equation;  thus  we  obtain 

8  +  3y=17; 

therefore,  3y  =  17  -  8, 

and,  y  =  3. 

177.  Two  or  more  equations  which  are  to  be  satisfied  by  the 
same  values  of  the  unknown  quantities  are  called  simultaneous 
equations.  We  are  now  about  to  treat  of  simultaneous  equations 
involving  two  unknown  quantities  where  each  unknown  quantity 
occurs  only  in  the  first  degi*ee,  and  the  product  of  the  unknown 

quantities  does  not  occur. 

« 

178.  There  are  three  methods  which  are  usually  given  for 
solving  these  equations.  The  object  of  all  these  methods  is  the 
same,  namely,  to  obtain  from  the  two  given  equations  which 
contain  tv)o  imknown  quantities  a  single  equation  containing  only 
one  of  the  unknown  quantities.  By  this  process  we  are  said  to 
eliTninaie  the  unknown  quantity  which  does  not  appear  in  the 
single  equation. 

179.  First  method.  The  first  method  is  that  which  we 
adopted  in  the  example  of  Art.  176;  it  may  be  thus  described: 
multiply  the  equations  by  such  numbers  as  will  m,ake  the  coefficient 
of  one  of  the  unknown  quantities  the  same  in  the  two  resulting 
equations ;  then  by  addition  or  subtraction  we  can  form  an  equa- 
tion containing  ordy  the  other  unknown  quantity. 

Example.  4a;  +  3y=22;   5a;-7y  =  6. 

If  we  wish  to  eliminate  y  we  multiply  the  first  equation  by  7, 
which  is  the  coefficient  of  y  in  the  second,  and  the  second  equation 
by  3,  which  is  the  coefficient  of  y  in  the  first  equation.  Thus  we 
obtain 

28a;  +  21y=154;    15aj-21y  =  18. 
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Then  by  addition, 

28a;+15aj=154  +  18; 

that  is,  43a;  =172, 

172 
and,  a;  =  -^=4. 

Then  put  this  value  of  x  in  either  of  the  given  equations,  in 
the  first  for  example ;  thus, 

16  +  3y  =  22; 

therefore,  3y  =  6, 

and,  y  =  2. 

If  we  wish  to  solve  this  example  by  eliminating  x  we  multiply 
the  first  of  the  given  equations  by  5,  and  the  second  by  4 ;  thus, 

20a;  +  15y=110;    20a;-28y  =  24. 

Then  by  subtraction, 

20a; +  15y- (20a; -282/)  =  110 -24; 
thus,  43y  =  86, 

and,  y  =  2. 

180.  Secoiid  method.  Express  one  of  the  uvJcnown  quantities 
in  terms  of  the  other  from  either  equation,  and  substitute  this  value 
in  the  other  equation. 

Thus,  taking  the  same  example,  we  have  from  the  first 
equation 

4a;  =  22-3y; 


,.  .,    ,     i  22 -3y 

divide  by  4,  a;  =  — - — - ; 


4 
substitute  this  value  of  x  in  the  second  equation  and  we  obtidn 

multiply  by  4,  5  (22  -  3y)  -  28y  =  24 ; 

that  is,  110  -  loy -  28i/  -=  24  ; 
by  transposition,  43y  =  86, 

and,  y  =  2. 
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Then  substitute  this  value  of  y  in  either  of  the  given  equations 
and  we  shall  obtain  a;  =  4. 

Or  thus;  from  the  first  equation  we  have 

3y  =  22-4aj; 

divide  by  3,  y  =  — ^ —  ; 

substitute  this  value  of  y  in  the  second  equation  and  we  obtain 

multiply  by  3,  15a;  -  7  (22  -  4a;)  =  1 8 ; 

that  is,  15a;-  154  +  28a;  =  18 ; 
that  is,  43a;  =172, 

and,  a;  =  4. 

■ 

Then  substitute  this  value  of  a;  in  either  of  the  given  equa- 
tions and  we  shall  obtain  y  =  2. 

181.  Third  method.  Express  the  aamte  unknovm  quantity  in 
terms  of  the  other  from  each  equation  and  equate  the  expressions 
thus  obtained. 

Thus,    taking   the   same   example,    from   the    first   equation 

22 -3y         -  .         ^,  ,  ,.  6  +  7y 

X  = — - ,  and  from  the  second  equation  x  =  — - —  ; 

4  o 

thus,  22-3,^6^^ 

clear  of  fractions,  5  (22  -  3y)  =  4  (6  +  7y) ; 

that  is,  1 10  -  15y  =  24  +  28y ; 
by  transposition,  43y  =  86, 

and,  y  =  2. 

Hence,  as  before,  we  deduce  a;  =  4. 
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22-4 


Or  thus;    from   the   first  equation  we   obtain  y  = 


3 

iif*  — —  fi 
and  from  the  second  equation  y  =  — ;= — ;   thus, 

22-'4x_5x-6 
Hence  as  before  we  shall  obtain  a;  =  4  and  then  deduce  y  = 
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UNKNOWN   QUANTITIES. 

1.  3a;-2y=l,  3y-4a;=l. 

2.  x  +  r/=:l5,  aj-y=7. 

3.  3a;-5y  =  13,  2x  +  7y=8L 

K    ^   y   Q  ^   y  n 

^'     3^1=^'  4^5  =  ^- 

x-hy     x-y  x  +  y  ,  x-y 

7.  2a;+3y=43,  I0x-y  =  1. 

8.  5a5-7y  =  33,  lla;+ 12y=  100. 

10.     16a:+17y  =  500,  17a;-3y  =  110. 

2x     5y     3x     y 

12.    i^-I_J  =  2,  ?^  =  J. 

7  23  '  x  +  y     5 

i       y 
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4a:  +  8y  =  24,  I0'2x  -  6y  =  3-48. 

I3x+  lly  =  4a,  12a;  -  6y  =  o. 


—  +  -  =  1, 

X      y 


^    y    1 


-  +  —  =  1. 
X      y 

3a      6b  "3' 


x  =  4y,  5(2a:  +  7y)-l=|(2a:-6y+l). 


1      3 


aj  +  ^(3a;-y-l)  =  -+-(y-l), 


ax+by  =  c,  mx  —  ny  =  d. 


l(4«+%)  =  [g  +  2 


Zx-Sy  2x  +  y 


3a;      y      4      a;       y 
Io'"l5''5"l2~T8' 

4a;-3y-7     Sx  _2y     5 
6         To     IB  "6' 


y-1  .  ? _ ^ _  1  _ y-^ 4. ? 4. _^ 

;5        2     20  15        6      10 


a;-2j^     a;     y 
^""4-=2-*-3- 


a; 


^^-^§=r2-R^i^- 


•\ 


5x+7y  =  43,  11a;  +  9y  =  69. 


.     8a;-21y=33, 


6a;+35y=177. 


2^     i     y  o     3y      1 

_«4-f|  +  a;  =  8-^+j2' 


|-f^2  =  J-2a;4.6. 


.     3y-7a;  =  4,  2y  +  5x  =  22. 

.     21y  +  20a;=165,  77y  -  30a;  =  295. 


.     lla;~10y=14,  5a;  +  7y  =  41. 
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XII.  SIMULTANEOUS  EQUATIONS  OF  THE  FIRST 
DEGREE  WITH  MORE  THAN  TWO  UNKNOWN 
QUANTITIES. 

182.  If  there  be  three  simple  equations  and  three  unknown 
quantities,  deduce  from  two  of  the  equations  an  equation  con- 
taining only  two  of  the  unknown  quantities  by  the  rules  of  the 
preceding  chapter;  then  deduce  from  the  third  equation  and 
either  of  the  former  two,  another  equation  containing  the  same 
two  unknown  quantities;  and  from  the  two  equations  thus  ob- 
tained the  unknown  quantities  which  they  involve  may  be  found. 
The  third  quantity  may  be  found  by  substituting  the  above 
values  in  any  of  the  proposed  equations. 

Example,  suppose, 

2x+S7/  +  Az=ie  (1), 

Sx  +  2y-5z  =  8  (2), 

5x-6y  +  3z=:6  (3). 

For  convenience  of  reference  the  equations  are  numbered  (1), 
(2),  and  (3),  and  this  numbering  is  continued  as  we  proceed  with 
the  solution. 

Multiply  (1)  by  3,  and  (2)  by  2 ;  thus, 

6a:+9y+12;s  =  48, 

6a;  +  4y-10«=16; 
by  subtraction, 

5i/  +  22z=32 (4). 

Multiply  (1)  by  5,  and  (3)  by  (2) ;  thus, 

10a;+15y  +  20«  =  80, 

lOx-Uy+Qz   =12; 
by  subtraction, 

27y+14«=68 (5). 
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Multiply  (4)  by  27,  and  (5)  by  5 ;  thus, 

135y  +  594«=864, 

135y+   70«  =  340; 
by  subtraction,  524:Z  =  524, 

therefore,  z=l. 

Substitute  the  value  of  2;  in  (4) ;   thus, 

5y4-22  =  32j 
therefore,  y  =  2. 

Substitute  the  values  of  ^  and  z  ia  (I);   thus, 

2a;  + 6  +  4  =  16; 
therefore,  a;  =  3. 

The  same  method  may  be  applied  to  any  number  of  simple 
equations. 


EXAMPLES   OF   SIMULTANEOUS   EQUATIONS   OF  THE   FIRST  DEGREE 
WITH   MORE  THAN  TWO   UNKNOWN   QUANTITIES. 

1.  3a;+2y-4«=15,  5a; - 3y  +  2«  =  28,  3y  +  4«-a;=24. 

2.  a5  +  y— «=1,     8x  +  3y— 6;2;  =  1,     3«  — 4a;  — y  =  l. 

^11-11^113 

3.  -+-=1,    -  +  -  =  2,    -  +  -=-. 
X     y  X     z  y     z      Z 

4.  4a;-3y  +  2«  =  9,     2a;  +  5y-3«=4,     5a;  +  6y-2;2;=  18. 

5.  2a;-    4y+    9«  =  28, 
7a;+    Zy-   5«=3, 
9a;  +  10y-ll«=4. 

6.  a;-2y  +  3;2f=6, 
2a;+3y-4«=20, 
3a;-2y  +  5«=26. 
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7.  4x-3y  +  2«  =  40, 
5x  +  9y-7z  =  47, 
9a;  +  8y~3«  =  97. 

8.  3a:  +  2y+   «  =  23, 
5a;  +  2y  +  4«  =  46, 

10ic  +  6y  +  4«  =  75. 

9.  5a;-6y  +  4«=15, 
7a;  +  4y-3;2r=19, 
2x+  y  +  6«=46. 

iA     2     1      3        3     2.114 

10.    -  +  -  =  -, =2,     -  +  -  =  -. 

X     y     z        z     y      '     X     z      3 

3y->l_6g     a; 

5a;     4;2?  5 

T-*- 3=^+6' 

3a; +  1      z       1_2«     y 

■~~7         T4'^6~2l'*"3" 

12.  7a;-3y  =  l,       4«-7y=l, 
ll«-7w  =  l,     19a;-3w  =  l. 

13.  3w-2y  =  2,         2»  +  3y  =  39, 
5a;  -  7«  =  11,       4y  +  35f  =  41. 

14.  2a; -3y  +  2«=  13,      4w- 2a;  =  30, 

4y  +  2«=14,       5y+3t^=32. 

15.  7t^-13«  =  87,       3t^  +  14a;=57, 
lOy-   3a;=ll,       2a;- 11«  =  50. 

16.  7a;-2«+3w  =  17, 
4y~2«+  t  =  11, 
5y-3a;-2w=8, 
4y-3u+  2^  =  9, 

3«  +  8w  =  33. 
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3a;- 5y  +  2:2f- 4w  =  11, 
10y-3;?+3w-2t7  =  2, 
5z  +  Au'h2v  —  2x  =  3, 
6w  —  3v  4-  4:X  —  2^  =  6. 

a     0  a     c  DC 

^^-      ay  ■\-bx  =  c,         cx-\-az  =  5,         hz-\-  cy  =  a. 

-^^^      ^+-  =  1        _+ =  0,       aj4-y  +  2?  =  2c. 

^     y  y      '^ 


51. 


<)9 


23, 
24. 


03  +  y  +  ^  =  0, 

(6  +  c)  aj  +  (c  +  a)  2^  +  (a  +  i) «  =  0, 

6ca5  +  cay  +  aft^?  =  1. 

ax  +  by  +  cz  =  A, 
o?x  +  6'y  +  c^z  =  -4*, 
a'a;  +  Vy  +  c®;2;  =  A^, 

xyz  =  a(yz  —  zx  —  xy)  =  b(zX'-xy-'  yz)  =  c  (a;?/  -  2/5;  —  «r). 

x-\-y  +  z=^a  +  b  +  c, 

hx-^-cy  +  az  =  cx  +  ay  +  bz  =  a'  +  b'  -{-  c*. 


^^tl.  PROBLEMS  WHICH  LEAD  TO  SIMPLE  EQUA- 
TIONS WITH  MORE  THAN  ONE  UNKNOWN 
QUANTITY. 

183.  We  shall  now  give  some  examples  of  problems  wliicli 
^4  to  simple  equations  with  more  than  one  unknown  quantity. 

A  and  B  engage  in  play ;  in  the  first  game  A  wins  as  much 
^  he  had  and  four  shillings  more,  and  finds  he  has  twice  as  much 
^^  £ ;  in  the  second  game  B  wins  half  as  much  as  he  had  at  fii*st 

T.  A.  7 
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and  one  shilling  more,  and  then  it  appears  he  has  three  ti 
as  much  as  A ;  what  sum  had  each  at  first  ?   . 

Let  X  be  the  number  of  shillings  which  A   had,  and  ^ 
number  of  shillings  which  B  had;  then  after  the  first  gam( 
has  2a:  +  4  and  B  has  y  —  a:  —  4.     Thus  by  the  question, 

2aj  +  4  =  2(y-aj-4)  =  2y-2aj-8j 

therefore,  2y  ^  4a5  =  1 2 ; 

therefore,  y  —  2a3  =  6. 

Also  after  the  second  game  A  has  2a?  + 4  —  ^—1,  and  B 
y  —  aj  —  4  +  ^  +  1.     Thus  by  the  question, 

y_a.«4  +  |+l  =  3(2aj  +  4-|-l)  =  6aj+12-§^-3; 
Ji  ^  A 

therefore,         2y  -  2a; -  8  +  y  +  2  =  12aj  +  24- 3y-  6 ; 

therefore,  6y  - 1 4aj  =  24, 

and,  3y-7a;  =  12. 

And  from  the  former  equation, 

3y-6a;=18j 

hence  by  snbtractioni  a;  =  6  ; 

therefore,  y=18. 

184.  A  sum  of  money  was  divided  equally  among  a  cer 
number  of  persons ;  had  there  been  three  moi*e,  each  would  1 
received  one  shilling  less,  and  had  there  been  two  fewer,  < 
would  have  received  one  shilling  more  than  he  did ;  required 
number  of  persons,  and  what  each  received. 

Let  X  denote  the  number  of  persons,  y  the  number  of  shill 
which  each  received.  Then  xy  is  the  sum  divided ;  thus  by 
question, 

(aj  +  3)(y-l)  =  ay, 

and  also,  (a;-2)(y+l)  =  ajy. 
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ittl      The  first  equation  gives 

tlius,  3y-x  =  3. 

The  second  equation  gives 

a5y  —  2y  +  aj  —  2  =  ayj 
thus,  aj-2y  =  2. 

%  addition,  Sy-a  +  oj-  2y  =  5; 

^atis,  y  =  5. 

Hence,  a;  =  2y  +  2  =  12. 

185.  What  fraction  is  that  which  becomes  equal  to  |  when 
^ts  nomerator  is  increased  by  6,  and  equal  to  ^  when  its  denom- 
^^^tor  is  diminished  bj  2  ? 

Let  X  denote  the  numerator  and  y  the  denominator  of  the 
Action ;  then  by  the  question, 

a;+6     3 


^lid. 


y       4' 
a;        1 


y-2     2" 


Clear  the  first  equation  of  fractions  by  multiplying  by  4y; 
thns, 

4(a;  +  6)=3y; 

^erefore,  3y  -  4a;  =  24. 

Clear  the  second  equation  of  fractions  by  multiplying  by 
2(y-2)j  thus, 

2a;  =  y-2j 

tWefore,  y-2a;  =  2, 

aad,  3y-6a?=6. 

7—2 
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By  subtraction, 

3y  _  4a;  -  (3y  -6x)  =  2i-6; 

that  is,  2a3=  18, 

and,  a;  =  9. 

Hence,  y  =  2  +  2x  =  20. 

9 
Thus  the  required  fraction  is  —- . 


EXAMPLES   OF   PROBLEMS. 

1.  A  certain  fraction  becomes  1  when  3  is  added  to  its  ti 
merator,  and  J  when  2  is  added  to  its  denominator.  What  fracti 
is  it? 

2.  A  and  B  together  possess  £570.  If  A^s  money  were  thx^ 
times  what  it  really  is,  and  ^'s  five  times  what  it  really  is,  i> 
sum  would  be  ^2350.     What  is  the  money  of  each  1 

3.  If  the  numerator  of  a  certain  fraction  is  increased  by  o: 
its  value  becomes  one-third ;  if  the  denominator  is  increased  1 
one  its  value  becomes  one-fourth.     What  is  the  fraction  ? 

4.  Find  two  numbers  such  that  if  the  first  be  added  to  foi 
times  the  second,  the  sum  is  29 ;  and  if  the  second  be  added  ' 
six  times  the  first  the  sum  is  36. 

5.  If -4's  money  were  increased  by  365.  he  would  have  thr( 
times  as  much  as  j5,  but  if  jB's  money  were  diminished  by  58.  1 
would  have  half  as  much  as  A.     Find  the  sum  possessed  by  each. 

6.  A  and  JB  lay  a  wager  of  1  Os. ;  if  ^  loses  he  will  have  twent; 
five  shillings  less  than  twice  as  much  as  B  will  then  have;  bi 
if  j5  loses  he  will  have  five-seventeenths  of  what  A  will  then  hav( 
how  much  money  does  each  of  them  have  ? 

7.  Find   two  numbers,  such  that  twice  the  first   plus   tl 
second   is   equal  to  17,  and  twice   the  second   plus  the  first 
equal  to  19. 
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8.  Find  two  numbers,  such  that  one-half  the  first  and  three- 
«>urths  of  the  second  together  may  be  equal  to  the  difference  of 
*hree  times  the  first  and  the  second,  and  this  difference  equal  to  11. 

9.  A  certain  number  of  persons  were  divided  into  three 
classes,  such  that  the  majority  of  the  first  and  second  together 
over  the  third  was  10  less  than  four  times  the  majority  of  the 
second  and  third  together  over  the  first ;  but  if  the  first  had  30 
ttiore,  and  the  second  and  third  together  20  less,  the  first  would 
have  outnumbered  the  last  two  by  one.  Find  the  number  in  each 
class  when  the  whole  number  was  34  more  than  eight  times  the 
ttiajority  of  the  third  over  the  second. 

10.  Determine  three  numbers  such  that  their  sum  is  9;  the 
surn  of  the  first,  twice  the  second,  and  three  times  the  third,  22; 
3-ud  the  sum  of  the  first,  four  times  the  second,  and  nine  times  the 
tlUrd,  58. 

11.  A  poimd  of  tea  and  three  pounds  of  sugar  cost  six  shil- 
"^^ags,  but  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent. 
tl^ey  would  cost  seven  shillings.  Find  the  price  of  tea  and 
s^^^ar. 

12.  A  person  has  £2550  to  invest.  The  three  per  cent  con- 
^^1*3  are  at  81,  and  certain  guaranteed  railway  shares  which  pay 

*  iialf-y early  dividend  of  lOs,  on  each  original  share  of  £25  are  at 
*-  ^  4.  Find  how  many  shares  he  must  buy  that  he  may  obtain 
*^^  same  income  from  the  railway  shares  as  from  the  rest  of  his 
^^<^iiey  invested  in  the  consols. 

13.  A  person  possesses  a  certain  capital  which  is  invested  at 

*  ^^ertain  rate  per  cent.     A  second  person  has  £1000  more  capital 

^'^^n  the  first  person  and  invests  it  at  one  per  cent,  more;  thus 

hxs   income  exceeds  that  of  the  first  person   by  £80.     A  third 

P^>:rson  has  £1500  more  capital  than  the  fir&t  and  invests  it  at  two 

P^r'  cent,  more;  thus  his  income  exceeds  that  of  the  first  person 

^y  £150.     Find  the  capital  of  each  person  and  the  rate  at  which 

it  is  invested. 
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14.  A  railway  train  after  travelling  for  one  hour  meets  w 
an  accident  which  delays  it  one  hour,  after  which  it  proceeds 
three-fifths  of  its  former  rate,  and  arrives  at  the  terminus  tb 
hours  behind  time ;  had  the  accident  occurred  50  miles  further 
the  train  would  have  arrived  1  hour  20  minutes  sooner.  Eequi 
the  length  of  the  line. 

15.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  c 
taining  192  gallons  of  water;  after  three  hours  one  of  th 
becomes  stopped,  and  the  cistern  is  emptied  by  the  other 
eleven  hours ;  had  six  hours  occurred  before  the  stoppage,  it  wo 
have  required  only  six  hours  more  to  empty  the  cistern.  H 
many  gallons  will  each  plug  hole  discharge  in  an  hour,  suppos: 
fhe  discharge  uniform ] 

16.  A  person  after  paying  a  poor-rate  and  also  the  incoi 
tax   of  Td,    in   the  pound,  has  X486  remaining;   the   poor-r 
amounts  to  X22.    10».   more   than    the  income-tax ;    find 
original   income   and   the  number   of  pence  per  pound  in 
poor-rate. 

17.  A  farmer  would  spend  all  his  money  by  buying  4  02 
and  32  lambs ;  instead  of  doing  this  he  bought  the  same  num 
of  oxen  and  half  as  many  lambs,  and  had  a  surplus  of  £9  ai 
paying  for  them  and  for  their  conveyance  by  railway  at  an  aver 
cost  of  six  shillings  per  head.  Each  ox  cost  as  many  pounds 
its  carriage  by  railway  was  shillings,  and  the  lambs  altogether  c 
three  times  as  many  pounds  as  the  carriage  of  each  was  shillin 
How  much  money  had  he  to  begin  with? 

18.  -4,  B,  and  G  sit  down  to  play,  every  one  with  a  cert 
number  of  shillings.  A  loses  to  B  and  G  as  many  shillings 
each  of  them  has.  Next  B  loses  to  A  and  G  as  many  as  each 
them  now  has.  Lastly  G  loses  to  A  and  B  as  many  as  each 
them  now  has.  After  all  every  one  of  them  has  sixteen  shillin 
How  much  had  each  originally? 

19.  A  and  B  play  at  bowls,  and  A  bets  B  three  shillings 
two  upon  every  game;  after  a  certain  number  of  games  it  appei 
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tiiat  i  has  woQ  three  Ailling?:  bat  if  Ji  had  Wi  dx^  ^hUUi^^x 
to  two  and  loel  one  gmme  mort^  c^c  oit"  che  ^auio  iixkmlH*^\  t\o 
would  liaye  lost  tfainr-  shillings     How  uiao^t  ^m^  \Uv(  i)u\v 

plajf 

20.  Five  persons.  Ay  B^  C,  Dy  E  pUy  at  oanU ;  HtWr  J  h«^ 
won  half  of  B%  money,  B  one-third  of  t^'a,  C  oiit^-foxuth  of  h\ 
J)  one-sixth  of  JSTsy  thej  have  each  £h  1(W,  Fiiul  how  luuoh 
^«di  Bad  to  begin  -with. 

21.  If  there  were  no  a,ccidents  it  wouhl  tiiko  half  \\h  long  to 
twvel  the  distance  from  ^  to  j5  by  niilroiul  iim  by  inuioli ;  1ml 
tiiree  hours  being  allowed  for  accidental  8toi)]uigtm  hy  tlio  former, 
tile  coach  will  travel  the  distance  all  but  ilftiHUi  inilnri  in  (liu 
Bune  time;  if  the  distance  were  two-thirds  iih  grtuit  m  l(<  U,  hiiiI 
tile  same  time  allowed  for  railway  stoppagiM,  ihu  ooimh  wtiulil 
^e  exactly  the  same  time ;  required  the  diHttiuco. 

^2.  A  and  B  are  set  to  a  piece  of  work  wliif;li  ilMty  run 
in  thirty  days  working  together,  and  for  wJiicli  iIm^  m*'. 
toieceiwe  £7.  10«.  When  the  work  la  Imlf  iUMtMA  A  iiiUriiiJU 
woridng  eight  days  and  B  four  days^  iu  coriMe^iu^^MMj  of  wUhh  ilu 
vorkoocapies  &ve  and  a  half  dayx  tuoni  Uiaij  it  wtmUl  oiit*  twn/i 
we  done:     How  mad^  ought  A  aud  /J  r^t»\i^:iiwi:\y  Ut  r»t^-A;i  Y*i  i 

23.    A  and  B  run  a  mile.     Fjrfct  A  j^y^  /f  u,  t^Mt^  'A  i^ 
y*rfa  and  bests  him  W  51  bwx/iAdis:  ut  tlj^  to<<3'y/ud  Wl  A  ^v*'* 
i?a  rtart  of  1  mhmM:  1-5  swx/jcidt,  wjid  it  t>3*LV?*a  i^y  >>,  y^*Xf 
Rod  the  lix&eB  in  -viiidi  J.  ftud  if  cab  rio  «.  JuuJJl^  ict-j/kLi^.v-)  v 

34.  A  and  ^  sUijt  Vj^^sUa^^  fj<^«ui  ^i*«;  ivA  </^  4i  sjy/\/uu^\i.  v^ 
gi>  to  liite  wnmnrm.  A  irtiuio  j*5a«jt  Uit-  butviUi*.  A**~'t  ^-.i  i.'^u* 
Ware  B^  bm  TniHHUig  Lit  visj  jc'>*5f  t  lul^t  ts-tiC-  i*^;i'  i*^--*^  »'*'*/'' 
k^dr,  dnrii^g  iriudL  iit  v'ulk^  »•.  TWi*^:  nir  i<jnu*^  j#m>  **i*t  ni^ ;«.*;. 
the  lop  ail  miuu^tt  velui-t  ^.  C  «Wi?"wf  •.*»*5ii'.;  iiniin»  -i1>«;' 
A  tni  £  mit  waUuii;^  tti  tut  mvi;  of  \w'v  i^iiC  ^nji.-o^'  «;ii^i  iuJ^t;*  >>',' 
boBc,  acczvBfe  fc  tut  nuiniui'  v?i   iiiiuu>>».  <t1'>$«  ^      >ii/<    Kw^  t«t;^ 

^wiimii'  o!  iitf:  jEMfitmttii^ 
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25.  A  offers  to  run  three  times  round  a  course  while  B  mns 
twice  round,  but  he  only  gets  150  yards  of  his  third  round 
finished  when  B  wins.  He  then  offers  to  run  four  times  round 
for  -S's  thiice,  and  now  quickens  his  pace  in  the  ratio  of  4  to  3. 
B  also  quickens  his  in  the  ratio  of  9  to  8,  but  in  the  second  round 
fiills  off  to  his  original  .pace  in  the  first  race,  and  in  the  third 
round  only  goes  9  yards  for  10  he  went  in  the  first  race,  and 
accordingly  this  time  A  wins  by  180  yards.  Determine  the  lengtl^ 
of  the  course. 

26.  A  pedestrian  starts  p  hours  before  a  coach,  and  both 
travel  uniformly;  the   latter  passes  the  former   after   a  certaii^ 
number  of  hours.     From  this  point  the  coach  increases  its  spe^d 
in  the  ratio  of  6  to  5,  while  the  man  increases  his  in  the  ratio    ^^ 
5  to  4,  and  they  continue  at  these  increased  rates  for  q  hoU-^^ 
longer  than  it  took  the  coach  to  overtake  the  man.    They  are  tb^^ 
92  miles  apart;    but  had  they   continued   for   the   same   len^***^ 
of  time  at  their  original  rates  they  would  have  been  only    ^ 
miles  apart.     Shew  that  the  original  rates  are  as  2  to  1.     Also       ^ 
p  +  5'=  16,  shew  that  the  original  rate  of  the  coach  was  10  m\L^^ 
per  hour,  and  that  of  the  man  5  miles  per  hour. 

4 

27.  Two  persons  A  and  B  could  finish  a  work  in  m  day^^ : 
they  worked  together  n  days  when  A  was  called  off  and  B  finish^  ^^^ 
it  in  p  days.     In  what  time  could  each  do  it? 

28.  A  railway  train  running  from  London  to  Cambridg^^^ 
meets  on  the  way  with  an  accident,  which  causes  it  to  diminisb^^^^ 

its  speed  to  -th  of  what  it  was  before,  and  it  is  in  consequenci 

a  hours  late.  If  the  accident  had  happened  b  miles  nearer  Cam- 
bridge, the  train  would  have  been  c  hours  late.  Find  the  rate  oi 
the  train  before  the  accident  occurred. 

29.  The  fore-wheel  of  a  carriage  makes  six  revolutions  more 
than  the  hind- wheel  in  going  120  yards;  if  the  circumference  of 
the  fore-wheel  be  increased  by  one-fourth  of  its  present  size,  and 
the  circumference  of  the  hind- wheel  by  one-fifth  of  its  present 
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size,  the  six  will  be  changed  to  four.     Required  the  circumference 
of  each  wheel. 

30.  There  is  a  number  consisting  of  two  digits ;  the  number 
IS  equal  to  three  times  the  sum  of  its  digits,  and  if  it  be  multiplied 
l>y  three,  the  result  will  be  equal  to  the  squai*e  of  the  suiii  of  its 
digits.     Find  the  number, 

31.  A  certain  number  of  two  digits  contains  the  sum  of  its 
<^gits  four  times  and  their  product  twice.     What  is  the  number  ? 

32.  A  person  proposes  to  travel  from  A  to  J],  either  direct 
^y  coach,  or  by  rail  to  C,  and  thence  by  another  train  to  £,     The 
drains  travel  three  times  as  fast  as  the  coach,  and  should  there  be 
^0  delay,  the  person  starting  at  the  same  hour  could  get  to  D 
^0  minutes  earlier  by  coach  than  by  train.     But  should  the  train 
"®  late  at  C,  he  would  have  to  wait  there  for  a  train  as  long  as 
^^  "W-ouId  take  to  travel  from  C  to  B,  and  his  journey  would  in 
^hat  case  take  twice  as  long  as  by  coach.     Should  the  coach  how- 
ever be  delayed  an  hour  on  the  way,  and  the  train  be  in  time  at 
^>  he  would  get  by  rail  to  B  and  half  way  back  to  C,  while  he 
^ould  be  going  by  coach  to  B,     The  length  of  the  whole  circuit 
'^^CA  is  7 6|  miles.    Required  the  rate  at  which  the  coach  travels. 


^IV,     DISCUSSION  OF  SOME  PROBLEMS  WHICH 
LEAD  TO  SIMPLE  EQUATIONS. 

186.     We  propose  now  to  solve  some  problems  which  lead  to 

■^-Xxiple  Equations,  and   to   examine   certain  peculiarities   which 

^■^^sent  themselves  in  the  solutions.    We  begin  with  the  following 

^^cblem :  What  number  must  be  added  to  a  number  a  in  order 

*^at  the  sum  may  be  6]     Let  x  denote  this  number;  then, 

*iierefore,  x  =  b  —  a. 
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This  formula  gives  the  value  of  x  corresponding  to  any  as- 
signed values  of  a  and  b.  Thus,  for  example,  if  a  =  12  an^ 
6  =  25,  we  have  05  =  25-12=13.     But  suppose  that  a  =  30  a^d 

• 

5  =  24 ;    then  a?  =  24  —  30  =  —  6,   and   we   naturally  ask   what    '^ 
the  meaning  of  this  negative  result?     If  we  recur  to  the  en'*^ 
ciation  of  the  problem  we  see  that  it  now  reads  thus :  W^J^* 
number  must  be  added  to  30  in  order  that  the  sum  may  be  ^  ^ 
It  is  thus  obvious,  that  if  the  word  added  and  the  word  sum  ^ 
to  retain  their   arithmetical  meanings,  the   proposed  problem, 
impossible.     But  we  see  at   the   same   time  that  the  follow:i- 
problem  can  be  solved :  What  number  must  be  taken  from 
in  order  that  the  difference  may  be  24?  and  6  is  the  answer 
this  question.     And  the  second  enunciation  differs  from  the  fi^ 
in  these  respects;  the  words  added  to  are  replaced  by  taken  /ro^ 
and  the  word  sum  by  difference,  • 

187.  Thus  we  may  say  that,  in  this  example,  the  negati-^- 
result  indicates  that  the  problem  in  a  strictly  Aiithmetical  senafr 
is  impossible;  but  that  a  new  problem  can  be  formed  by  appr^ 
priate  changes  in  the  original  enunciation  to  which  the  ahsolu^ 
vcUue  of  the  negative  result  will  be  the  correct  answer. 

188.  This  indicates  the  convenience  of  using  the  word  ad(^ 
in  Algebra  in  a  more  extensive  sense  than  it  has  in  Arithmetic^ 
Let  X  denote  a  quantity  which  is  to  be  added  algebraically  to  a 
then  the  Algebraical  sum  is  a  +  a?,  whether  x  itself  be  positive  010 
negative.  Thus  the  equation  a  +  x  =  b  will  be  possible  algebrai- 
cally  whether  a  be  greater  or  less  than  b.  We  proceed  to  another 
problem. 

189.  ^*s  age  is  a  years,  and  ^'s  age  is  b  years;  when  will  A 
be  twice  as  old  as  ^  ?  Supposed  the  required  epoch  to  be  x  years 
from  the  present  time;  then  by  the  question, 

a  +  03  =  2  (5  +  a;) ; 

hence,  05  =  a  -  26. 

Thus,  for  example,  if  a  =40  and  5=15,  then  a;  =10.  But 
suppose  a  =35   and  6  =  20,  then  x  =  -5;   here,  as   in. the  pre- 
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^'  I    ceding  problem^  "we  are  led  to  inquire  into  the  meaning  of  the 
I    negative  resalt.     Now  with  the  assigned  values  of  a  and  b  the 
^^nation  which  we  have  to  solve  becomes 

35  +  i»  =  40  +  2a?, 

^d  it  is  obvious  that  if  a  strictly  arithmetical  meaning  is  to  be 

given  to  the  symbols  x  and  +,  this  equation  is  impossible,  for  40  is 

K^^ter  than  35,  and  2x  is  greater  than  x,  so  that  the  two  members 

^^f^Qiiot  be  equal.     But  let  us  change  the  enunciation  to  the  fol- 

^>wing:  -4*8  age  is  35  years,  and  B*a  age  is  20  years,  when  was  A 

*wice  as  old  as  -ff]     Let  the  required  epoch  be  x  years  from  the 

present  time,  then  by  the  question, 

35-i»  =  2(20-a;)  =  40-2a;; 
*hus,  a?  =  5. 

Here  again  we  may  say  the  negative  result  indicates  that  the 
problem  in  a  strictly  Arithmetical  sense  is  impossible,  but  that  a 
^ovp-  problem  can  be  formed  by  appropriate  changes  in  the  original 
enunciation,  to  which  the  absolute  value  of  the  negative  result 
"^ill  be  the  correct  answer. 

We  may  observe  that  the  equation  corresponding  to  the  new 
ej^Unciation  may  be  obtained  from  the  original  equation  by  chang- 
lug  X  into  —  aj. 

190.     Suppose  that  the  problem  had  been  originally  enun- 
^^^tied  thus :  -d's  age  is  a  years,  and  -S's  age  is  h  years ;  find  the 
^poch  at  which  A*%  age  is  twice  that  of  B,     These  words  do  not 
iiitimate  whether  the  required  epoch  is  before  or  after  the  present 
•^"te.     If  we  suppose  it  after  we  obtain,  as  in  Art.  189,  for  the 
^^SL^ired  number  of  years  a;  =  a  —  26.     If  we  suppose  the  required 
®Poch  to  be  0?  years  before  the  present  date  we  obtain  a;  =  26  —  a. 
^   26  is  less  than  a,  the  first  supposition  is  correct,  and  leads  to 
^^    arithmetical  value  for  x ;  the  second  supposition  is  incorrect, 
*^cl  leads  to  a  negative  value  for  x.     If  26  is  greater  than  a,  the 
s^^^nd  supposition  is  correct,  and  leads  to  an  arithmetical  value 
^^'^  X',  the  first  supposition  is  incorrect  and  leads  to  a  negative 
"^Ixie  for  X,     Here  we  may  say  then  that  a  negative  result  indi- 
cates that  we  made  the  wrong  choice  out  of  two  possible  supposi- 
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tiona  wLicli  the  problem  allowed.  But  it  is  important  to  notice,  1.. 
that  when  we  discover  that  we  have  made  the  wrong  choice,  it  is  1  ,. , 
not  necessary  to  go  through  the  wlwle  investigation  again,  for  'W'e 
can  make  use  of  the  residt  obtained  on  the  wrong  supposition- 
We  have  only  to  take  the  absolute  value  of  the  negative  resul* 
and  place  the  epoch  before  the  present  date  if  we  had  supposed 
it  after,  and  after  the  present  date  if  we  had  supposed  it  before. 

191.  One  other  case  may  be  noticed.  Suppose  the  enuncifl^ 
tion  to  be  like  that  in  the  latter  part  of  Art  189;  -4's  age  is*  ^ 
years,  and  B'a  ago  is  h  years,  when  was  A  twice  as  old  as  -^' 
Let  X  denote  the  required  number  of  years ;  then 

a  —  a;  =  2(6  —  a;), 

hence,  x  =  2h  —  a. 


Now  let  us  verify  this  solution.     Put  this  value  for  a;;  th 
a  —  x  becomes  a— (26  — a),  that  is,  2a --26}  and  2(6  — a;)  becoir*- 
2(6  — 26  + a),  that  is,  2a— 2b.     If  6  is  less  than  a,  these  resu^  ^ 
are  positive,  and  there  is  no  Arithmetical  difficulty.     But  if  6 
greater  than  a,  although  the  two  members  are  algebraically  equta^^  ' 
yet  since  they  are  both  negative  quantities,  we  cannot  say  that 
have  arithmetically  verified  the  solution.     And   when  we  reci 
to  the  problem  we  see  that  it  is  impossible  if  a  is  less  than 
because  if  at  a  given  date  -4's  age  is  less  than  i?*s,  then  -4's  a^ 
never  was  twice  i?'s  and  never  will  be.     Or  without  proceeding  t- 
verify  the  result,  we  may  observe  that  if  6  is  greater  than  a,  the^ 
X  is  also  greater  than  a,  which  is  inadmissible.     Thus  it  appears' 
that  a  problem  may  be  really  absurd,  and  yet  the  result  may  nor 
immediately  present  any  difficulty,  though  when  we  proceed  tc^ 
examine  or  verify  this  result  we  may  discover  an  intimation  of  th( 
absurdity. 

192.     The  equation  a  +  a;  =  2  (6  +  a:)  may  be  considered  as  th 
symbolical  expression  of  the  folio wirg  verbal  enunciation.     Su 
pose  a  and  6  to  be  two  quantities,  what  quantity  must  be  added 
to  each  so  that  the  first  sum  may  be  twice  the  second]     Here  the 
words  quantity,  aunty  and  added  may  all  be  understood  in  Alge- 


/ 
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braical  senses,  so  tliat  a?,  a,  and  h  may  be  positive  or  negative. 
This  Algebraical  statement  includes  among  its  admissible  senses 
the  Arithmetical  question  about  the  ages  of  A  and  B,  It  appears 
then  that  when  we  translate  a  problem  into  an  equation,  the  same 
^nation  may  he  the  symbolical  expression  of  a  more  comprehen- 
siv^e  problem  than  that  from  which  it  was  obtained. 

We  will  now  examine  another  problem. 

1 93.     A  and  B  travel  in  the  same  direction  at  the  rate  of  a 

^nd  h  miles  respectively  per  hour.     A  arrives  at  a  certain  place  P 

^^  a  certain  time,  and  at  the  end  of  n  hours  from  that  time  B 

*^ves  at  a  certain  place  Q.     Find  when  A  and  B  meet. 
p 9 7? 

Let  c  denote  the  distance  PQ ;  suppose  A  and  B  to  travel  in 
the  direction  from  P  towards  Q,  and  to  meet  at  B  at  the  end  of  x 
^^ours  from  the  time  when  A  was  at  P;  then  since  A  travels  at  the 
rate  of  a  miles  per  hour,  the  distance  PB  is  ax  miles.  Also  B 
S^es  over  the  distance  QE  in  x  —  n  hours,  so  that  QR  is  h{x  —  n) 
^iles.     And  PE  is  equal  to  the  sum  of  PQ  and  QE;  thus, 

ax  =  c  +  h(x  —  n)  =  c  +  hx  —  hn; 


^^^erefora. 


a;  = 


c  —  bn 
a  —  b  ' 


We  shall  now  examine  this  result  on  different  suppositions  as 
**^  the  values  of  the  given  quantities. 

J.  Suppose  a  greater  than  6,  and  c  greater  than  bn ;  then  the 
^^ae  of  X  is  positive,  and  the  travellers  will  meet,  as  we  have 
'^^ipposed,  after  A  arrives  at  P,  For  when  A  is  at  P,  the  space 
^hich  B  has  to  travel  before  he  reaches  Q  is  bn  miles,  and  since  bn 
■^^  less  than  c,  it  follows  that  when  A  is  at  P  he  is  behind  B; 
^Hd  A  travels  more  rapidly  than  j5,  since  a  is  greater  than  b. 
Ijence  A  must  at  the  end  of  some  time  overtake  B, 

The  distance  PE  =ax  =  — — j—^.     Thus, 

a  —  o 

^j^^a(c  —  bn)       ^a{c  —  bn)  —  c(a  —  b)  _cb- abn  _^b(c  —  an) 
a—b  a—b  a—b  a—b 
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This  formula  gives  the  value  of  x  corresponding  to  any  as- 
signed values  of  a  and  b.  Thus,  for  example,  if  a  =  12  and 
6  =  25,  we  have  «?  =  25 -12  =  1 3.  But  suppose  that  a  =  30  and 
6  =  24 ;  then  ic  =  24  —  30  =  —  6,  and  we  naturally  ask  what  is 
the  meaning  of  this  negative  result?  If  we  recur  to  the  enun- 
ciation of  the  problem  we  see  that  it  now  reads  thus :  What 
number  must  be  added  to  30  in  order  that  the  sum  may  be  24  ? 
It  is  thus  obvious,  that  if  the  word  added  and  the  word  sum  are 
to  retain  their  arithmetical  meanings,  the  proposed  problem  is 
impossible.  But  we  see  at  the  same  time  that  the  following 
problem  can  be  solved :  What  number  must  be  taken  from,  30 
in  order  that  the  difference  may  be  24?  and  6  is  the  answer  to 
this  question.  And  the  second  enunciation  differs  from  the  first 
in  these  respects;  the  words  added  to  are  replaced  by  taken  from, 
and  the  word  sum  by  difference,  * 

187.  Thus  we  may  say  that,  in  this  example,  the  negative 
result  indicates  that  the  problem  in  a  strictly  Aiithmetical  sense 
is  impossible;  but  that  a  new  problem  can  be  formed  by  appro- 
priate changes  in  the  original  enunciation  to  which  the  absolute 
value  of  the  negative  result  will  be  the  correct  answer. 

188.  This  indicates  the  convenience  of  using  the  word  add 
in  Algebra  in  a  more  extensive  sense  than  it  has  in  Arithmetic. 
Let  X  denote  a  quantity  which  is  to  be  added  algebraically  to  a; 
then  the  Algebraical  sum  is  a  +  a;,  whether  x  itself  be  positive  or 
negative.  Thus  the  equation  a  +  ic  =  6  will  be  possible  algebrai- 
cally  whether  a  be  greater  or  less  than  b.  We  proceed  to  another 
problem. 

189.  -4*s  age  is  a  years,  and  jB's  age  is  b  years;  when  will  A 
be  twice  as  old  as  -5  ?  Supposed  the  required  epoch  to  be  a;  years 
from  the  present  time;  then  by  the  question, 

a  +  a;  =  2  (6  +  a?) ; 

hence,  x  =  a  —  2b. 

Thus,  for  example,  if  a  =40  and  6=15,  then  a?  =10.  But 
suppose  a  =35   and  6  =  20,  then  x  =  —  5',   here,  as   in. the  pre- 
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ceding  problem,  we  are  led  to  inquire  into  the  meaning  of  the 
negative  result.  Now  with  the  assigned  values  of  a  and  b  the 
equation  which  we  have  to  solve  becomes 

35  +  x  =  4:0  +  2x, 

and  it  is  obvious  that  if  a  strictly  arithmetical  meaning  is  to  be 
given  to  the  symbols  x  and  +,  this  equation  is  impossible,  for  40  is 
greater  than  35,  and  2x  is  greater  than,  aj,  so  that  the  two  members 
cannot  be  equal.  But  let  us  change  the  enunciation  to  the  fol- 
lowing: -4's  age  is  35  years,  and  B*a  age  is  20  years,  when  was  A 
twice  as  old  as  JB1  Let  the  required  epoch  be  x  years  from  the 
present  time,  then  by  the  question, 

35-x=2(20-x)  =  i0-2x; 
thus,  x=i5. 

Here  again  we  may  say  the  negative  result  indicates  that  the 
problem  in  a  strictly  Arithmetical  sense  is  impossible,  but  that  a 
new  problem  can  be  formed  by  appropriate  changes  in  the  original 
enunciation,  to  which  the  absolute  value  of  the  negative  result 
will  be  the  correct  answer. 

"We  may  observe  that  the  equation  corresponding  to  the  new 
enunciation  may  be  obtained  from  the  original  equation  by  chang- 
ing X  into  —  03, 

190.  Suppose  that  the  problem  had  been  originally  enun- 
ciated thus :  -4's  age  is  a  years,  and  jB*s  age  is  b  years ;  find  the 
epoch  at  which  -i's  age  is  twice  that  of  B,  These  words  do  not 
intimate  whether  the  required  epoch  is  before  or  after  the  present 
date.  If  we  suppose  it  after  we  obtain,  as  in  Art.  189,  for  the 
required  number  of  years  x  =  a^2b.  If  we  suppose  the  required 
epoch  to  be  aj  years  before  the  present  date  we  obtain  x  =  2b  —  a. 
If  26  is  less  than  a,  the  first  supposition  is  correct,  and  leads  to 
an  arithmetical  value  for  x ;  the  second  supposition  is  incorrect, 
and  leads  to  a  negative  value  for  x.  If  2b  is  greater  than  a,  the 
second  supposition  is  correct,  and  leads  to  an  arithmetical  value 
for  X]  the  first  supposition  is  incorrect  and  leads  to  a  negative 
value  for  x.  Here  we  may  say  then  that  a  negative  result  indi- 
cates that  we  made  the  wrong  choice  out  of  two  possible  supposi- 
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tiona  wLicli  the  problem  allowed.  But  it  is  important  to  notice, 
that  when  we  discover  that  we  have  made  the  wrong  choice,  it  is 
not  necessary  to  go  through  the  wlwle  investigation  again,  for  we 
can  make  use  of  the  result  obtained  on  the  wrong  supposition. 
We  have  only  to  take  the  absolute  value  of  the  negative  result 
and  place  the  epoch  before  the  present  date  if  we  had  supposed 
it  after,  and  after  the  present  date  if  we  had  supposed  it  before. 

191.  One  other  case  may  be  noticed.  Suppose  the  enuncia- 
tion to  be  like  that  in  the  latter  part  of  Art.  189  j  A^b  age  is  a 
years,  and  ^'s  age  is  h  years,  when  was  A  twice  as  old  as  B\ 
Let  X  denote  the  required  number  of  years ;  then 

a  -  a;  =  2(6  —  a), 

hence,  aj  =  26  —  a. 

Now  let  us  verify  this  solution.  Put  this  value  for  a;;  then 
a—x  becomes  a— (26  — a),  that  is,  2a —  21))  and  2(6  — a;)  becomes 
2  (6  —  26  +  a),  that  is,  2a  —  2b.  If  6  is  less  than  a,  these  results 
are  positive,  and  there  is  no  Arithmetical  difficulty.  But  if  6  is 
greater  than  a,  although  the  two  members  are  algebraically  equal, 
yet  since  they  are  both  negative  quantities,  we  cannot  say  that  we 
have  arithmetically  verified  the  solution.  And  when  we  recur 
to  the  problem  we  see  that  it  is  impossible  if  a  is  less  than  6; 
because  if  at  a  given  date  -4's  age  is  less  than  i?'s,  then  -4's  age 
never  was  twice  B's  and  never  will  be.  Or  without  proceeding  to 
verify  the  result,  we  may  observe  that  if  6  is  greater  than  a,  then 
X  is  also  greater  than  a,  which  is  inadmissible.  Thus  it  appeal's 
that  a  problem  may  be  really  absurd,  and  yet  the  result  may  not 
immediately  present  any  difficulty,  though  when  we  proceed  to 
examine  or  verify  this  result  we  may  discover  an  intimation  of  the 
absurdity. 

192.  The  equation  a  +  x  =  2(b-\-x)  may  be  considered  as  the 
symbolical  expression  of  the  folio wirg  verbal  enunciation.  Sup- 
pose a  and  6  to  be  two  quantities,  what  quantity  must  be  added 
to  each  so  that  the  first  sum  may  be  twice  the  second]  Here  the 
words  quantiiyy  sum,  and  added  may  all  be  understood  in  Alge- 
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"hraical  senses,  so  tliat  a?,  a,  and  h  may  be  positive  or  negative. 
This  Algebraical  statement  includes  among  its  admissible  senses 
the  Arithmetical  question  about  the  ages  of  A  and  B.  It  appears 
then  that  when  we  translate  a  problem  into  an  equation,  the  same 
equation  may  be  the  symbolical  expression  of  a  more  comprehen- 
sive problem  than  that  from  which  it  was  obtained. 

"We  will  now  examine  another  problem. 

1 93.     A  and  B  travel  in  the  same  direction  at  the  rate  of  a 

and  h  miles  respectively  per  hour.     A  arrives  at  a  certain  place  P 

at  a  certain  time,  and  at  the  end  of  n  hours  from  that  time  B 

arrives  at  a  certain  place  Q.     Find  when  A  and  B  meet. 
p Q 7? 

Let  c  denote  the  distance  PQ;  suppose  A  and  B  to  travel  in 
the  direction  from  P  towards  (?,  and  to  meet  at  B  at  the  end  of  x 
liours  from  the  time  when  A  was  at  P;  then  since  A  ti^avels  at  the 
rate  of  a  miles  per  hour,  the  distance  PJR  is  ax  miles.  Also  B 
goes  over  the  distance  QR  in  x  —  n  hours,  so  that  QR  is  b{x^n) 
miles.     And  PR  is  equal  to  the  sum  of  PQ  and  QR;  thus, 

ax  =  c  +  h(x  —  n)  =  c  +  hx  —  bn; 

therefora,  x  = =- . 

a  —  b 

We  shall  now  examine  this  result  on  different  suppositions  as 
to  the  values  of  the  given  quantities. 

T.  Suppose  a  greater  than  6,  and  c  greater  than  bn ;  then  the 
value  of  X  is  positive,  and  the  travellers  will  meet,  as  we  have 
supposed,  after  A  arrives  at  P.  For  when  A  is  at  P,  the  space 
which  B  has  to  travel  before  he  reaches  Q  is  bn  miles,  and  since  bn 
is  less  than  c,  it  follows  that  when  A  is  at  P  he  is  behind  B; 
and  A  travels  more  rapidly  than  B,  since  a  is  greater  than  b. 
Hence  A  must  at  the  end  of  some  time  overtake  B, 

The  distance  PR  =ax=  — r-^.     Thus, 

a  —  o 

^j^^a(c  —  bn)       _a{c  —  bn)  —  c(a  —  b)__cb- abn  _^b(c  —  an) 
a—b  a—b  a—b  a—b 
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Now  if  c  be  grecUer  than  an,  this  expression  is  a  positive  quantity, 
so  that  B  iaHa,  as  we  have  supposed,  heyond  Q;  we  see  that  this 
must  be  the  case,  for  since  c  is  greater  than  an,  it  will  take  A 
more  than  n  hours  to  go  from  /*  to  §,  so  that  he  cannot  orertake 
B  until  after  passing  Q,  If,  however,  c  be  leas  than  aw,  the  ex- 
pression for  QR  is  a  negative  quantity,  and  this  leads  us  to  sup- 
pose that  some  modification  is  required  in  our  view  of  the  problem. 
In  fact  A  now  takes  less  than  n  hours  to  go  from  P  to  Q,  so  that 
he  will  overtake  B  be/ore  arriving  at  Q.  Hence  the  figure  should 
now  stand  thus : 

p R Q 

And  now,  since  FE  =  PQ  —  HQ,  the  equation  for  determining 
X  would  naturally  be  written 

ax  =  c  —  b(n^x)  =  C''bn  +  bx, 

This,  however,  we  see  is  really  the  same  equation  as  before. 

Again,  if  c  be  eqiuU  to  cm  the  value  of  BQ  is  zero.  Thus 
JR  now  coincides  with  Q}  and 

c  —  bnan  —  bn 

x  = r=    — !-  =  »*• 

a—o        a  —  o 

Hence  A  and  B  meet  at  Q  at  the  end  of  n  hours  after  A  was 
at  P. 

II.  Next  suppose  that  a  is  greater  than  5,  and  c  less  than 
bn.  The  value  of  x  is  now  negativey  and  we  may  conjecture 
from  what  we  have  hitherto  observed  respecting  negative  quanti* 

ties  that  A  and  B  instead  of  meeting  ^  hours  after  A  was 

a  —  o 

at  P,  will  now  really  have  met j-  hours  be/ore  A  was  at  P. 

And  in  fact,  since  c  is  less  than  bn  it  follows  that  B  was  behind  A 
when  J[  was  at  P,  so  that  -4  must  have  passed  B  before  arriving 
at  P.  Hence  the  correct  solution  of  the  problem  would  now  bo 
as  follows. 

R  p  Q 
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Suppose  ihat  A  and  JB  meet  x  hours  before  A  arrives  at  P;  let 
H  be  the  point  where  they  meet  Then  RF  s  ax^  and  EQ  =  b {x-k-n), 
Alao£F=^£Q-FQ;  thus, 

ax  =  b{x-\'n)'-e; 

therefore,  x  = j- . 

a  —  b 

IIL  Next  suppose  that  a  is  less  than  6,  and  e  greater  than 
hn.  In  this  case  also  the  expression  originallj  obtained  for  x  is 
negoHjfey  and  we  shall  accordingly  find  that  A  and  B  met  be/are 
A  was  at  P.  For  ^  now  travels  more  rapidly  than  A^  and  is 
before  A  when  ii  is  at  P ;  so  that  B  must  have  passed  A  before  A 
was  at  P.     The  result  now  is,  as  in  the  second  case,  that  A  and  B 

met  -T hours  &e^r0  -4  was  at  P. 

6  — a 

rv.  Lastly,  suppose  a  less  than  6,  and  c  less  than  bn.  Here 
the  expression  originally  obtained  for  a;  is  a  positive  quantity,  for 

it  may  be  written  thus,  -= .     Now  B  travels  more  rapidly 

o—a 

than  A  and  is  behind  A  when  A  is  at  P;  thus  B  must  at  some 
time  overtake  A,  If  we  suppose  A  and  B  to  meet  o/ler  -4  is  at  ©, 
the  figure  will  stand  thus : 

P       Q  R 

Here  we  should  naturally  write  the  equation  thus, 

oa;  =  c  +  6  (aj  — n)  =  c  +  5a3  -  6n. 

If  we  suppose  A  and  B  to  meet  before  ^  is  at  ^,  the  figure 
will  stand  thus : 


Here  we  should  naturally  write  the  equation  thus, 

aai=^c  —  b{n'-xj  =  c  —  bn-¥bx. 
In  the  two  cases  we  have,  however,  really  the  same  equation, 

and  we  obtain  aj  =  -= . 

b  —  a 
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194.  The  preceding  problem  may  be  variously  modified;  for 
instance,  instead  of  supposing  that  A  and  B  travel  in  the  same 
direction,  we  may  suppose  that  A  travels  as  before,  but  that  B 
travels  in  the  opposite  direction.  In  this  case,  if  we  suppose,  as 
before,  that  A  and  J^  meet  x  hours  after  A  arrived  at  F,  we  shall 

find  that  x  = j- .     Thus  the  time  of  meeting  will  necessarily 

be  after  A  leaves  F,  and  the  travellers  meet  at  some  point  to  the 
right  of  P.  The  student  should  notice  that  the  value  of  x  in  the 
present  case  coincides  with  the  result  obtained  by  writing  —  h  for 
b  in  the  original  value  of  x  in  Art.  193. 

195.  Or  instead  of  supposing  that  the  arrival  of  B  a.t  Q 

occurs  n  hours  after  the  arrival  of  A  at  F,  we  may  suppose  it  to 

occur  n  hours  before;  and  we  suppose  A  and  F  to  travel  in  the 

same  direction.      In  this   case  if  x  have  the  same  meaning  as 

c  "^  bfh 
before,  we  shall  find  that  x= j- .     This  is  a  positive  quantity 

if  a  is  greater  than  6,  and  the  travellers  then  really  meet  after  the 
arrival  of  A  at  F,  If,  however,  a  is  less  than  6,  the  value  of  x  is 
a  negative  quantity ;   this  suggests  that  the  travellers  now  meet 

hours  before  the  arrival  of  A  at  P,  and  on  examination  this 

o-a  ^ 

will  be  found  correct.    The  student  should  notice  that  the  value  of 

X  in  the  present  case  coincides  with  the  result  obtained  by  writing 

—  niovn  in  the  original  value  of  a;  in  Art.  193. 

196.  Again,  let  us  suppose  that  -4  and  -5  travel  in  opposite 
directions,  and  that  the  arrival  of  -4  at  P  occurs  n  hours  before 
that  of  -5  at  Q  ',  and  suppose  the  positions  of  P  and  Q  in  the 
former  figures  to  be  interchanged,  so  that  now  A  reaches  Q  before 
he  reaches  P,  and  B  reaches  P  before  he  reaches  Q.     If  x  have 


the  same  meaning  as  before,  we  shall  now  find  that  x  = 


bn  —  c 


a-h  b  ' 

If  then  bn  is  greater  than  c,  the  value  of  a?  is  a  positive  quantity, 
and  the  travellers  meet,  as  we  have  supposed,  ajler  the  arrival  of 
A  at  P.     If  however  bn  is  less  than  c,  the  value  of  a;  is  a  negative 
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quantity,  and  it  will  be  found  that  the  travellers  meet  7- 

^  a  +  b 

hours  be/ore  the  arrival  of  A  at  F.     The  student  should  notice 

that  the  value  of  a;  in  the  present  case  coincides  with  the  result 

obtained  by  writing  —  c  for  c  in  the  value  of  x  in   Art.   194 ; 

it  also  coincides  with  the  residt  obtained  by  writing  —  b  for  6,  and 

—  c  for  c  in  the  original  value  of  a?  in  Art  193. 

197.  From  a  consideration  of  the  problems  discussed  in  the 
present  chapter,  and  of  similar  problems,  the  student  will  acquire 
confidence  and  accuracy  in  dealing  with  negative  quantities.  We 
ivill  lay  down  some  general  principles  which  have  been  illustrated 
in  the  preceding  articles,  and  the  truth  of  which  the  student  will 
find  confirmed  as  he  advances  in  the  subject. 

(1)  A  negative  result  may  arise  from  the  fact  that  the 
enunciation  of  a  problem  involves  a  condition  which  cannot  be 
satisfied;  in  this  case  we  may  attribute  to  the  unknown  quantity 
a  qu€dity  directly  opposite  to  that  which  had  been  attributed  to  it, 
and  may  thus  form  a  possible  problem  analogous  to  that  which 
involved  the  impossibility. 

(2)  A  negative  result  may  arise  from  the  fact  that  a  wrong 
supposition  respecting  the  qicality  of  some  quantity  was  made 
when  the  problem  was  translated  from  words  into  Algebraical 
symbols;  in  this  case  we  may  correct  our  supposition  by  attri- 
buting the  opposite  quality  to  such  quantity,  and  thus  obtain 
a  positive  result. 

(3)  When  we  wish  to  alter  the  suppositions  we  have  made 
respecting  the  quality  of  the  known  or  unknown  quantities  of  a 
problem,  and  to  attribute  an  opposite  quality  to  them,  it  is  not 
necessary  to  form  a  new  equation ;  it  is  sufficient  to  change  in  the 
old  equation  the  sign  of  the  symbol  representing  each  quantity 
which  is  to  have  its  quality  changed. 

198.  We  do  not  assert  that  the  above  general  principles  have 
been  demonstrated;  they  have  been  suggested  by  observation  of 

T.A.  8 
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particular  examples,  and  are  left  to  the  student  to  be  verified  in 
the  same  manner.  Thus  when  a  negative  result  occurs  in  the 
solution  of  a  problem  the  student  should  endeavour  to  interpret 
that  result,  and  these  general  principles  will  serve  to  guide  him. 
When  a  problem  leads  to  a  negative  result,  and  he  wishes  to  form 
an  analogous  problem  that  shall  lead  to  the  corresponding  positive 
result,  he  may  proceed  thus  ;  change  x  into  —  aj  in  the  equation 
that  has  been  obtained,  and  then,  if  possible,  modify  the  verbal 
statement  of  the  problem,  so  as  to  make  it  coincident  with  the 
new  equation.  "We  say,  {/possible,  because  in  some  cases  no  such 
verbal  modification  seems  attainable,  and  the  problem  may  then 
be  regarded  as  altogether  impossible. 

199.  We  will  now  leave  the  consideration  of  negative  quan- 
tities, and  examine  two  other  singularities  that  may  occur  in 
results. 

C  —  uTh 

In  Art.  193  we  found  this  result,  x  = p.     Suppose  that 

a  —  o 

a  =  5,  then  the  denominator  in  the  value  of  a;  is  zero;  thus,  denot- 

ing  the  numerator  by  i\r,  we  have  a?  =  77  >  and  we  may  ask  what  is 

the  meaning  of  this  result?  Since  A  and  .5  now  travel  with 
equal  speed,  they  must  always  preserve  the  same  distance ;  so  that 
they  never  meet.  But  instead  of  supposing  that  a  is  exactly 
equal  to  h,  let  us  suppose  that  a  is  very  nearly  equal  to  h ;  then 

7  may  be  a  very  large  quantity,  since  if  a  —  6  is  very  small 

compared  with  iT,  it  will  be  contained  a  large  number  of  times  in 

N;  and  the  smaller  a  — &  is,  the  larger  will  r  be.     This  is 

°  a  —  o 

iV  .     .       .    ' 
abbreviated  into  the  phrase  *' jr  is  infinite,"  and  it  is   written 

thus,  rr-  =  00 .     But  the  student  must  remember  that  the  phrase 

is  ofUi/  a/a  dbbreviatum,  and  no  absolute  meaning  can  be  attached 
to  it 
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200.  The  stadent  should  examine  every  problem,  the  result 

of  which  appears  under  the  form  -^ ,  and  endeavour  to  interpret 

that  result.  He  may  expect  to  find  in  such  a  case  that  the  pro- 
blem is  impossible,  but  that  by  suitable  modifications  a  new 
problem  can  be  formed  which  has  a  very  great  number  for  its 
result,  and  that  this  result  becomes  greater  the  more  closely  the 
new  problem  approaches  to  the  old  problem. 

201.  Again,  let  us  suppose  that  in  Art.  193  we  have  a  =  6, 

and  also  c  =  hn',  then  the  value  of  x  takes  the  form  ^.      On 

examining  the  problem  we  see  that,  in  consequence  of  the  sup> 
positions  just  made,  A  and  B  are  together  at  P,  and  are  travelling 
with  equal  speed,  so  that  they  are  always  together.  The  question, 
when  are  A  and  B  together,  is  in  this  case  said  to  be  indetemiinate^ 
since  it  does  not  admit  of  a  single  answer,  or  of  a  finite  number  of 
answers. 

202.  The  student  should  also  examine   every  problem  in 

which  the  result  appears  under  the  form  ^,  and  endeavom*  to 

interpret  that  result.  In  some  cases  he  will  find,  as  in  the  ex- 
ample considered  above,  that  the  problem  is  not  restricted  to  a 
finite  number  of  solutions,  but  admits  of  as  many  as  he  pleases. 
We  do  not  assert  here,  or  in  Art.  200,  that  the  interpretation  of 

^  0      . 

the  singularities  jr  and  ^  will  always  coincide  with  those  given 

iu  the  simple  cases  we  have  considered ;  the  student  must  there- 
fore consider  separately  each  distinct  class  of  examples  that  may 
occur. 


8—2 
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1 .     Simplify  the  expression 

2c' -h 


3a 


_[6  +  {2«-.(5-c)}]  +  |  +  ^^ 


2.  Reduce  to  its  lowest  teims  the  expression 

6^+lOx^  +  2^  -  20a;  -  28 
3a;»+14aD*  + 22a; +  21"    * 

3.  Find  the  value  of  — i when  x= = . 

6  a  a—o 

111 

4.  Simplify  ^—^^  ^ -— ^  +  ^-^--^_  +  ^-—^-^—^^ . 

c"  (a  -  6)  (a  -  c?)  +  a"  (6  -  c)  (c  -  6?)      a-c 
when  m  =  1,  or  2. 

a'  +  6'  4-  c"  -  3a^c 


6.  Reduce  to  its  simplest  form  -      ,,«     ,,       ,^     ,         ,. 

7.  JI  an/  +  yz'¥zx  =  ly   shew  that 


^    y         z    __   4^^ 


a; 

'  7*  + 


1-a;'      1-y'     l-«»~(l-.a;«)(l-2^')(l-;^»)• 
8.     Solve  the  simultaneous  equations 
a;  +  y  +  5;  =  a  +  5  +  c, 

6a:  +  cy  +  a«  =  ca;  +  ay  +  5«  =  a5  +  6c  +  ca. 

9.     Find  the  least  common  multiple  of 

a;'  +  6a;*+lla;+6,  aJ"  +  7a;'  + 14a;+ 8, 

a;'  +  8a:'+19a;+12,  and  a;"  +  9a;*  +  26a;  +  24. 
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^V.    ANOMALOUS  FORMS  WHICH  OCCUR  IN  THE 
SOLUTION  OF  SIMPLE  EQUATIONS. 

203.  We  have  in  the  preceding  chapter  referred  to  the  forms 

'    and  ^  which  may  occur  in  the  solution  of  an  equation  of  the 

*^t;  degree.  We  shall  now  examine  the  meaning  of  these  forms 
lien  they  occur  in  the  solution  of  aimndtanexmi  equations  of  the 
^t  degree.     We  will  first  recall  the  results  already  obtained. 

204.  Every  equation  of  the  first  degree  with  one  unknown 
iiantity  may  be  reduced  to  the  form  aa;  =  6.     Now  from  this  we 

btain  a;  =  - .     If  a  =  0  the  value  of  x  takes  the  form  tt  :   in  this 
a  0 

^se  no  finite  value  of  x  can  satisfy  the  equation,  for  whatever 

^nite  value  be  assigned  to  o^  since  oo;  =  0,  we  have  0  =  6,  which  is 

tupossible.     If  a  =  0  and  6  =  0,  the  value  of  x  takes  the  form  ^  ; 

ti  this  case  every  finite  value  of  x  may  be  said  to  satisfy  the 
Equation,  since  whatever  finite  value  be  given  to  a;  we  have  0  =  0. 
i^f  6  =  0  and  a  is  not  =0,  then  of  course  a;=0;  this  case  calls 
or  no  remark. 

205.  Suppose  now  we  have  two  equations  with  two  unknown 
quantities;    let  them  be 

aa;+6y  =  c  and  ax-\-Vy  =  c, 

We  will  first  make  a  remark  on  the  notation  we  have  here 
dopted.  We  use  certain  letters  to  denote  the  known  quantities 
n  the  first  equation,  and  then  we  use  corresponding  letters  with 
iccents  to  denote  corresponding  quantities  in  the  second  equation; 
lere  a  and  a  have  no  necessary  connexion  as  to  value,  although 
hey  have  this  common  point,  namely,  that  each  is  a  coefficient 
»f  Xy  one  in  the  first  equation  and  the  other  in  the  second  equa- 
ion.     Experience  will  establish  the  advantage  of  this  notation. 

Instead  of  accents  subscript  numbers  are  sometimes  used; 
hus  a^  and  a^  might  be  used  instead  of  a  and  a'  respectively. 
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By  solving  the  given  equations  we  obtain 

Vc  —  he  ac  —  ac 

h'a  —  ba^         "'     ah  —  ah' ' 

I.    Suppose  that  h'a  -  6a'  =  0 ;  then  the  values  of  x  and  y  take 

A         B 
the  forms  —  and  -rr]  'we  should  therefore  recur  to  the  give^i  equa- 
tions to  discover  the  meaning  of  these  results.     From  the  relation 
h'a  —  ha'=-0  we  obtain  —  =  ~  =  k    suppose ;     thus   a'  =  ka   and 

6'  =  kh.     By  substituting  these  values  of  a'  and  6'  we  find  that  the 
second  of  the  given  equations  may  be  written  thus : 

hax  +  khy  =  c', 
whence,  ax-\-hy  =  j. 


0 

c 


Now  if  2;  be  different  from  c,  the  last  equation  is  inconsistent 

with  tlie  first  of  the  given  equations,  because  ax+hy  cannot  be 

equal  to  two  different  quantities.      We  may  therefore  conclude 

A  B 

that  the  appearance  of  the  resxdts  under  the  forms  -jr  and  -^r- 

indicates  that  the  given  equations  are  inconsistent,  and  therefore 
cannot  he  solved, 

II.     Next  suppose  that  Va-ha'^O,  so  that  -  =  t-,  and  also 

a     0 

that  —  =  — ,  and  therefore  of  course  =  t-  •     Ibl  this  case  the  nu- 
c      a  h 

merators  in  the  values  of  x  and  y  become  zero  as  well  as  the 

denominators,  so  that  the  values  of  x  and  y  take  the  form  ^  . 

Now  by  what  we  have  shewn  above,  the  second  of  the  given 
equations  may  be  written 

ax-k-hy^j^^ 


c' 


But  now  T  =  c,  so  that  the  ^cond  given  equation  is  only  a 
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repetition  of  the  first ;  we  have  thus  really  only  one  equation 
involving  two  unknown  quantities.  We  cannot  then  determine 
^  and  y,  because  we  can  find  as  many  values  as  we  please  whicli 
will  satisfy  one  equation  involving  two  unknown  quantities.  In 
this  case  we  say  that  the  given  equations  are  not  ind^endent,  and 
that  the  values  of  x  and  y  are  indeterminate. 

206.     We  have  hitherto  supposed  that  none  of  the  quantities 

a,  h,  c,  a\  h\  c'  can  be  zero;  and  thus  if  the  value  of  one  of  the 

0        A 
unknown  quantities  takes  the  form  t:  or  -^  the  value  of  the  other 

takes  the  aamie  form.  But  if  some  of  the  above  quantities  are 
zero,  the  values  of  the  two  unknown  quantities  do  not  necessarily 
take  the  same  form.     For  example,  suppose  a  and  a  to  be  zero ; 

then  the  value  of  x  takes  the  form  -x  ,  and  the  value  of  y  takes 

the  form  ^ .     Now  in  this  case  the  given  equations  reduce  to 

hy  =  c,     and  h'y  =  c'; 

these  lead  to 

c  c 

y  =  j,    and  y  =  ^,. 

c  c 

Thus  we  have  two  cases.     First,  if  v  is  not  equal  to  r>  the 

.    c  .  c' 

two  equations  are  inconsistent.     Secondly,  if  v  is  equal  to  -p  the 

two  equations  are  equivalent  to  one  only.     In  the  second  case, 


c     c 


since  the  relation  v  =77  makes  the  numerator  of  x  also  vanish, 

6     0 

the  values  of  both  x  and  y  take  the  form  ^r ;  in  this  case  x  is  in- 

c 
determinate  but  y  is  not,  for  it  is  really  equal  to  7  . 

207.  Before  we  consider  the  peculiarities  which  may  occur  in 
the  solution  of  three  simultaneous  simple  equations  involving 
three  unknown  quantities,  we  will  indicate  another  method  of 
solving  such  equations. 
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Let  the  equations  be 
ax  +  by  -\-cz  =  d,    ax  +  6  y  +  cz  =  cT,     a'x  +  6"y  +  c"«  =  d^\ 

Let  I  and  m  denote  two  quantities,  the  values  of  which  are  at 
present  undetermined;  multiply  the  second  of  the  given  equations 
hj  I,  and  the  third  by  m ;  then,  by  addition,  we  have 

ax+by  +  cz  +  l  {a'x  +  b'y  +  cz)  +  m  (a^x^  V'y  +  cz)  =:d  +  lcF  +  mcT', 

that  is, 

x{a-h  la  +  rrMT)  +  y{b  +  lb'  +  mb^^  +  «  (c  +  fc'  +  mc')  =  d-hld'+  md'\ 

Now  let  such  values  be  given  to  I  and  m  as  will  make  the 
coefficients  of  y  and  z  in  the  last  equation  to  be  zero ;  that  is,  let 

b  +  Z6'  +  m6"  =  0,         c  +  ^c'  +  mc''=  0. 

Thus  the  equation  reduces  to 

x{a  +  la'  +7na")  =  d  +  Id' ■¥  md'' ; 

,        _  d+l^  +  nuit' 

therefore,  x= ^—, -,. 

a-i-  la  +  'Ilia 

We  must  now  find  the  values  of  I  and  m,  and  substitute  them 

in  this  expression  for  x,  and  then  the  value  of  x  will  be  known. 

We  have 

b  +  lV  +  mb''=0,         c  +  Zc'+  mc"=  0 ; 

from  these  we  shall  obtain 

,      6"c  -  be'  be'  -  6'c 
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substitute  these  values  in  the  expression  for  x,  and  after  simplifi- 
cation we  obtain 

_  d  (bV'  -  b^c")  -^  d!  (b''c  -  be")  +  d"  (be'  -  b'c) 
^     a  {b'c"  -  6  V)  +  a'  (6"c  -  6^  +  a"  (be'  -  b'c) ' 

By  a  similar  method  the  values  of  y  and  z  may  also  be  obtained. 

208.  The  above  method  of  solution  is  called  the  method  of 
indeterminate  mtdtiplierSj  because  we  make  use  of  multipliers 
which  we  do  not  determine  beforehand,  but  to  which  a  convenient 
value  is  assigned  in  the  coui-se  of  the  investigation.  The  multi- 
pliers are  not  finally  indeterminate;  they  are  merely  at  first  ti»- 
determined,  and  if  it  were  possible  to  alter  established  langua^^ 
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the  word  undetermined  might  here  with  propriety  he  suhstitnteil 
for  indeterminaie. 

209.  We  now  proceed  to  otir  ohservations  on  the  values  of 
Xj  y,  and  z  which  are  ohtained  from  the  equations 

<tx  +  bff  +  cz  =  df      ax+h'y  +  cz-d^     arx-\'iry'^e''z=^  dT. 

The  Talne  of  x  has  heen  given  in  Art  207  ;  if  the  student 
investigates  the  value  of  y  he  will  find  that  the  denominator  of  it 
is  the  same  as  that  tchieh  occurs  in  the  value  o/*  as,  or  can  he  made 
to  be  the  same  by  changing  the  sign  of  every  term  in  the  numt^ 
rator  and  denominator.  The  same  remark  holds  with  rcsjvect  to 
the  denominator  in  the  value  ofz. 

210.  We  may  however  obtain  the  values  of  y  and  z  from  tlie 
expression  found  for  the  value  of  x.  For  the  original  equations 
might  have  been  written  thus : 

bi/  +  ax-hcz=^dt      Vy  +  a'x  +  c'z  =  <f ,       V'y  +  a"x  +  c"z  =  d" ; 

we  may  say  then  that  the  equations  in  this  form  differ  from  those 
in  the  original  form  only  in  the  following  particulars ;  x  and  y  are 
interchanged,  a  and  5  are  iuterchanged,  a  and  V  are  interchanged, 
and  a  and  V  are  interchanged.  We  may  therefore  deduce  the 
value  of  y  from  that  of  x  by  the  following  rule ;  for  a,  a ,  and  a" 
write  6,  6',  and  V  respectively,  and  conversely.     Thus,  from 

_  d (Vc' -  JTc")  +  d' (V'c ~  he")  -f  d''  {he' -  b'c) 
^  "  a  (6V'  -  6V)  +  a  {h"c  -  he")  +  a"  (6c'  -  Uc) 

we  may  deduce  that 

_  d  (eld'  -  g V)  -^  d!  {a"c  -  ac'")  -f  d'  {ae'  -  a'c) 
^  ~  6  (aV  -  aV)  +  6'  (a"c  -  ac'')  +  6"  {ac'  -  a'c) ' 

It  will  be  found  on  comparison  that  the  denominator  of  the 
value  of  y  is  the  same  as  that  of  the  value  of  x  with  the  sign  of 
every  term  changed. 

Similarly  by  interchanging  a,  a',  and  a"  with  c,  c',  and  c" 
respectively,  we  may  deduce  the  value  of  z  from  that  of  a; ;  or  by 
interchanging  6,  5',  and  h"  with  c,  c',  and  c"  respectively,  we  may 
deduce  the  value  of  z  from  that  of  y. 
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211.  There  is  another  system  of  interchanges  by  which  the 
values  of  y  and  z  may  be  deduced  from  that  of  x.  The  given 
equations  are 

oaj  +  6y  +  C2J  =  c?,      ax  +  Vy  +  cz  =  d\       ax  +  V'y  +  c'z  =  d" ; 

they  may  also  be  written  thus, 

hy-\-cz-\-ax^  c?,       Vy  +  c  «  +  ax  =  c?',      6' y  +  c'z  +  a"a;  =  d\ 

"We  may  say  then  that  the  second  form  differs  from  the  first 
only  in  the  following  particulars ;  x  is  changed  into  y,  y  into  5r, 
z  into  aj,  a  into  6,  6  into  c,  c  into  a,  a'  into  h\  and  so  on.  We 
may  therefore  deduce  the  value  of  y  from  that  of  x  by  this  rule ; 
change  a  into  6,  h  into  c,  c  into  a,  and  make  similar  changes  in  the 
letters  with  one  accent,  and  in  those  with  two  accents.  The 
value  of  z  m&y  be  deduced  from  that  of  y  by  again  using  the 
same  rule, 

• 

212.  These  methods  of  deducing  the  values  of  y  and  z  from 
that  of  X  by  interchanging  the  letters  may  perhaps  appear  difficult 
to  the  student  at  first,  but  they  deserve  careful  consideration, 
especially  that  which  is  given  in  Art.  211. 

We  shall  now  proceed  to  examine  the  peculiarities'  which 
may  occur  in  the  values  of  the  unknown  quantities  deduced  from 
the  equations 

ax  +  by  +  cz  =  c?,      a'x  +  6'y  +  c'z  =  d\      ol'x  +  V'y  +  d'z  =  d\ 

213.  The  most  important  case  is  that  in  which  c?,  d\  and  c?" 
are  all  zero.     The  given  equations  then  become 

005  +  i!>y  +  c«  =  0,      dx  +  h'y  +  cz  =  0,      a'x  +  h"y  +  cz  =  0. 

It  is  obvious  that  a5=0,  y  =  0,  «  =  0  satisfy  these  equations ; 
and  from  the  values  found  in  Art.  210  it  follows  that  these  are 
the  ovdy  values  which  will  satisfy  the  equations  unless  the  deno- 
minator there  given  vanishes,  that  is,  unless 

If  this  relation  holds  among  the  coefficients,  the  values  found 
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fop  x^  jf,  and  z  take  the  foim  -r,  and  we  must  recur  to  the  given 

e(]^raations  fior  further  information. 

We  observe  tbat  when  tiiis  relation  holds  the  equations  are 
no'fc  independent;  from  any  two  of  them  the  third  can  be  deduced. 
Fox*  multiplj  the  first  of  the  given  equations  by  6 V  —  6  c",  the 
8e<5ond  by  hif' -h"cy  and  the  third  by  h'c-hf,  and  then  add  the 
results.  It  will  be  found  that  by  virtue  of  the  given  relation  we 
arrive  at  the  identity  0  =  0;  thus,  in  feet,  if  the  first  equation  be 
mtdtiplied  by  6V—  VfT^  and  the  second  by  IhT—U'c^  and  the  two 
added,  the  result  is  equivalent  to  the  third  equation,  for  it  may J[>e 
obl^skined  by  multiplying  that  equation  by  be-^Vc, 

Suppose  then  that  this  relation  holds;  we  may  confine  our- 
selves to  the  first  two  of  the  given  equations,  for  values  of  ar>  y, 
and.  z  which  satisfy  these  will  necessarily  satisfy  the  third  equa- 
tloix.     Divide  these  equations  by  sc;  thus 


by     cz           ^ 
— +  — +a=0, 

X         X 

X        x 

y     ca'  —  ca 

z      ah'  —  ah 

x~hc'^h'c' 

x~  he  -h'c  ' 

bence 

We  may  therefore  ascribe  any  value  we  please  to  cc,  and  deduce 
corresponding  values  of  y  and  z.  Or  we  may  put  our  result  more 
^ynxmetrically  thus ;  let  p  denote  any  quantity  whatever,  then 
the  given  equations  will  be  satisfied  by 

x=p  {h</  —  6'c),      y=p  {ca  -  ca),      z=p  {aV  -  a'h), 

We  might  in  the  same  way  have  used  the  second  and  third  of 
the  given  equations,  and  have  omitted  the  first ;  we  should  thus 
We  deduced  solutions  of  the  form 

x  =  q  {b'c"  —  6"c'),      y  =  q  {ca'  —  ca),      z^q  (ah"  —  ah\ 

^here  q  is  any  quantity.  These  values  however  are  substantially 
equivalent  to  the  former;  for  it  will  be  found  that  by  virtue  of 
the  supposed  relation  among  the  coefficients, 

pi^c—h'c)    _  p{ca'  —  ca)    _  p{ah'  —  ah) 
q\pc  —be)     q(ca   —  c  a)     q{p,b   —  a  b) 
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214.  We  shall  now  consider  the  peculiarities  which  may  occur 
when  J,  d\  and  c?"  are  not  all  zero. 

We  shall  first  shew  that  if  the  value  of  any  one  of  the  un- 

kaown  quantities  takes  the  form  -^^  the   given   equations   are 

inconsistent     Suppose,  for  instance,  that  the  value  of  x  takes  this 
orm,  that  is,  suppose  that 

a  {Vc'  -  Vc")  +  a'  {he"  -  V'c)  +  a"  {Vc  -  he') 

is  zero.  Of  course  if  the  given  equations  were  consistent,  any 
equation  legitimately  deduced  from  them  would  also  be  true. 
Now  multiply  the  first  of  the  given  equations  by  6V  —  6V,  the 
second  by  he"  —  6"c,  and  the  third  by  Vc  —  he  and  add.  It  will  be 
found  that  the  coefficients  of  y  and  z  in  the  resulting  equation 
vanish ;  and  the  coefficient  of  x  is  zero  by  supposition.  Thus  the 
first  member  of  the  resulting  equation  vanishes,  but  the  second 
member  does  not ;  hence  the  resulting  equation  is  impossible,  and 
therefore  those  from  which  it  was  obtained  cannot  have  been  con- 
sistent. 

215.  We  cannot  however  affirm  certainly,  that  if  the  value  of 

one  of  the  unknown  quantities  takes  the  form  ^ ,  the  equations  are 

consistent,  but  not  independent.  For  it  is  possible  that  the  value 
of  one  of  the  unknown  quantities  should  take  this  form,  while 

that  of  another  takes  the  form  — ;  and,  as  we  have  shewn  in  the 

preceding  article,  the  occurrence  of  the  form  -rr  is  an  indication 

that  the  given  equations  are  inconsistent.  For  example,  suppose 
the  equations  to  be 

oaj  +  6y  +  c«  =  c?,      ax  ■{■hy+cz  =  d\      d'x  +hy  +  cz  =  d'\ 

Here  it  will  be  found  that  the  values  of  y  and  z  take  the  form 

N  0 

-^  ,  and  that  of  x  takes  the  form  rr . 
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Moreover,  if  the  values  of  cUl  the  unknown  quantities  take 

the  form  ^ ,  we  cannot  affirm  certainly  that  the  given  equations 

are  consistent^  but  not  independent.  For  example,  suppose  the 
equations  to  be 

here  it  will  be  found  that  the  values  of  all  the  unknown  quan- 
tities take  the  form  ^ ,  but  the  equations  themselves  are  obviously 
inconsistent,  unless  d,  d\  and  d"  are  all  equaL 

216.  We  may  shew  that  if  the  numerators  in  the  values  of 
AT,  t/f  and  Zy  all  vanish,  the  denominator  will  also  vanish,  assuming 
that  dy  d'  and  d''  are  not  all  zero. 

For  supposing  these  numerators  to  vanish  we  have 
d  (6V  -  6V')  +  d'{bc''  -  b"c)  +  d''{Vc  -  be')  =  0, 
d  (c V  -  c  V)  +  d'  {ca"  -  c''a)  +  d''  (c'a  -  ca')  =  0, 
d  (a"6'-  aVO  +  df  (ah"  -  a"6)  +  ^  {a'b  -  aV)  =  0. 
Let  us  denote  these  relations  for  shortness  thus, 

Ad-^Bd'-¥Cd"  =  0,    A'd  +  B'd' -^  Cd"  =  0,    A^'d+B^'d'  +  CT'd^^O, 

By  Art.  213,  since  c?,  d'  and  d''  are  not  all  zero  the  following 
relation  must  also  hold, 

A  {FCT'  -  B'O)  +  A'  (B'C  -  BC')  +  A"  {BC  -  FG)  =  0. 

It  will  be  found  that 

jr(r'-^'(r=a{a(&V'-6"c')+a'(rc-6c")+a"(6c'-5'c)}; 

and  B'C-BC"  and  BO'  —  BC  may  be  similarly  expressed,  so  that 
finally  the  relation  becomes 

-{a(6V'-6VX+a'(rc-6O  +  a"(6c'-6'c)}"  =  0. 
This  establishes  the  required  result. 

217.  If  we  adopt  the  method  of  indeterminate  rmUtipliers 
giTCXL  in  Art  207,  it  may  happen  that  the  equations  for  finding 
I  and  m  are  inconsistent;  we  will  examine  thia  case.  Suppose 
then  6 V  —  Vc"  =-0,  wo  that  these  equations  are  incoiwiatent  (Art. 
9&S).    In  this  case  the  value  of  a;  may  be  obtained  from  the 
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second  and  third  of  the  given  equations,  without  using  the  first. 
For  multiply  the  second  of  the  given  equations  by  c\  and  the 
third  by  c',  and  subtract;  thus  the  coefficients  of  y  and  z  vanish, 
and  we  have  an  equation  for  determining  x.  For  example,  sup- 
pose the  equations  to  be 

Here  the  value  of  x  may  be  found  from  the  second  and  third 
equations;  we  shall  obtain  05  =  3;  substitute  this  value  of  a;  in 
the  three  given  equations;  from  the  first  we  have  2y  +  3z  =  7,  and 
from  the  second  or  third  y  +  ^z=6;  hence  y=2  and  z=l. 

Again,  the  values  of  I  and  m  may  take  the  form  j- ,  so  that 

the  equations  for  finding  them  are  not  independent ;    we  will 

examine  this  case.     Here  we  have  6V  —  6V'  =  0,  6c '  —  6"c  =  0,  and 

6'c  —  6c'  =  0;  these  suppositions  are  equivalent  to  the  two  relations 

l)       c  h"      c 

T  --  and  ---=  —  .     Suppose   then    that   V - 06,    and   therefore 

b      c      '    0       c 

c=:pc,  and  that  6"  =  g'&,  and  therefore  c'=qc.     Thus  the  given 

equations  are 

ax'¥hy  +  cz  =  d,       ax  +  pby  +  pcz  =  d\       a'x  +  qhy  +  qcz  =  d", 

and  they  may  be  written  thus, 

T  J     ^       1  ^'      ^'       T  d'' 

ax^-oy-^cz^d.    ^x+by-^cz^^—.     —x  +  oy  +  cz= — . 

P  V       <1  q 

Here  x  may  be  found  from  any  two  of  the  equations;  if  we  do 
not  obtain  the  same  value  from  each  pair,  the  given  equations  are 
of  course  inconsistent;  if  we  do  obtain  the  same  value  for  Xy  then 
the  given  equations  are  not  independent;  and  in  fact  we  shall  in 
the  latter  case  have  only  one  equation  for  finding  by  +  c«,  so  that 
the  values  of  y  and  z  are  indeterminate.  For  example^  suppose 
the  given  equations  to  be 

iB  +  2y+3«=10,       3a;  +  4y  +  6«=23,      aj  +  6y+9«  =  24. 

From  any  two  of  these  equations  we  can  find  a?  =  3 ;  then 
substituting  this  value  of  a?  in  any  one  of  the  three  equations  we 
obtain  2y  +  3z=  7,  and  thus  y  and  z  are  indeterminate.  If,  how- 
ever,  the  right-hand  member  of  one  of  the  given  equations  be 
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altered,  we  shall  not  obtain  the  same  value  of  x  from  each  pair  of 
the  equations,  and  thus  the  given  equations  will  be  inconsistent. 

218.  In  the  preceding  articles  we  have  supposed  the  given 
equations  to  be  solved,  and  from  the  peculiar  forms  of  the  solu- 
tions have  drawn  inferences  as  to  the  nature  of  the  given  equa- 
tions. We  will  now  take  one  example  of  investigating  a  relation 
between  the  equations  without  solving  them.  Suppose,  as  before, 
that  the  equations  are 

ax  +  h^  +  cz  =  d,       a'x  +  Vy  +  (iz  =  d\      a'x  +  If'y  +  c'z  =  c?" ; 

and  let  us  find  the  relations  which  must  exist  among  the  known 
quantities,  in  order  that  the  third  equation  may  be  deducible  from 
the  other  two  by  multiplication  by  suitable  quantities  and  additiom 
Suppose  then  that  by  multiplying  the  first  equation  by  X,  and  the 
second  by  /ut,  and  adding,  we  obtain  a  result  which  is  coincident 
with  the  third  equation.     Thus, 

(Xa  +  fta')  X  +  (X6  +  ft6')  y  +  (Xc  +  fic)z  =  Xd  +  fxd' 

is  equivalent  to  a'x  +  V'y  +  c'z  =  c?"; 

that  is,  we  suppose  that 

Xa  +  fM      a"       X6  +  ft6'  _  6"        Ac  +  fxc  _  c" 

From  the  last  three  equations  we  deduce 

Xc^'d'^dd"        XJ>'d'-Vr       X^cVW^ 
/x      ad"  —  ad  '      /x      hd"  —  h"d  '      /x      cd"  —  cd 

Hence  in  order  that  the  third  equation  may  be  deducible  from 
the  other  two  in  the  manner  proposed,  we  must  have  the  follow- 
ing relations  among  the  known  quantities, 

ad'  -  aid"     rd'  -  h'd''  _  c"d'  -  cd" 
ad" -ad  -  hd''-rd  ~  cd" -c'd  * 

It  is  easy  to  shew  that  if  these  relations  hold,  the  values  of 

ic,  y,  and  z  take  the  form  ^ .     For  by  multiplying  up  we  obtain 

results  which  shew  that  the  numerators  in  the  values  of  a;,  y, 
and  z  vanish;  and  then  by  Art.  216  the  denominator  will  also 
vanish. 
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1.  Reduce  ^^— ^3— -,_^^_^  to  its  simplest  form. 

2.  Shew  that 

(a+h  +  c) (a'  +  6'  +  c'  +  abc)  -  {ah  +  5c  +  ca)  (a*  +  5*  +  c*)  =  a*  +  5*  +  c*. 

^-  ^^'=23^'  '"=i3i'  ^^=23^'  y=ir^'  ^""^  ^"^ 

relation  between  t  and  x. 

m     4t,     Solve  the  simultaneous  equations 

x  +  y-hz  =  0,       cuc+by  +  cz  =  Of 

hcx  +  cay  +  ahz  +  (a—b){b  —  c)  (c  ~  a)  =  0. 

5.  If  -  +  7-  +  -  = T ,  shew  that 

a     0      c      a  +  0  +  c 

6.  A  person  leaves  £12670  to  be  divided  among  his  ^vq 
children  and  three  brothers,  so  that  after  the  legacy  duty  has  been 
paid,  each  child's  share  shall  be  twice  as  great  as  each  brother's. 
The  legacy  duty  on  a  child's  share  being  one  per  cent,  and  on  a 
brother's  share  three  per  cent.,  find  what  amounts  they  respectively 
receive. 

7.  Solve  the  equation 

12  3  6 


x-{-Qa     35—  3a     x  +  2a     x  +  a' 

8.     If  aj  be  a  quantity  such  that 

(x-ay  +  {x-by  +  {x-cy  + =  a"  +  6*  +  c'+ 

shew  that  the  sum  of  the  products  of  every  two  of  the  quantities 

a;  -  a,  x  —  h,  x  —  c, will  be  equal  to  the  sum  of  the  products 

of  every  two  of  the  quantities  a,  5,  c, 
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219,  If  a  quantity  be  continually  multiplied  by  itself^  it  is 
said  to  be  involved  or  raised,  and  the  power  to  which  it  is  raised 
is  expressed  by  the  number  of  times  the  quantity  has  been  em- 
ployed in  the  multiplication.     The  operation  is  called  InvoltUion, 

Thus  as  we  have  stated  (Art.  16),  axa  or  a'  is  called  the 
second  power  of  a;  axaxa  or  a'  is  called  the  third  power 
of  a;  and  so  on. 

220.  If  the  quantity  to  be  involved  have  a  negative  sign 
prefixed,  the  sign  of  the  even  powers  will  be  positive,  and  the 
&igu  of  the  odd  powers  negative. 

For,    —ax  —  a^a',      '-ax—ax'-a  =  a*x-a  =  —  a^, 


^a  X  —ax-^a  x  —  a  =  —  a*  x  —  a  =  a*. 


and  so  on. 


221.  A  simple  quantity  is  raised  to  any  power  by  multiply- 
ing the  index  of  every  factor  in  the  quantity  by  the  exponent  of 
that  power,  and  prefixing  the  proper  sign  determined  by  the  pre- 
ceding article. 

Thus  a"  raised  to  the  n^  power  is  a"*";  for  if  we  form  the 
product  of  n  factors,  each  of  which  is  a*",  the  result  by  the  i-ule  of 
multiplication  is  a"^.  Also  (aby  =  ah  xabxah...  to  n  factors, 
that  is,  ax  axa...  to  n  factors  xh  xb  xb...  to  n  factors,  that 
is,  ci^xb*.  Similarly,  a*6'c  raised  to  the  fifth  power  is  a^W. 
Also  —  cT  raised  to  the  w***  power  is  ±  a"*",  where  the  positive  or 
negative  sign  is  to  be  prefixed  according  as  n  is  an  even  or  odd 
number.  Or  as  —  a*"  =  —  1  x  a"*,  the  n^^  power  of  -  oT  may  be 
written  thus  (-  1)"  x  a""  or  (-  l)"a'^. 

222.  If  the  quantity  which  is  to  be  involved  be  a  fraction, 
both  its  numerator  and  denominator  must  be  i-aised  to  the  pro- 
posed power.     (Art.  142.) 

T.  A.  9 
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223.  If  the  quantity  whicli  is  to  be  involved  be  compouTvc::^ 
the  involution  may  either  be  represented  by  the  proper  index,  o^^ 
may  actually  be  performed. 

Let  a  +  6  be  the  quantity  which  is  to  be  raised  to  an^E 
power, 

a  +  h  a'+2a5+6"  a^  +  3a*6  +  3a6*  +  5' 


a*  +  2a6  +  6'        a"  +  Za^b  +  3a6'  +  6"        a*  +  Wh  +  6a*6»  +  4a6'  +  6* 

Thus  the  square  or  second  power  of  a  +  &  is  a"*  +  2a6  +  5',  the 
cube  or  third  power  of  a  +  6  is  a®  +  3a*6  +  3a6'  +  6*,  the  fourth 
power  of  a  +  6  is  a*  +  4a^6  +  6a*6'  +  4ai!>*  +  &*,  and  so  on. 

Similarly,  the  second,  third,  and  fourth  powers  of  a  —  5  will 
be  found  to  be  respectively  a'  —  ^ah  +  &*,  a®  —  Zd^h  +  3a6'  —  6^,  and 
a*  —  4a^6  +  6a*6*  —  4ai!>*  +  6* ;  that  is,  wherever  an  odd  power  of  6 
occurs,  the  negative  sign  is  prefixed. 

"We  shall  hereafter  give  a  theorem,  called  a  Binomial  Theo- 
rem, which  will  enable  us  to  obtain  any  power  of  a  binomial  ex- 
pression without  the  labour  of  actual  multiplication. 

224.  It  is  obvious  that  the  TJth  power  of  a*  is  the  same  as  the 
m*^  power  of  a",  for  each  is  a"**;  and  thus  we  may  arrive  at  the 
same  result  by  different  processes  of  involution.  We  may,  for 
example,  find  the  sixth  power  of  a  +  6  by  repeated  multiplication 
by  a  +  6 ;  or  we  may  first  find  the  cube  of  a-vh^  and  then  the 
square  of  this  result,  since  the  square  of  (a  +  lyf  is  {a  +  Vf-y  or  we 
may  first  find  the  square  of  a  +  &  and  then  the  cube  of  this  result, 
since  the  cube  of  (a  +  6)*  is  (a  +  Vf, 

225.  It  may  be  shewn  by  actual  multiplication  that 
(a  +  6  +  c)*  =  a*  +  6*  +  c'  +  2a6  +  26c  +  2ac, 

(a  +  6  +  c  +  c?)*  =  a'  +  6*  +  c'  +  c?"  +  ^ah  +  ^ac  +  ^ad  +  26c  +  Ihd  +  2cd. 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples ;   the  square  of  any  multinomial  consists  of 
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ifie  squa/re  of  each  term^  together  with  ttmce  tlie  product  ofecerypair 
of  teT^ms, 

.Another  form  may  also  be  given  to  these  results, 

(a  +  h  +  cf  -a*-\-  2a  (6  +  c)  +  6'  +  2bc  +  c', 

{a-^h-hc  +  dy  =  a''¥2a{b  +  C'hd)+b'  +  2b{c  +  d)  +  c'  +  2cd-^c^. 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
*^d  similar  examples ;  the  squa/re  of  a  multinomial  consists  of  the 
^uare  of  each  term,  together  with  twice  the  prodv>ct  of  ea^h  term  hy 
^  sum  of  aUthe  terms  which  follow  it. 

These  rules  may  be  strictly  demonstrated  by  the  process  of 
TD^athematical  induction,  which  will  be  explained  hereafter. 

226.  The  following  are   additional  examples  in   which  we 
CBaploy  the  first  of  the  two  rules  given  in  the  preceding  article. 

(l-2a;  +  3a;y  =  1  +  4a;"  +  9aj*-4a;-  12a:'+  6a* 

=  l-4a;f-10a;'-12aJ»  +  9a;*, 
(1 +« +  a*  +  aj*)*  =  1 +«* +  «*  +  «•  + 2a; +2x»  +  2x'+2x"  +  2ic*+ 2a;' 

=  1 +  2a;+ 3a;'  +  4a;*  + 3a;*  +  2a;' +  aj'. 

227.  The  results  given  in  Art.  55  for  the  cube  of  a  +  6,  the 
cube  oi  a  —  h,  and  the  cube  of  a  +  6  +  c  should  be  carefully  noticed. 
The  following  may  also  be  verified. 

{a  +  Z>  +  c  +  c?)^  =  a'  +  6'  +  c^  +  d^ 

+  3a'  (6  +  c  +  c?)  +  36*  (a  +  c  +  c?)  +  3c*  (a  +  6  +  c?)  +  3cZ*  (a  +  6  +  c) 

+  Qbcd  +  Qacd  +  6ahd  +  6dbc. 
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1.  Find  (1  +  2a;  +  ZxJ. 

2.  Find  (l-aj  +  a;*-a;y. 

3.  Find  {a  +  b-c)\ 

4.  Find  (l+2a;  +  a7. 

9~2 


132  EXAMPLES  OP   INVOLUTION.        CHAPTER  XVI. 

5.  Find  (1  -  3ic  +  Sx'  -  af)'. 

6.  Shew  that  gj^,^, L,.  V__^__^.^^ ^  =  5^, 

7.  Shew  that  (ax'  +  2hxy  +  cy^  {aX'  +  26 JTF  +  c  F*) 

=  {axX ^cyY^h {xT+  yX)}'  +  {ac -  &')  (ajF-  yX)\ 

8.  Shew  that  (aj"  ^pxy  +  ^y*)  (X*  +  jt?Xr+  q  Y") 

^ixX-h  pyX  +  qyYy  '^p{xX  +pyX+qyT)(xY-yX)-hg{xY-yXy 

and  also 

={xX+pxY+qyYy  -^p(xX+pxY-^qyY){yX-'xY)  +  q{xY-yXy. 

XVII.     EYOLUTIOK 

228.  Evolution,  or  the  extraction  of  roots,  is  the  method  of 
determining  a  quantity,  which  when  raised  to  a  proposed  power 
will  produce  a  given  quantity. 

229.  Since  the  w**"  power  of  a*"  is  a"*",  an  n^  root  of  a"~  must 
be  a"*  3  that  is,  to  extract  any  root  of  a  simple  quantity,  we 
divide  the  index  of  that  quantity  by  the  index  of  the  root  re- 
quired. 

230.  If  the  root  to  be  extracted  be  expressed  by  an  odd  num- 
ber, the  sign  of  the  root  will  be  the  same  as  the  sign  of  the 
proposed  quantity,  as  appears  by  Art.  220.     Thus, 

231.  If  the  root  to  be  extracted  be  expressed  by  an  even 
number,  and  the  quantity  proposed  be  positive,  the  root  may  be 
either  positive  or  negative;  because  either  a  positive  or  negative 
quantity  raised  to  an  even  power  is  positive  by  Art.  220.     Thus, 

J  {a')  =  ±  a. 

232.  If  the  root  proposed  to  be  extracted  be  expressed  by  an 
even  number  and  the  sign  of  the  proposed  quantity  be  negative, 
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the  root  cannot  be  extracted;  because  no  quantity  raised  to  an 
even  power  can  produce  a  negative  result.     Such  roots  are  called 

impossUde. 

233.    A  root  of  a  fraction  may  be  found  by  taking  that  root 
of  both  the  numerator  and  denominator.     Thus, 


7{f)=s  "''^  \/{-^=-l 


234.     We  will  now  investigate  the  method  of  extracting  the 
square  root  of  a  compound  quantity. 

Since  the  square  root  of  a'  +  2ab  +  6'  is  a  +  6,  we  may  be  led 
to  a  general  rule  for  the  extraction  of  the  square  root  of  an  alge- 
braical expression  by  observing  in  what  manner  a  and  b  may  be 
derived  from  a'  +  2ab  +  6*. 

a'  4-  2ab  +  6*  i^  a  +  6 
a' 


2a  +  h)2ab  +  b' 
2ah  +  b* 


Arrange  the  terms  according  to  the  dimensions  of  one  letter  a, 
then  the  first  term  is  a\  and  its  square  root  is  a,  which  is  the  first 
torm  of  the  required  root.  Subtract  its  square,  that  is  a*,  from 
the  vhole  expression,  and  bring  down  the  remainder  2ab  +  b\ 
Divide  2ab  by  2c*  and  the  quotient  is  6,  which  is  the  other  term 
of  the  required  root.  Multiply  the  sum  of  twice  the  first  term 
and  the  second  term,  that  is  2a -hb,  by  the  second  term,  that  is 
&,  and  subtract  the  product,  that  is  2<ib  +  b',  from  the  remainder. 
This  finishes  the  operation  in  the  present  case.  If  there  were 
more  terms  we  should  proceed  with  a  +  6  as  we  did  formerly 
with  a;  its  square,  that  is  a*  +  2ai  +  6*,  has  already  been  sub- 
ti^acted  from  the  proposed  expression,  so  we  should  divide  the 
remainder  by  the  double  of  a  +  6  for  a  new  term  in  the  root,  and 
then  for  a  new  subtrahend  we  should  multiply  this  term  by  the 
sum  of  twice  the  former  terms  and  this  term.  The  process  must 
be  continued  until  the  required  root  is  found. 
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235,     For  example,  required  the  square  root  of  the  expres- 
sion 4:X*  -  12a;'  +  5a!r*  +  6a5  +  1. 

4a;* -12a;«+ 5a;"  +  6a; +1  (2a;"-3a;-l 
Ax" 


4a;"-3a;;- 12a;'  +  5a;*  + 6a;+ 1 
-12a;'  +  9a;» 

4a;«-6a;-i;-.4a;"  +  6a;  +  l 

—  4a;*  +  6a;  +  1 


Here  the  square  root  of  4a;*  is  2x',  which  is  the  first  term  of 
the  required  root.  Subtract  its  square,  that  is  4a;*,  from  the 
whole  expression,  and  the  remainder  is  —  12a;'  +  5a;'  + 6a;  + 1. 
Divide  -  12a;'  by  twice  2a;*,  that  is  by  4a;',  the  quotient  is  -  3a;, 
which  will  be  the  next  term  of  the  required  root;  then  mul- 
tiply 4a;' -3a;  by  -3a;  and  subtract,  so  that  the  remainder  is 
—  4a;'  +  6a;+  1.  Divide  by  twice  the  portion  of  the  root  already 
foimd,  that  is  by  4a;'  —  6a; ;  this  leads  to  —  1 ;  the  product  of 
4a;'  —  6a;  —  1  and  —  1  is  —  4a;'  +  6a;  +  1,  and  when  this  is  subtracted 
there  is  no  remainder,  and  thus  the  required  root  is  2a;'-  3a;—  1. 

236.     Again,  extract  the  square  root  of 

a;'  -  6aa;*  +  15a'a;*  -  20aV  +  15a*a^  -  ea'x  +  a\ 

The  operation  may  be  arranged  as  before, 

«.«  _  6aa;*+ 15a'a?*-20aV+  15a*a;'-  6a'x+a!'  U'-  3aa;'+3a'a;-  a' 

X* 

2a?  -  3aa;';-  Qax'  +  15a'a;*  -  20aV  +  15a*a;'  -  6a'x  +  a!" 
-  eaa?  +  9a'a;* 


2a;'  -  6aaf  +  Ba'xJ  6a'a;*  -  20a'a;'  +  15a*a;'  -  6a*a;  +  a' 

6a'a;*-18a'a;'  +  9a*a;' 


2a;'  -  Gaa?  +  Qa^'x  -  a^J-  2a''x^  +  ea*ot?  -  ea^x  +  a* 

-  2a'af  +  ea*x'  -  6a*a;  +  a* 
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237.  It  has  been  already  remarked,  that  all  even  roots  admit 
of  a  double  sign.  (Art.  231.)  Thus  in  the  example  of  Art.  235, 
the  expression  2x*  —  So;  —  1  is  found  to  be  a  square  root  of  the 
expression  there  given,  and  —  2a3*  +  3a3  +  1  will  also  be  a  square 
root,  as  may  be  verified.  In  fact,  the  process  commenced  by  the 
extraction  of  the  square  root  of  4aj*,  and  this  might  be  taken  as 
2x*  or  as  —2x^;  if  we  adopt  the  latter  and  continue  the  opera- 
tion in  the  same  manner  as  before,  we  shall  arrive  at  the  result 
-^o'+SiB+l. 

238.  The  fourth  root  of  an  expression  may  be  found  by  ex- 
tracting the  square  root  of  the  square  root.  Similarly  the  eigluh 
root  may  be  found,  or  the  sixteenth  root,  and  so  on. 

239.  The  preceding  investigation  of  the  square  root  of  an 
Algebraical  expression  will  enable  us  to  prove  the  rule  for  the 
extraction  of  the  square  root  of  a  number,  which  is  given  in 
Arithmetic. 

The  square  root  of  100  is  10,  of  10000  is  100,  of  1000000  is 
1000,  and  so  on;  hence  it  will  follow  that  the  square  root  of  a 
number  less  than  100  must  consist  of  only  one  figure,  of  a  number 
between  100  and  10000  of  two  places  of  figures,  of  a  number  be- 
tween 10000  and  1000000  of  three  places  of  figures,  and  so  on. 
If  then  a  point  be  placed  over  every  second  figure  in  any  number 
beginning  with  the  units,  the  number  of  points  will  shew  the 
number  of  figures  in  the  square  root.  Thus  the  squai-e  root  of 
4356  consists  of  two  figures,  the  square  root  of  611524  of  three 
figures,  and  so  on. 

240.  Suppose  the  square  root  of  4356  required. 

Point  the   number  according  to  .  •       •  ,  z,^     /, 

XV         1       4.1.       •*  4.1.4.4.1.  4  356(60  +  6 

the  rule ;   thus  it  appears  that  the  o  p  c\  n 

root  consists  of  two  places  of  figures.  

Jjet  a  +  h  denote  the  root,  where  a  is  120  +  6J756 

the  value  of  the  figure  in  the  tens'  7  5  n 

place,  and  b  the  figure  in  the  units* 
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place.     Then  a  must  be  the  greatest  multiple  of  ten  which 
its  square  less  than  4300;  this  is  found  to  be  60.     Subtract> 
that  is  the  square  of  60,  from  the  given  number,  and  the  rem  ^ 
der  is  756.     Divide  this  remainder  by  2a,  that  is  by  120,  and 
quotient  is  6,  which  is  the  value  of  5.     Then  (2a +  5)  6,  thau^ 
126  X  6  or  756,  is  the  quantity  to  be  subtracted;  and  as  ther^ 
now  no  remainder,  we  conclude  that  60  +  6  or  Q^  is  the  requLx'' 
square  root. 

It  is  stated  above  that  a  is  the  greatest  multiple  of  ten  whict^ 
has  its  square  less  than  4300.  For  a  evidently  cannot  be  a. 
greater  multiple  of  ten.  If  possible  suppose  it  to  be  some  multi- 
l^le  of  ten  less  than  this,  say  x ;  then  since  x  is  in  the  tens'  place, 
and  h  in  the  units*  place,  a;  +  5  is  less  than  a;  therefore  the  square 
of  aj  +  6  is  less  than  a*,  and  consequently  a;  +  6  is  less  than  the 
true  root. 

If  the  root  consist  of  three  places  of  figures,  let  a  represent 
the  hundreds  and  h  the  tens ;  then  having  obtained  a  and  h  as 
before,  let  the  hundreds  and  tens  together  be  considered  as  a  new 
value  of  a,  and  find  a  new  value  of  h  for  the  units. 

241.  The  cyphers  may  be  omitted  for  the  sake  of  brevity, 
and  the  following  rule  may  be  obtained  from  the  process. 

Point  every  second  figure  beginning  with  o  k  t^  i 

the  units'  place,  and  thus   divide  the  whole  ^ 

number  into  several  periods.     Find  the  great-  

est  number  whose  square  is  contained  in  the   12  6^756 
first  period ;    this   is   the  first  figure   in  the  7  5  6 

root ;  subtract  dts  square  from  the  first  period, 
and  to  the  remainder  bring  down  the  next  period.  Divide  this 
quantity,  omitting  the  last  figure,  by  twice  the  part  of  the  root 
already  found,  and  annex  the  result  to  the  root  and  also  to  the 
divisor,  then  multiply  the  divisor  as  it  now  stands  by  the  part  of 
the  root  last  obtained  for  the  subtrahend.  If  there  be  more 
periods  to  be  brought  down  the  operation  must  be  repeated. 
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2i2.    Extract  the  square  root  of  61 1524 ;  also  of  10246401. 

6  1  1524  (^7  82       l62  4  640i(,3201 
49  9 


^  4:  8;i  2  1  5  6  2;i  2  4 

1184  124 


1  562;3  124  64  0  1^640 1 

3124  6401 


In  the  second  example  the  student  should  observe  the  occur- 
rence of  the  cypher  in  the  root. 

243.  The  rule  for  extracting  the  square  root  of  a  decimal 
follows  from  the  preceding  rule.  "We  must  observe,  however,  that 
it*  any  decimal  be  squared  there  will  be  an  even  number  of  decimal 
places  in  the  result,  and  therefore  there  cannot  be  an  exact  square 
I'oot  of  any  decimal  which  in  its  simplest  state  has  an  odd  number 
of  decimal  places. 

The  square  root  of  21 '76  is  one-tenth  of  the  square  root  of 
100  X  21-76,  that  is  of  2176.  So  also  the  square  root  of  -0361  is 
one-hundredth  of  that  of  10000  x  -0361,  that  is  of  361.  Thus  we 
may  deduce  this  rule  for  extracting  the  square  root  of  a  decimal ; 
put  a  point  over  every  second  figure  beginning  at  the  units'  place, 
and  continuing  both  to  the  right  and  left  of  it ;  then  proceed  as 
iu  the  extraction  of  the  square  root  of  integers,  and  mark  off  as 
many  decimal  places  in  the  result  as  the  number  of  periods  in  the 
decimal  part  of  the  proposed  number. 

244.  In  the  extraction  of  the  square  root  of  an  integer,  if 
there  is  still  a  remainder  after  we  have  arrived  at  the  figure  in 
the  units'  place  of  the  root,  it  indicates  that  the  proposed  number 
has  not  an  exact  square  root.  We  may  if  we  please  proceed  with 
the  approximation  to  any  desired  extent  by  supposing  a  decimal 
point  at  the  end  of  the  proposed  number,  and  annexing  any  even 
number  of  cyphers  and  continuing  the  operation.  We  thus  obtain 
a  decimal  part  to  be  added  to  the  integral  part  already  found. 
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Similarly,  if  a  decimal  number  has  no  exact  square  root 
may  annex  cyphers  and  proceed  with  the  approximation  to 
desired  extent. 

245.  The  following  is  the  extraction  of  the  square  ro( 
twelve  to  seven  decimal  places. 

1  2-0600...U-4  641016 
9 


64^300 
256 


6  86^4400 
4  116 


6924^28400 
27  696 


6928  IJ7 0400 
6  928  1 


6928201J1 1190000 

692820  1 


6  9  28202  6.42  6  17  9  900 

415692156 


10487744 


246.  W7ien  n  +  1  figures  of  a  square  root  have  been  ohta 
by  the  ordinary  method,  n  more  may  he  obtained  by  division  < 
supposing  2n  +  1  to  be  the  whole  nwiriber. 

Let  N  represent  the  number  whose  square  root  is  requ 
a  the  part  of  the  root  already  obtained,  x  the  part  which  ren 
to  be  found ;  then 

JN'^a  +  Xy 

so  that  iV=tt"  +  2aa  +  a:", 

therefore,  iV-  a*  =  2ax  +  cb*, 

,  N-a^  a? 

^-na  — - — = aj  +  _« . 

2a  2a 


EVOLUTION.  139 

Thus  N—  a*  divided  by  2a  will  give  the  rest  of  the  square 

root  required,  or  as,  increased  hy  77- :  and  we  shall  shew  that  77- 

^a  2a 

is  a  proper  /raction,  so  that  by  neglecting  the  remainder  arising 
from  the  division  we  obtain  the  part  required.  For  x  hy  sup- 
position contains  n  digits,  so  that  oc^  cannot  contain  more  than 

a" 
2n  digits;  but  a  contains  2n+  1  digits^  and  thus  ^  is  a  proper 

^a 

fraction. 


247.     We  will  now  investigate  the  method  of  extracting  the 
cube  root  of  a  compound  quantity. 

The  cube  root  of  a'  +  Za'h  +  3ab'  +  b^  is  a  +  6,  and  to  obtain 
tMswe  proceed  as  follows;  arrange          »     q  «7»     q  m    7*8/ 
the  terms  according  to  the  dimen-          ,  ^ 

sions  of  one  letter  a,  then  the  first      


tennis  a',  and  its  cube  root  is  a,       3a' J  Sa'h -h  3ab' +  b' 
vhich  is  the  first  term  of  the  re-  3a'b  +  ZaV  +  6' 

quired  root.    Subtract  its  cube,  that 

w  a',  fi'om  the  whole  expression,  and  bring  down  the  remainder 
^a'ft  +  Saft'  +  ft''.     Divide  the  first  term  of  the  remainder  by  3a*, 
*^d  the  quotient  is  6,  which  is  the  other  term  of  the  required 
'oot;  then  subtract  3a'6  +  3a5'+5'  from  the  remainder,  and  the 
^hole  cube  of  a  +  6  has  been  subtracted.     This  finishes  the  opera- 
**oii  in  the  present  case.     If  there  were  more  terms  we  should 
Proceed  with  a  +  6  as  we  foi-merly  did  with  a;  its  cube,  that  is 
*  +  3a'6  +  3a6*  +  6'  has  already  been  subtracted  from  the  pro- 
posed expi*ession,  so  we  should  divide  the  remainder  by  3  (a  +  6)* 
^^^^  a  new  term  in  the  root;  and  so  on. 

248.  It  will  be  convenient  in  extracting  the  cube  root 
^^  more  complex  Algebraical  expressions,  and  of  numbers,  to 
^i^ange  the  process  of  the  preceding  article  in  three  columns, 
^  follows: 
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3a +  6 

3a« 

a'  +  Za'b  +  3ay  +  6» 

{3a+h)b 
3a'+3a6  +  6' 

a» 

* 

3a'b  +  Sab'  +  b' 

3a'b  +  3a6«  +  6» 

Pind  the  first  term  of  the  root,  that  is  a;  put  a^  under  the 
given  expression  in  the  third  column  and  subtract  it.  Put  3a 
in  the  first  column,  and  3a*  in  the  second  column;  divide  3a*6 
by  3a',  and  thus  obtain  the  quotient  b;  add  b  to  the  quantity 
in  the  first  column;  multiply  the  expression  now  in  the  first 
column  by  b,  and  place  the  product  in  the  second  column  and  add 
it  to  the  quantity  already  there ;  thus  we  obtain  ^a'  +  3a5  +  b' ; 
multiply  this  by  b  and  we  obtain  3a*6  +  3a6'  +  6",  which  is  to  be 
placed  in  the  third  column  and  subtracted.  We  have  thus  com- 
pleted the  process  of  subtracting  (a +  5)'  from  the  original  ex- 
pression. If  there  were  more  terms  the  process  would  have  to 
be  continued. 

249.     In  continuing  the  operation  we  must  add  such  a  quan- 
tity to  the  first  column  as  to  obtain  there  three  times  tlie  part  of 
the  root  already  found.     This  is  conveniently  eflfected      ^^  _^   jn 
thus;    we   have  already  in  the  first  column  3a +  6;  26 J 

place  26  under  the  b  and  add :  thus  we  obtain  3a  +  36,      

which  is  three  times  a +  6,  that  is,  three  times  the 

])art  of  the  root  already  found.     Moreover,  we  must  add  such  a 

quantity  to  the  second  column  as  to  obtain  there  three  times  tJie 

square  of  the  part  of  the  root  already  found. 

This  is  conveniently  effected   thus;  we  have  (3a +  6)  6 

already  in  the  second   column  (3a  +  6)  6,  and         ^a'  +  3a6  f  6' 

below  that  3a*  +  3a6  +  6';  place  6'  below  and  ^ 

add  the  expressions  in  the  three  lines;  thus  we         3^*  +  Qab  +  36' 

obtain   3a*  +  6a6  +  36^   which  is  three  times 

(a +  6)*,  that  is,  three  times  the  square  of  the  part  of  the  root 

already  found. 
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250.    Example ;  extract  the  cube  root  of 

&c«-  36cx'  +  66cV  -  63cV  +  33cV  -  9c'x  +  c\ 

6«*-3(»|  12a;* 

-6(a/  -  3cx  (6x' -  3cx) 

6jb«-9cc  +  c»  12a;*-  18car»  +  9cV' 

+  9c»a;'J 


12a;*-36ca;»  +  27cV 

+  c'  (6a;'  -  9ca;  +  c*) 


12a;*  -  Seca;*  +  33c  V  -  9c»a;  +  c* 

Sa;*  -  Seca;*  +  66c  V  -  63c«a;»  +  33cV  -  9c*a;  +  c\  2a;"  -  3ca;  +  c» 
8a;« 

-  36ca;*  +  66c"a;*  -  63c'a;»  +  33cV  -  9c'a;  +  c« 
-36ca;*  +  54c"a;*-27c»a;» 

12cV  -  36c  V  +  33c  V  -  9c*a;  +  c' 
12cV  -  36c»a;»  +  33cV  -  9c»a;  +  c» 


The  cube  root  of  8a?'  is  2a;'  which  will  be  the  first  term  of  the 
root  j  put  8a;'  under  the  given  expression  in  the  thii*d  column  and 
subtract  it.  Put  three  times  2a;*  in  the  first  column,  and  three 
times  the  square  of  2a^  in  the  second  column ;  that  is,  put  6x*  in 
the  first  column,  and  12a;*  in  the  second  column.  Divide  —  36ca;' 
by  12a;*,  and  thus  obtain  the  quotient  —  3ca;,  which  will  be  the 
second  term  of  the  root;  place  this  term  in  the  first  column, 
and  multiply  the  expression  now  in  the  first  column,  that  is, 
6a;*  — 3ca;  by  —  3ca;;  place  the  product  under  the  quantity  in  the 
second  column  and  add  it  to  that  quantity;  thus  we  obtain 
12a5*  —  18ca;'  +  9c'a;*;  multiply  this  by  —  3ca5,  and  place  the  product 
in  the  third  column  and  subtract.  Thus  we  have  a  remainder  in 
the  third  column,  and  the  part  of  the  root  already  found  is 
2a;*  — 3ca:, 
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We  must  now  adjust  the  first  and  second  columns  in  th 
manner  explained  in  Art.  249.     We  put  twice  —  Sex,  that  is^ 
—  6cx,  under  the  quantity  in  the  first  column,  and  add  the  twc^ 
lines ;  thus  we  obtain  603*  —  9cx,  which  is  three  times  the  part  o 
the  root  already  found.   We  put  the  square  o£  —  Zcx,  that  is,  9c V, 
under  the  quantity  in  the  second  column,  and  add  the  last  three 
lines  in  this  column;  thus  we  obtain  12x^  —  SQcx'^  +  27c*x',  which 
is  three  times  the  square  of  the  part  of  the  root  already  found. 

Now  divide  the  remainder  in  the  third  column  by  the  ex- 
pression just  obtained,  and  we  arrive  at  c'  for  the  last  term  of 
the  root ;  proceed  as  before  and  the  operation  closes. 

• 

251.  The  preceding  investigation  of  the  cube  root  of  an 
Algebraical  expression  will  enable  us  to  deduce  a  rule  for  the 
extraction  of  the  cube  root  of  any  number. 

The  cube  root  of  1000  is  10,  of  1000000  is  100,  and  so  on: 
hence  it  will  follow  that  the  cube  root  of  a  number  less  than 
1000  must  consist  of  only  one  figure,  of  a  number  between  1000 
and  1000000  of  two  places  of  figures,  and  so  on.  If  then  a  point 
be  placed  over  every  third  figure  in  any  number  beginning  with 
the  units,  the  number  of  points  will  shew  the  number  of  figures 
in  the  cube  root. 

252.  Suppose  the  cube  root  of  405224  required. 

210+4       147  0  0       405224(70+4 

856       343000 


15556        62224 

62224 


Point  the  number  according  to  the  rule;  thus  it  appears  that 
the  root  consists  of  two  places  of  figures.  Let  a  be  the  value  of 
the  figure  in  the  tens'  place,  and  b  the  figure  in  the  units'  place. 
Then  a  must  be  the  greatest  multiple  of  ten  which  has  its  cube 
less  than  405000 ;  that  is,  a  must  be  70.     Place  the  cube  of  70, 
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that  is  343000,  in  the  third  cdlumn  under  the  given  number  and 
subtract  Place  three  times  70,  that  is  210,  in  the  first  column, 
and  three  times  the  square  of  70,  that  is  14700,  in  the  second 
column.  Divide  the  remainder  in  the  third  column  by  the  number 
in  the  second  column,  that  is,  divide  62224  by  14700;  we  thus 
obtam  4,  which  is  the  value  of  5.  Add  4  to  the  first  column; 
multiply  the  sum  thus  formed  by  4,  that  is,  multiply  214  by  4; 
we  thus  obtain  856;  place  this  in  the  second  column  and  add  it 
to  the  number  already  there.  Thus  we  obtain  15556;  multiply 
this  by  4,  place  the  product  in  the  third  column  and  subtract. 
Tlie  remainder  is  zero,  and  therefore  74  is  the  required  root. 
The  cyphers  may  be  omitted  for  brevity,  and  the  process  will 
stand  thus: 

214         147  405224  (7 4 

85  6        34  3 


15556         62224 

6  2224 


253.     Example;  extract  the  cube  root  of  12812904. 

6  3^  12  1281290  4(234 

6j  18  9i  8 


694  1389r  4812 

9)       4  167 


1587         645904 
277  6      645904 


16  1476 


After  obtaining  the  first  two  figures  of  the  root  23,  we  adjust 
the  first  and  second  columns  in  the  manner  explained  in  Art.  249. 
We  place  twice  3  under  the  first  column  and  add  the  two  lines 
giving  69,  and  we  place  the  square  of  3  under  the  second  column 
and  add  the  last  three  lines  giving  1587.  Then  the  operation  is 
continued  as  before.     The  cube  root  is  234. 
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254.     Example;  extract  the  cube  root  of  144182818617453. 


152|       75         144182818617453(52437 
4)        3  0  4^      125 


1564|      7804r       19182 
81         4)       15  608 


1572 3|     8112         3574818 
61       6256>      3269824 


157297    817456>       304994617 

16]       247259907 


823728         57734710453 
47169^      57734710453 


82419969 
9- 

82467147 
1101079 

8247815779 

The  cube  root  is  52437. 

255.  If  the  root  have  any  number  of  decimal  places  the  cube 
will  have  thrice  as  many;  and  therefore  the  number  of  decimal 
places  in  a  decimal  number,  which  is  a  perfect  cube,  and  in  its 
simplest  state,  will  necessarily  be  a  multiple  of  three^  and  the 
number  of  decimal  places  in  the  root  will  be  a  third  of  that 
number.  Hence  if  the  given  cube  number  be  a  decimal,  we 
place  a  point  over  the  units'  figure,  and  over  every  third  figure  t(» 
the  right  and  left  of  it;  then  the  number  of  points  in  the  decimal 
part  of  the  proposed  number  will  indicate  the  number  of  decimal 
places  in  the  cube  root. 

If  a  number  have  no  exact  cube  root  we  may,  as  in  the  ex- 
traction of  the  square  root,  proceed  with  the  approximation  to 
any  desired  extent.     See  Art.  244. 
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256,     Required  the  cube  root  of  1481*544. 


31 
2 


} 


334 


3  r 

33  1 

1 

J 

>• 

363 
1336 

148  1-544  (11-4 
1 


48  1 
33  1 


150544 
150544 


37636 
The  cube  root  is  1 1 4. 

257.  Wlven  n  +  2  figures  of  a  cvhe  root  have  been  obtained 
by  tJie  ordinary  method,  n  more  may  he  obtained  by  division 
only,  supposing  2n  +  2  to  be  the  whole  number, 

Liet  N  represent  the  number  whose  cube  root  is  required, 
a  the  part  of  the  root  already  obtained,  x  the  part  which  remains 
to  be  found;  then 

so  that  N=a^+  Zd^x  +  Zax^  +  t^  ; 

therefore,  N—a^=  Za^x  +  3aa;'  +  aj', 


and 


*""3^"'^'^a  "*"35^' 


Thus  N—a^  divided  by  3a*  will  give  the  rest  of  the  cube 

a*      x^ 
root  required,  or  x,  increased  by  —  +  ^-j ;   and  we  shall  shew 

a      oa 

that  the  latter  expression  ie  a  proper  fraction^  so  that  by  neglect- 
ing the  remainder  arising  from  the  division,  we  obtain  the  part 
required.     For  by  supposition,  x  is  less  than  10",  and  a  is  not 


V2n 


a;*  10^ 

less  than  10*"^* ;  thus  —  is  less  than       ^^^^ ,  that  is,  less  than 


a 


1  a'  10*" 

16-     ^^d  3^«  is  less  than  ^  ^  ^^,„,, 

a^      a?  1 

Hence  — \-  jr—^  is  less  than  =-^  + 


,  that  is,  less  than 


3x10 


n+2 


a  '  3a' 
unity. 

T.A. 


10     3  X  10 


^,  and  is  thus  less  than 


10 
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EXAMPLES   OF   EVOLUTION. 

Extract  the  square  roots  of  the  expressions  contained  in  tl 
following  examples  from  1  to  15  inclusive. 

1.     a;*-2a;*+3a;'-2a;+l. 

3.  4a;*  +  12a;'  +  5a;"-6aj  +  l. 

4.  Ax*-4:x''  +  5x'-  2x-hl. 

5.  ix*--12ax^  +  25a V  -  2ia^x  +  1 6a*. 

6.  25x'  -  SOax^  +  49aV  -  24a'aj  +  1 6a\ 

7.  «•  -6ax'  +  l  5a'x*  -  20aV  +  15aV  -  6a'x  +  a\ 

8.  (a-6)*-2(a»+&»)(a-5)'  +  2(a*+6*). 

9.  4  {{a'  -  5«)  cc?  +  ab  (c»  -  c^')}*  +  {(a»  -  6')  (c'  -  c^ V  ^a^cd}', 

10.  a*  +  6*+  c*+  c?*-  2a'(6*  +  c^^  -  26*(c'- c^O  +  2c»  (a*-  cf ). 

11.  (-4)-4(.-l). 

x'  4 

12.  a;*-.a;'  +  -7-  +  4a3-2  +  --j. 

4  ar 

^^      a"     a^     a'  „     a' 

13.  -r+— +-2-aa;-2  +  -^. 
4      a;      ar  a 

14.  a*  +  2  (26  -  c)  a»  +  (45'  -  ihc  +  Sc")  a'  +  2c'  (26  -  c)  a  +  c\ 

15.  (a  -  26)'  a:*  -  2a  (a  -  26)  «» +  (a'  +  4a6  -  6a  -  86  V  1 26)  i 

-(4a6-6a)a;  +  46»-126  +  l 

16.  Find  the  square  root  of  the  sum  of  the  squares  of  '2,  •' 

•6,  -86. 

Extract  the  cube  root  of  the  expressions  and  numbers  in  tl 
f (flowing  examples  from  17  to  24  inclusive. 

17.  Sx""  -  36a;*  +  66a;*  -  63a;«  +  33a;»  -  9a;  +  1. 

1 8.  Sx""  +  48ca;'  +  60c V  -  80c V  -  90cV  +  108c'a;  -  27c*. 
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19.  8a;*~  36ciB*+  102cV-  171cV+  204cV-  Uic'x  +  6i(f. 

20.  167-284151. 

21.  731189187729. 

22.  10970-645048. 

23.  1371742108367626890260631. 

24.  Extract  the  fourth  root  of  (ic'  +  -, ]  - 4  (a;  +  -)  + 12. 

25.  If  a  number  contain  n  digits,  its  square  root  contains 
i{2n+l-(-in  digits. 

26.  Shew  that  the  following  expression  is  an  exact  square  : 


XYIII.     THEORY   OF  INDICES. 

26B.     We  have  defined  a"*,  where  m  is  a  positive  integer,  as 

the  product  of  m  factors  each  equal  to  a,  and  we  have  shewn  that 

oT  1 

oT  ^  0/^  =  a*""^",  and  that  —^  =  a"^"  or  -f^:^  according  as  m  is  greater 

or  less  than  n.  Hitherto  then  an  exponent  has  always  been  a 
positive  integer;  it  is  however  found  convenient  to  use  exponents 
which  are  not  positive  integers,  and  we  shall  now  explain  the 
meaning  of  such  exponents. 

259.  As  fractional  indices  and  negative  indices  have  not  yet 
been  defined,  we  are  at  liberty  to  give  what  definitions  we  please 
to  them ;  and  it  is  found  convenient  to  give  such  definitions  to 
them  as  will  make  the  important  relation  a"*  x  a"  =  a"*^"  always 
truCy  whaiever  m  and  n  rriay  he. 

Por  example ;  required  the  meaning  of  a  . 

By  supposition  we  are  to  have  or  y.a^  =  c^  =  a.  Thus  a*  must 
be  such  a  number  that  if  it  be  multiplied  by  itself  the  result  is  a ; 

10—2 
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and  the  squa/re  root  of  a  is  by  definition  such  a  number ;  therei 
cir  must  be  equivalent  to  the  square  root  of  a,  that  is,  a,  =  J  a. 

Again ;  required  the  meaning  of  a*. 

By  supposition  we  are  to  have 

a^xarxar  =  a*^*^*  =  «*  =  «. 

Hence,  as  before,  or  must  be  equivalent  to  the  cube  root  of 
that  is  a,  =  ^cu 

Again ;  required  the  meaning  of  a*. 

By  supposition,  a*  x  a*  x  a*  x  cfi  =  a^ ; 

therefore  a*  =  ^a^ 

These  examples  would  enable  the  student  to  understand  wl 
is  meant  by  any  fractional  exponent ;  but  we  will  give  the  def 
tion  in  general  symbols  in  the  next  two  Articles. 

260.  Required  the  meaning  of  a"  where  n  is  any  positive  w) 
number. 

By  supposition, 

d^  xcC  x(C  X  ...  to  w  factors  =  a"    "   "    *"'**  ^^°*  ^a)^  =za\ 
i_ 
therefore  a"  must  be  equivalent  to  the  ri^  root  of  a, 

1 
that  is,  a"  =  Ija. 


m 


261.     Required  tlie  meaning  of  a"  where  m  and  n  are  any  p 
live  whole  numbers. 

By  supposition, 

'         m  «•  M  m      m      m 

a"  X  a"  X  a"  X  ...  to  n  factors  =  a"    "    "    "*    "      '  =  «"•; 
therefore  a"  must  be  equivalent  to  the  n^^  root  of  a"*, 
that  is,  o"  =  ;ya'". 
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Hence  a"  means  the  7i*^  root  of  the  rd^  power  of  a ;  that  is, 
Jtt  a  fractional  index  the  numerator  denotes  a  power  and  the 
denominator  a  root 

2^2.  "We  have  thus  assigned  a  meaning  to  any  positive  index, 
wli ether  whole  or  fractional ;  it  remains  to  assign,  a  meaning  to 
negative  indices. 

Por  example,  required  the  meaning  of  a~*. 

By  supposition,       a^  x  d~^  =  a®~'  =  a^  =  a, 

the^xefore  a-«=^3=i. 

or     a' 

We  will  now  give  the  definition  in  general  symbols. 

263.     Required  the  meaning  of  a""/  where  n  is  any  positive 
nurnber  whole  or  Jractional. 

By  supposition,  whatever  m  may  be,  we  are  to  have 


a   X  a     =  a 


Now  we  may  suppose  m  positive  and  greater  than  n,  and  then, 
•^y  ^hat  has  gone  before,  we  have 

a"*""  X  a"  =  a"* :         and  therefore    a"""  =  -r . 

'  a" 


Therefore  a"*  x  a~"  =  ^ 

a 


therefore  «""  =  —  . 


a 


In  order  to  express  this  in  words  we  will  define  the  word  re- 
ciprocal. One  quantity  is  said  to  be  the  reciprocal  of  another 
when  the  product  of  the  two  is  equal  to  unity ;  thus,  for  example. 


X  is  the  reciprocal  of  - . 
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Hence  a~"  is  the  reciprocal  of  a";  or  we  may  put  tMs  restdt- 
symbolically  in  any  of  the  following  ways, 

a  d 

264.  It  will  follow  from  the  meaning  which  has  been  given 

to  a  negative  index  that  a"*  -f  a"  =  a*"'"  when  m  is  less  than  w,  as 

well  as  when  m  is  greater  than  n.     For  suppose  m  less  than  n ; 

we  have 

a"*        1 

a      a 

Suppose  m  =  7i;  then  oT-^a''  is  obviously  =  1;  and  «*"""  =  a^ 
The  last  symbol  has  not  hitherto  received  a  meaning,  so  that  we 
are  at  liberty  to  give  it  the  meaning  which  naturally  presents 
itself;  hence  we  may  say  that  a®  =  1. 

265.  Thus,  for  example,  according  to  these  definitions, 

c^=^a\         J=Ja\         J=^a'  =  a^, 

a' 


-8     ^  -4      ^        / 


a' 


4 

1 

1 

a 

-¥_ 

4 

— 

a' 

Thus  it  will  appear  that  it  is  not  aibsolutely  necessary  to  intro- 
duce fractional  and  negative  exponents  into  Algebra,  since  they 
merely  supply  us  with  a  new  notation  for  quantities  which  we  had 
already  the  means  of  representing.  It  is,  as  we  have  said,  a  con- 
venient notation,  which  the  student  will  learn  to  appreciate  as  he 
proceeds. 

266.  The  notation  which  we  have  explained  will  now  be 
used  in  establishing  some  propositions  relating  to  roots  and 
powers. 

11  1 

267.  To  shew  that  a"  x  6"  =  {ahf. 
1       1 

Let  a*  xb*  =  x;  therefore 

ar={<fx^y=(a^yx{hy,  (by  Art.  U),  =  axb, 
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1 
Thus  af'  =  ab,  therefore  x  =  (a5)",  whicli  was  to  be  proved. 

b  the  same  manner  we  can  prove  that 

1^  1  1  11  1 

268.    Hence  o"  x  6"  x  <f  =  {ahf  x  c"  =  {ahcf. 
■^d  by  proceeding  in  this  way  we  can  prove  that 

L      1      1  I  L 

a"  X  6"  X  c"x X  A:"  =  (a6c....ifc)". 

Suppose  now  that  there  are  m  of  these  quantities  a,  6,  c^  ...^, 
and  that  each  of  them  is  equal  to  a;  then  we  obtain 

(»-)"•  =  («"•)". 

1  « 

But  (a")"  is,  by  Arts.  260,  261,  a";  thus 

1  m 


1  1 


269.     To  shew  that  (a"*)"  =  a"*". 

Let  «  =  (»"•)";    therefore  ic"  =  a'";    therefore  x'^-a]    there-- 
1  11        I 

fore  a;  =  a"".     Thus  (a*")"  =  a*",  which  was  to  be  proved. 


270.  To  shew  that  a"  =  a*'. 

Let  x  =  a'']  therefore  «"  =  »'";  therefore  «"''  =  »"*;  therefore 
a;  =  a**.     Thus  a"  =  a"',  which  was  to  be  proved. 

271.  The  student  may  infer  from  what  we  have  said  in 
Art.  2Q5,  that  the  propositions  just  established  may  also  be 
established  without  using  fractional  exponents.  Take  for  example 
that  in  Art.  267  j  here  we  have  to  shew  that 

yax;/6=y(a6). 
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Proceed  as  before ;  let  oj  =  i^a  x  ^5/6 ;  tlierefore 

OJ"  =  O  X  ;/6)"  =  (»"  X  (;/6)-,  (by  Art.  41),  =  a  x  6. 
Thus  05*  =  ah,  tlierefore  x  =  ^{ab),  which  was  to  be  proved. 

272.  We  have  been  led  to  the  definitions  of  Arts.  260... 2 65 
as  consequences  of  considering  the  relations  a"  x  a"  =  a*"^"  and 
(»"*)"•=  a*""  to  be  universally  true,  whatever  m  and  n  may  be ;  we 
shall  now  proceed  to  shew  conversely  that  if  we  adopt  these  defini- 
tions the  relations  a~  x  a"  =  a*""*""  and  (a"*)"  =  a*""  are  universally 
true,  whatever  m  and  n  may  be. 

273.  To  shew  that  a^xa'  =  a«  '. 

a'"x  a'  =  a^'  x  a«%  by  Art.  270, 

1  I 

=  {a'")''  X  (a*")",  by  definition, 

=  (a"'  X  a^)",  by  Art.  267, 

=  («'"■''')«•  =  «  »•  =a«  •". 

274.  In  the  same  way  we  can  prove  that 

275.  Thus  the  relation  a!^x  a'  =  a"*"^"  is  shewn  to  be  true 
when  m  and  n  are  positive  fractions,  so  that  it  is  true  when  m 
and  n  are  any  positive  quantities.  It  remains  to  shew  that  it  is 
also  true  when  either  of  them  is  a  negative  quantity,  and  when 
both  are  negative  quantities. 

(1)     Suppose  one  to  be  a  negative  quantity,  say  n ;  let 

n  =  -v. 

Then  a"*  x  a"  =  a"  x  a"*' =  a*"  x  -  =  ^  =  a"*-",  (by  Art.  274), 

—  c*       • 
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(2)    Suppose  both  to  be  negative  quantities  j  let 

m  =  —  fjL  and  n  =  — v. 
Then 

«-  ^a'^a-''  X  a-=i  x  i  =  -1^  =  -J^„  (by  Art  273), 

a'^     or     a'*  X  a      cr        ^  ' 

276.     Similarly  a~  x  a"  x  a''  =  «"•■"*  x  a?  =  «"•+"+';  and  so  on. 

Thus  if  we  suppose  there  to  be  t  quantities  m^n,'p^  . . . ,  and 
*l^^t  each  of  the  others  is  equal  to  m,  we  obtain 

(_,i»i\r        ^nvr 
a  )  =a  , 

''^l^atever  m  may  be. 


p ' 


277.  To  shew  that  (a')'  =  a". 

£  l  P  Pr 

Let  a  =  (a«)';    therefore  af  =  (a'y  =  a%   by  Art  276;   there- 
fore jb^'s  a*"";  therefore  x  =  a''',  which  was  to  be  proved. 

278.  To  shew  that  (a")"  =  oT  universally. 

By  the  preceding  article  this  is  true  when  m  and  n  are  any 
Positive  quantities ;  it  remains  to  shew  that  it  is  true  when  either 
01   them  is  a  negative  quantity,  and  when  both  are  negative 
quantities. 

(1)  Suppose  91  to  be  a  negative  quantity,  and  let  it  =  —  v. 
Then         (ay  =  (a*) ""  =  —-  =  -L  =  a'"^  =  ar\ 

(2)  Suppose  w  to  be  a  negative  quantity,  and  let  it  =  —  ft. 
Then        {ary  =  (a"")"  =  (i)"=  ^  =  «"'"  =  »". 

(3)  Suppose  both  m  and  w  to  be  negative  quantities;  let 

m  =  —  fi  and  n  =  —  v. 

Then         (ary  =  («-")-'  =  ^,  =  X  =  «r  =  a~ 
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1.  Simplify  (a;^xa;*p. 

2.  Pind  the  product  of  a  ,  a"*,  a"*,  and  a~^. 

3.  Find  the  product  of  (f)\     (^)*  and  (^.V. 

4.  Simplify  the  product  of 

a*,  a-*,  4'a^  a^^,  ^aS ,  and  (a-^)f 

6.  Multiply  a^  +  6^  +  a-*6  bj  aJ"  *  -  a*  +  6*. 

7.  Multiply  a?  —  xy^  +  ary'-y^  by  a  +  ar^y'  +  y. 

8.  Multiply  a^-a'  +  a^-a*+a*-a  +  a*-l  by  a*+l. 

9.  Multiply  a*  -  a*  +  1  -  a"*  +  a"*  by  a*  + 1  +  a"*. 

10.  Multiply  -  3a-'  +  2a-*  6"^  by  -  2a-'*  -  3a-*  6. 

11.  Divide  or  —  xy^  +  x^y  —  y^  by  x^  —  y. 

12.  Divide  a^  +  asV  +  a^  by  a?*  +  a;*a*  +  a*. 


8n  8n 


13.  Divide  a'  — a  *  by  a*  — a  *. 

14.  Divide  2x'y-'  -  5xY'  +  "^xY'  -  5^'  +  ^^ 

by  xY-^y'^"^^'- 

1 5.  Divide  a^  -  a*6  +  ah^  -  2ah^  +  6^  by  a*  -  a6*  +  ah  -  i»l 


a*  —  ax^  +  a^a;  —  x^ 


16.     Simplify -V -^r 1 1 T 1. 

a'  -  ax^  +  3a*a:  -  3aa;*  +  arx^  -  «' 
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17.  Extract  the  sqtiare  root  of 

^      ^y       {xy)^ 

18.  Extract  the  square  root  of 

4a  -  12aM  +  96*  +  16aM  -  246*c*  +  16c* 

19.  Extract  the  square  root  of 

25Qx^  -  512a  +  640a;'  -  512a;4  +  304  -  128a;-*  +  40a;-'  -  8a;-^  +  a;-^. 


a  a 


6. 


20.     If  a*  =  6»,  shew  that  (y)*=a*     j   and  if  a  =  26,   shew 
that  6  =  2. 


XIX.     SURDS. 

# 

279.  "When  a  root  of  an  Algebraical  quantity  which  is  re- 
quired, cannot  be  exactly  obtained,  it  is  called  an  irrational  or 

sicrd  quantity.  Thus  ^a^  or  a^  is  called  a  surd.  But  ^a"  or  a'^* 
though  apparently  in  a  surd  form,  can  be  expressed  by  a%  and  so 
is  not  called  a  surd. 

The  rules  for  operations  with  surds  follow  from  the  proposi- 
tions established  in  the  preceding  chapter,  as  will  now  be  seen. 

280.  A  rational  quantity  may  he  expressed  in  the  form  of  a 
given  sv/rd^  by  raising  it  to  the  power  whose  root  the  surd  expresses^ 
and  affixing  the  radical  sign. 

n 

Thus  a  =  ^a'  =  ^a',  &c. ;  and  a  +  x={a  +  x)".  In  the  same 
manner  the  form  of  any  surd  may  be  altered ;  thus 


1  2 

(a  +  x)^  =  (a  +  x)'^  =  (a  +  x) 


The  quantities  are  here  raised  to  certain  powers,  and  the  roots  of 
those  powers  are  again  taken,  so  that  the  values  of  the  quantities 
are  not  changed. 
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281.  The  coefficient  of  a  surd  inay  he  introduced  under  the 
radical  sign,  hy  first  rediicing  it  to  the  form  of  the  surd  and  then 
multiplying  according  to  Art,  271. 

For  example, 

a  \/aJ  =  ^/a^  X  ^aj  =  J{a'^x) ;  ay^  =  (aV)^ ; 
xJ{2a-x)==J{2ax^-x^);  a  x  {a^xf  =  {a'  {a-xf}^ ; 
4^/2  =  ^(16x2)  =  ^32. 

282.  Conversely,  any  quantity  may  he  made  the  coefficient  of 
a  surd,  if  every  part  under  the  sign  he  divided  hy  the  quantity 
raised  to  the  power  whose  root  tlie  sign  expresses. 

Thus     J{a'-ax)  =  a^x  J{a'-x);     ^(a^-a^x)  =  a  J{a-x); 

(1  j,yari^i;yLig-iy=(^ 

\h'     a^J      h\      ojV      x\b'      J  xb 

283.  Wh&n  swrds  have  the  same  irrational  part,  their  sum  or 
difference  is  found  hy  affixing  to  that  irrational  part  the  sum  or 
difference  of  tlieir  coefficients. 

Thus    a  Jx^h  ^Jx={a^h)  ^x; 

V300±5  ^3  =  10^3^5^3  =  15^3  or  5  ^3  ; 
V(3a*6)  +  ^{3x'h)  =  a  ^(36)  +  x  J{3h)  =  (a  +  a:)  J{3h) . 

284.  If  two  surds  have  the  same  index,  their  product  is  found 
hy  taking  the  product  of  the  qua/ntities  under  the  signs  and  retain- 
ing the  common  index. 

Thus    a"  X  6- =  {ahf,  (Art.  267) ;      ^2xJ3=J6; 

(a  +  6)*x(a~6)*  =  (a«-60*. 
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285.  If  the  surds  have  coefficients^  the  prod/act  of  these  coeffir- 
cients  must  he  prefixed. 

Thus    a^xxbjy  =  abj(xy);    3^8x5^2  =  15^16  =  60. 

286.  If  the  indices  of  two  surds  Iiave  a  common  denominator, 
let  the  quantities  he  raised  to  the  powers  expressed  hy  tlieir  respective 
numerators,  and  tlieir  product  may  he  found  as  hefore. 

Thus  2*  X  3*  =  8*  X  3*  =  (24)* ; 

(a  +  xf  x{a-xf={{a  +  x) {a - xf}^. 

287.  If  the  indices  Iiave  not  a  common  denominator,  they  may 
be  transformed  to  others  of  the  same  value  with  a  common  deno- 
?ninator,  and  tlieir  product  found  a^  in  Art.  286. 

Thus 

(a'  -  aO*  X  (a  -  x)^  =  (a*  -  x^^f  x  (a  -  xf  =  {(a*  -  a^  (a  -  x)'}^  ; 

2*  X  3*  =  2*  X  3*  =  8^  X  9^  =  (72)^. 

288.  If  two  surds  Iiave  the  same  rational  quantity  under  the 
radical  signs,  their  product  is  found  hy  nuiking  tlie  sum  of  the 
indices  the  index  of  that  quantity. 


1    1 


Thus  a"  X  »•»  =  a-    %  (Art.  273)  ; 

V2xV2  =  2*x2*  =  2*''*  =  2l 

289.  If  the  indices  of  two  surds  have  a  common  denominator, 
the  quotient  of  one  divided  hy  tlie  otlier  is  ohtained  hy  raising  them 
respectively  to  the  powers  expressed  hy  tJie  numerators  of  their 
indices,  and  extracting  that  root  of  the  quotient  which  is  expressed 
hy  the  common  denominator. 

Thus,        5t=(«)i,(Art.267);^'  =  g)^; 
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290.  If  the  indices  ha/ve  not  a  common  denominator^  reduce 
them  to  others  of  the  sam^e  value  with  a  common  denominator,  and 
proceed  as  before. 

Thus 

291.  If  the  surds  have  the  same  rational  quantity  under  the 
radical  signs,  their  quotient  is  obtained  by  making  the  difference  of 
tlie  indices  the  index  of  that  quantity. 


1   1 


Thus,  a"»^a"  =  a~  ",  (Art.  274); 

J2  -f  J2  =  2^  -f  2*  =  2^-*  =:  2^\ 

292.  It  is  sometimes  useful  to  put  a  fraction  which  has  a 
simple  surd  in  its  denominator  into  another  form,  by  multiplying 
both  numerator  and  denominator  by  a  factor  which  will  render  the 
denominator  rational.     Thus,  for  example, 

2   ^     2^3     _2J3 
JS     J3xJ3        3     • 

If  we  wish  to  calculate  numerically  the  approximate  value  of 
-y5  it  will  be  found  less  laborious  to  use  the  equivalent   form 

2  ^3      a*    -1    1       ^       (^  Jb 
-3—     Sundarly,  -^  =  ^-^^ . 

293.  It  is  also  easy  to  rationalise  the  denominator  of  a  frac- 
tion when  that  denominator  consists  of  two  quadratic  surds. 


3For 


a       __        a{Jb=Fjc)         _a(Jb'^Jc) 


Jb^Jc     Ub^^c){Jb::Fjc)  b-c 


So«l„^  _^ ajh^Jc)  ajb^Jc) 
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294.  By  two  operations  we  may  rationalise  the  denominator 
of  a  fraction  when  that  denominator  consists  of  three  quadratic 
siirds.  For  suppose  the  denominator  to  be  J  a  +  fjb  +  Jc ;  first 
multiply  both  numerator  and  denominator  by  fja  +  Jh  —  ^Jc,  thus 
the  denominator  becomes  a  +  b  —  c-\-2  J{cih) ;  then  multiply  both 
numerator  and  denominator  by  a  +  b  —  c  —  2  J  (ah),  and  we  obtain 
a  rational  denominator,  namely  (a  +  b-cY  —  4a6,  that  is, 

a*  +  6*  +  c*  -  2ab  —  2bc  —  2ca. 

295,  A  Jactor  may  he  found  which  will  rationalise  a/ny  bino- 
mial. 

L       L  LI 

(1)  Suppose  the  binomial  a^-\-h\     Put  x-a^^  y  =  b^  \  let 

n  be  the  least  common  multiple  of  'p  and  q ;  then  a;"  and  y"  are 
both  rational.     Now 

(aj  +  y)  (a?"-'  -  a""  V  +  x'^^y*  -  . . .  ±  2^-')  =  a;"  ±  2^", 

where  the  upper  or  lower  sign  must  be  taken  according  as  w  is  odd 
or  even.     Thus 

is  a  factor  which  will  rationalise  a;  +  y. 

(2)  Suppose  the  binomial  a^-6^  Take  a*,  y,  and  n  as  be- 
fore.    Now 


Thus  a;""'  +  a;""^  +  aj""y  + +  ?/""' 

is  a  factor  which  will  rationalise  x  —  y. 

Take,  for  example,  a*  +  6* ;  here  w  =  G.     Thus  we  have  as  a 
rationalising  factor 

that  is,  J  -  a*6*  +  ah^  -  ah^  +  ak^  -  b\ 

that  is,  o^  -  a'6*  +  a*6'  -  a6  +  ah^  -  6*. 

The  rational  product  is  a?*  —  y*,  that  is,  a^-  6^,  that  is,  a^  —  V. 
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296.  Tlie  aqua/re  root  of  a  rational  quantity  cannot  he  partly 
rational  and  partly  a  quadratic  surd. 

If  possible  let  Jn  =  a  +  Jm ;  then  by  squaring  these  equal 
quantities  we  have  n  =  a^  -k-^ia  Jm  +  m ;  thus  2a  Jm  =^n  —  a^  —  m, 

and  Jm  = ^ ,  a  rational  quantity,  which  is  contrary  to 

the  supposition. 

297.  If  two  quadratic  surds  cannot  he  reduced  to  otiiers  which 
have  the  same  irrational  part,  their  product  is  irratiorud. 

Let  Jx  and  Jy  be  the  two  quadratic  surds,  and  if  possible 
let  J{xy)  =  rx,  where  r  is  a  whole  number  or  a  fraction.  Then 
xy  =  r'x^y  and  y  =  r^x,  therefore  ^y  =  r  Jx,  that  is,  ^y  and  ^x 
may  be  so  reduced  as  to  have  the  same  irrational  part,  which  is 
contrary  to  the  supposition. 

^98.  On£  quadratic  surd  cannot  he  made  up  of  two  otiiers 
which  have  not  the  same  irn^ational  part. 

If  possible  let  Jx  =  Jm  +  Jn ;  then,  by  squaring,  we  have 
x  =  m-hn-]-2  fj{mn),  and  J{mn)  =  ^(x  —  m  —  n),  a  rational  quan- 
tity, which  is  absurd. 

299.  In  any  equation  x  +  ^y  =  a  +  Jh  which  involves  rational 
quantities  and  quadratic  surds,  the  rational  parts  on  each  side  are 
equal,  and  also  the  irrational  parts. 

For  if  X  be  not  equal  to  a,  suppose  x  =  a  +  m;  then 

a  +  m-h  ^y  =  a-^^h, 

so  that  m  +  ^y  =  ^h ;  thus  ^h  is  partly  rational  and  partly  a 
quadratic  surd,  which  is  impossible  by  Art.  296.  Therefore  x  =  a, 
and  consequently  Jy  =  ^h, 

300.  If  V(«  +  x/^)  =  a?  +  s/y,  then  J  {a  -Jh)=^x-  Jy. 
For  since  J  (a  +  Jh)  =  x-h  Jy,  we  have  by  squaring 


SURDS.  161 

therefore         a=Q(?  +  y,  and  Jh  =  2x  Jy,  (Art.  299). 
Hence  a- s/h  =  oi^-2x ^y  +  y^ 

and  JiP'-sm^x-Jy, 

Similarly  we  may  shew  that  if 

s/{a  +  Jb)  =  Jx  +  Jy, 
then  J  (a  -  Jh)  =  Jx-  Jy. 

301.  The  square  root  of  a  binomial,  one  of  whose  terms  is  a 
quadratic  surd  and  tJie  other  rational,  may  sometimes  he  expressed 
by  a  binomial,  one  or  each  of  whose  terms  is  a  quadratic  surd. 

Let  a  +  Jb  be  the  given  binomial,  and  suppose 

J{a+  slb)  =  Jx+  Jy. 

By  Art.  300,  J  {a  -  ^b)  =  Jx-  Jy. 

By  multiplication,       ^(a*  —  &)  =  05  —  y. 

By  squaring  both  sides  of  the  first  equation, 

a+  Jb  =  x-h2  ^(Qcy)-hy; 
therefore  a  =  X'\-y, 

Hence,  by  addition  and  subtraction, 

a+  J{a'-'b)  =  203,         a-  ^(a'^-b)  =  2y ; 

Hierefore       a  =  ^  {a  +  ^{a^  -  6)},         y  =  i  {»  -  J{o^^  -  b)]. 

Thus  X  and  y  are  known,  and  therefore  J{a  +  Jb),  which  is 
Jx  +  sly. 

Also  fj{ci'—  tjb)  is  known,  for  it  is  Jx—Jy. 

302.     For  example,  find  the  square  root  of  3  +  2  J2. 

Here    a  =  3,  ^b  =  2  J2,  a»-&  =  9-8  =  l; 

therefore         aj=^(3  +  l)  =  2,         y  =  |(3-l)  =  l. 

Thus  V(3  +  2V2)=V2  +  V1  =  n/2  +  1. 

T.A.  11 
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303.  Again ;  find  the  square  root  of  7  —  2  ^10. 

Instead  of  using  the  result  of  Art.  301  we  may  go  through  the 
whole  operation  as  follows  : 

Suppose  ^(7  -  2  ^10)  ^^x-  ^ly ; 

then,  by  squaring,       1  -2  J\0  =  x-2  J{xy)  +  y ; 

hence  x  +  y  =  7 (1), 

and  2J{xy)  =  2jlO; 

therefore  {x  +  yf  -  ixy  =  49  --  (2  ^10)^ 

that  is,  {x  -  yY  =  49  -  40  =  9, 

and  a;-y  =  3 (2); 

therefore,  from  (1)  and  (2),      aj=  5,  and  y  =  2. 

Thus  ^/(7-2V10)  =  V5-V2. 

304.  It  appears  from  Art.  30 1  that 

hence,  unless  a*  —  6  be  a  perfect  square,  the  values  of  Jx  and  Jy 
will  be  complex  surds,  and  the  expression  Jx  +  Jy  will  not  be  so 
simple  as  J{a  +  Jh)  itself. 

305.  A  binomial  surd  of  the  form  J{a^c)  +  Jh  may  be  written 
thus,  n/^(^+^/~)'     ^^  ^'^r\-  a*  —  be  a  perfect  square,  the  square 

root  of  a  +  /  -  may  be  expressed  in  the  form  Jx  +  Jy ;  and 
therefore  the  square  root  of  tj(a'c)  +  Jb  will  be  t^/c  {Jx  +  Jy), 

306.  For  example,  find  the  square  root  of  ^^32  +  ,^30. 
Here  ^32  +  ^30  =  ^2  (4  +  ^15) ; 

thus  V(n/32  +  ^/30)  =  ;/2  x  ^(4  +  ^15) ; 
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and  it  may  be  shewn  that 

Hence  ^(^32  +  ^30)  =  ^2  (^^  +  J^  =  i^  (V^  +  ^3). 

307,  Sometimes  we  may  extract  the  square  root  of  a  quantity 
of  the  form  a  +  ^Jb  +  ^c -\-  ^d  by  assuming 

si  {a  +  ^h-¥  Jc+  \jd)  =  s/x+  Jy-^  Jz; 

then     a+  Jh  +  ^c+  Jd=x-¥7/-¥z  +  2  J(xy)-h2  J(i/z) -h  2  s/{zx); 
we  may  then  put 

2V(^y)=V6,  2s/(yz)=^C,  2^(zx)=::Jd, 

and  if  tlie  values  of  x,  j,  and  z,  found  from  thesey  also  satisfy 
x  +  y  +  z  =  a,  we  shall  have  the  required  square  root. 

308.  For  example,  find  the  square  root  of 

8  +  2^2  +  2^5  +  2^10. 

Assume     ^(8  +  2^2  +  2  ^5  +  2  ^10)  =  Jx  +  Jy+Jz; 
then 
8  +  2  J2  +  2  J5-h2  Jl0=^x  +  y  +  z  +  2  J{xy)  +  2  J{yz)  +  2  ^{zx). 

Put     2^{xy)  =  2j2,         2J{yz)==2J5,         2  J{zx)  =  2  JIO; 
hence,  by  multiplication,  J{xy)  x  mJ(j/z)  =  /^lO, 
and  J{zx)  =  ^10, 

therefore,  by  division,  y  =  1  j 

hence  x  =  2,    and    z  =  5. 

These  values  satisfy  the  equation  a?  +  y  +  «  =  8. 

Thus  the  required  square  root  is  ^2  +  ^^1  +  ^5, 

that  is,  1  +  >^y2  +  iJ5, 

11—2 
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309.  If  ^(a  +  ^/6)  =  a;  +  ^y,    then  ^(a- ^6)  =  a; -^y- 
For  suppose  ^{a  +  ^h)  =  x+  ^y, 

then,  by  cubing,  a  +  Jb  =  a^ -h  ^x"  Jj/ +  3x7/ -^  y  Jt/ ; 

therefore        a  =  a^+  Sxy,        Jh  =  Sas'  sly  +  y  ^Jy,        (Art.  299); 

hence  a-  Jb  =  Qcf'-3a^  ^y  +  ^ocy-yjy, 

and  i/{a  -  V^)  =  a;  -  V^- 

310.  The  cube  root  of  a  binomial  a^  Jb  may  be  sometimes 
found. 

Assume  ^{a  +  ^6)  =  a;  +  Jy, 

then  ^(a  -  V^)  =  x-  Jy. 

"By  multiplication,    ^(a*  -'b)  =  7?  —  y. 

Suppose  now  that  a^—b  is  a  perfect  cube,  and  denote  it  by  c\ 
thus  '        c  =  ix?-y'y 

and,  as  in  Art.  309,  a^a?+  3xy, 

Substitute  the  value  of  y ; 
thus  a  =  a^  +  Zx(x'-c); 

therefore  4a:*  —  dcx  =  a. 

From  this  equation  x  must  be  found  by  trial,  and  then  y  is 
known  from  the  equation  y  =  x'  —  c. 

Thus  it  appears  that  the  method  is  inapplicable  unless  a»-6 
be  a  perfect  cube;  and  then  it  is  imperfect  since  it  leads  to  an 
equation  which  we  have  not  at  present  any  method  of  solving 
except  by  trial.  The  proposition,  however,  is  of  no  practical 
importance. 

311.  For  example,  find  the  cube  root  of  10  +  ^108. 
Assume  ^^(10  +  ^108)  =  x-hjy, 

then  V(10-V108)  =  a!-.Vy- 


EXAMPLES  OP  SURDS.        CHAPTER  XIX.  165 

By  multdpHcation,  J/(100  -  108)  =  a;'  -  y, 
that  is,  —  2  =  05*—  y. 

Also  10  =  0^+30^ 

=  a;'+3iB(a^+2); 
therefore  4a3'  +  6aj  =  1 0. 

We  see  that  this  equation  is  satisfied  by  x=l ;  hence  y  =  3, 
and  the  required  cube  root  is  1  +  ^^3. 
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1.  Find  a  factor  which  will  rationalise  a^  —  P, 

2.  Find  a  &iCtor  which  will  rationalise  ^2  —  ^3. 

3.  Find  a  factor  which  will  rationalise  ^3  +  ^5. 

5.     Given  ^3  =  1-7320508,  find  the  value  of  ^ j  . 

15 
^-     Shew  that  ^io^^2o..7'tO-V5-V80  =  ^"'^^^^^> 


8.     Extract  the  square  root  of 


9*_24     /*  + 34-24     /^ 


+  9?^. 


X 

9.     Extract  the  square  root  of  {a  +  6)'  —  4  (a  -  h)  iJ{ob), 

10.  Extract  the  square  root  of  4  +  2  ^3. 

1 1.  Extract  the  square  root  of  7  -  4  ,^3. 
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12.  Extract  the  square  root  of  7  +  2  ^10. 

13.  Extract  the  square  root  of  18  +  8  ^6, 

14.  Extract  the  square  root  of  75  — 12  ^21. 

15.  Extract  the  square  root  of  16  +  5  JT, 

1 6.  Extract  the  square  root  of  ah-^c^+  J  {{a'  —  c*)  (6'—  c*)}. 

17.  Extract  the  square  root  of  —  9  +  6  ^^3. 

18.  Extract  the  square  root  of  1  +  (1  —  c')~*. 

19.  Find  the  value  of 

1+35  l-x  ,  J3 

when  x=-^  . 


l  +  x/(l+a?)      1+^(1-0:) 
20.     Find  the  value  of 


1  +  (K  1-x  ,  ^3 

when  x  = 


21.  Extract  the  square  root  of  6  +  2  ^2  +  2  ^3  +  2  ^6. 

22.  Extract  the  square  root  of  5  +  /^lO  —  ,JQ  —  Jl^, 

23.  Extract  the  square  root  of 

15-2^3-2715  +  6^2-2^6  +  275-2730. 

24.  Extract  the  cube  root  of  7  +  5  J2. 

25.  Extract  the  cube  root  of  16  +  8  J5, 

26.  Extract  the  cube  root  of  9  ^3  - 11  J2. 

27.  Extract  the  cube  root  of  21  J6  -  23  J5, 

28.  Shew  that  4/(^5  +  2)  -  7  (^5  -  2)  =  1. 
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XX.     QUADRATIC  EQUATIONS. 

312.  When  an  equation  contains  only  the  square  of  the 
unknown  quantity  the  value  of  this  square  can  be  found  by  the 
rules  for  solving  a  simple  equation ;  then  by  extracting  the  square 
root  the  values  of  the  unknown  quantity  are  found.  For  example, 
suppose 

8aj*-  72  +  10a;'=  7  -  24aj«+  89 : 

by  transposition,  42a;*  =168; 

by  division,  aj*=4; 

therefore  x  =  Ji  =  ±  2 . 

The  double  sign  is  used  because  the  square  root  of  a  quantity 
may  be  either  positive  or  negative.     (Art.  231.) 

313.  It  might  at  first  appear  that  from  a;*  =4  we  ought  to 
infer,  not  that  aj  =  ±  2,  but  that  =fc  a;  =  rt  2.  It  will  however  be 
found  that  the  second  form  is  really  coincident  with  the  first.  For 
±  05  =  dfc  2  gives  either  +  a;  =  +  2,  or  +  a;  =  —  2,  or  —  a;  =  +  2,  or 
—  x  =  —  2;  that  is,  on  the  whole,  either  a;  =  2,  or  a;  =  —  2.  Hence 
it  follows,  that  when  we  extract  the  square  root  of  the  two  mem- 
bers of  an  equation  it  is  sufficient  to  put  the  double  sign  before  the 
square  root  of  one  of  the  members. 

314.  Quadratic  equations  which  contain  only  the  square  of 
the  unknown  quantity  are  called  pure  quadratics.  Quadratic 
equations  which  contain  the  first  power  of  the  unknown  quantity 
as  well  as  the  square  are  called  adfected  quadratics.  We  proceed 
now  to  the  solution  of  the  latter. 

315.  We  shall  first  shew  that  every  quadratic  equation  may 
be  reduced  to  the  form  a^+px  —  q^  where  p  and  q  are  positive  or 
negative.  For  we  can  reduce  any  quadratic  equation  to  this  form  by 
the  following  steps;   bring  the  terms  which  contain  the  unknown 
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quantity  to  the  left-hand  side  of  the  equation,  and  the  known 
quantities  to  the  right-hand  side ;  if  the  coefficient  of  a?  be  nega- 
tive, change  the  sign  of  every  term  of  the  equation ;  then  divide 
every  term  by  the  coefficient  of  a?.  Thus  we  may  represent  any 
quadratic  equation  by 

To  solve  this  equation  we  add  -rp^io  both  sides  ;  thus 

4:  4 

The  left-hand  member  is  now  a  complete  square;  extract  the  square 
root  of  each  member;  thus 


X 


-f-V(^')^ 


transpose  the  term  ^  y  and  we  obtain 


X 


-i'AU 


316.     For  example,  suppose 

-3ic»  +  36a5-105  =  0; 
transpose,  -  3iB*+  36a;  =  1 05  ; 

change  the  signs.  So*-  36a;  =  - 105  ; 

divide  by  3,  a;»-  12a;  =  -  35 ; 

add  to  both  sides  ("o-)  j  that  is,  36;  thus 

a;"-12a;+36  =  36-35  =  I; 

extract  the  square  root  of  both  members;  thua 

a;-6  =  ±l. 

Therefore  a5=6=fcl;  that  is,  05  =  7,  or  5.  If  either  of  these 
values  be  substituted  for  x  in  the  expression  —  33;*+  36a;— 105,  the 
result  is  zero. 
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317.  Hence  the  following  rule  may  be  given  for  the  solution 
of  a  quadratic  equation : 

By  transposition  and  reduction  arra/nge  the  equation  so  that 
the  terms  involving  the  unJcnovm  quantity  are  alone  on  one  side, 
and  the  coefficient  of  is^  is  +  1 ;  add  to  both  sides  of  the  equation 
the  square  of  half  the  coefficient  of's.,  and  extract  the  squa/re  root  of 
both  sides, 

318.  As  another  example  we  will  take 

005'+  6a5  +  c  =  0 ; 
transpose,  aa^-^-  bx  =  —  c\ 

divide  by  a,  a;'  +  —  =  —  : 

•^    '  a        a' 

,-,»,.             ^    bx      5'       5*      c     V"  iac 
add  (x-j,         ar  +  —  +T-5=7-3 = 


\2a)' 


a      4:a'     4a*     a         4:a' 


5      ±  /(5«  _  4^ac) 
extract  the  square  root,  a;  +  ^  =    ^    ^ ; 

^                                        ^b^J(b'-4ac) 
transpose^  x  = ^ . 

319.  When  an  example  is  proposed  for  solution  instead  of 
going  through  the  process  indicated  in  Art.  317,  we  may  make  use 
of  the  ybrm«^  in  Art.  318.  Thus,  take  the  example  in  Art.  316, 
namely,  —  3aj*+  36a3  — 105  =  0,  and  by  comparing  it  with  the  formula 
in  Art.  318  we  see  that  we  may  suppose  a  =  —  3,  6  =  36,  c  =  — 105. 
Hence  if  we  put  these  values  for  a,  b,  and  c  in  the  result  of 
Art.  318,  we  shall  obtain  the  value  of  aj.     Here 

6« -4ac  =  (36)* -12x105  =  36; 

therefore  x  = ^ —  =  7,  or  5. 

—  o 

320.  For  another  example  take  the  equation 

a»-6a?  =  -2; 

add  Y|y,  aj'-6«+9  =  9-2  =  7j 
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extract  the  square  root,    a;  —  3  =  ±  J7, 
transpose,  a;  =  3  ±  Jl . 

Here  ^J7  cannot  be  found  exactly;  but  we  can  find  an  ap- 
proximate value  of  ib  to  any  assigned  degree  of  accuracy,  and  thus 
obtain  the  value  of  a;  to  any  assigned  degree  of  accuracy. 

321.  In  the  examples  hitherto  considered  we  have  found  two 
different  roots  of  a  quadratic  equation ;  in  some  cases  however  we 
shall  find  really  only  one  root.  Take  for  example  the  equation 
aj*  —  12a3  +  36  =  0 ;  by  extracting  the  square  root  we  have  x-  6  =  0, 
and  therefore  x=6.  It  is  however  convenient  in  this  case  to  say 
that  the  quadratic  equation  has  two  equal  roots, 

322.  If  the  quadratic  equation  be  represented  by 

aa^  +  ftaj  +  c  =  0, 
we  know  from  Art.  318  that  the  two  roots  are  respectively 

2^  ^"""^  ~2"S 

Now  these  will  be  different  unless  b^  —  iac  =  0,  and  then  each  of 

them  is  —  ^r-.     This  relation  6*  -  4ac  =  0  is  then  the  condition  that 

must  hold  in  order  that  the  two  roots  of  the  quadratic  equation 
may  be  equal. 

323.  Consider  next  the  example  aj*  —  10a3  +  32  =  0. 

By  transposition,         aj*  —  10aj  =  —  32; 
by  addition,  a;'  -  10a:  +  25  =  25  -  32  =  -  7. 

If  we  proceed  to  extract  the  square  root  we  have 

aj-5  =  ±^-7. 

.But  the  negative  quantity  —  7  has  no  square  root  either  exact  or 
approximate  (Art.  232);  thus  no  real  value  of  x  can  be  found  to 
satisfy  the  proposed   equation.     In   such  a   case  the  quadratic 
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equation  has  no  real  roots;  this  is  sometimes  expressed  by  saying 
that  the  roots  are  imaginary  or  impossible.  We  shall  return  to 
this  point  in  a  subsequent  chapter.     See  Chapter  xxv. 

324.     If  the  quadratic  equation  be  represented  by 

ax^  +  605  +  c  =  0, 

we  see  from  Art.  318  that  the  roots  are  real  if  6'  —  4ac  is  positive^ 
that  is,  if  5*  is  algebraically  greater  than  4ao,  and  that  the  roots 
are  impossible  if  6*  —  4ac  is  negative^  that  is,  if  6*  is  algebraically 
less  than  4ac. 
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1.  a:«-5a;+4  =  0.  2.  6a;'-13aj+6  =  0. 

3.  a;*-4aj  +  3  =  0.  4.  3aj»-7a;  =  20. 

5.  2aj'-7aj+3  =  0.  6.  3a;' -  o3a;  +  34  =  0. 

7.  a;"+10a;  +  24  =  0.  8.  7a;"- 3aj=160. 

9.     14a;-a;'  =  33.  10.     2a;' -  2a;  - 1  =  0. 

11.     a;»-3  =  i(a;-3).  12.     4  (a;«-l)  =  4a;-l. 

13.  110a;" -21a;  + 1  =  0.  14.     780a;"-73a;  +  l  =0. 

15.  (aj-l)(a;-2)  =  6.  16.     (3a;-2)(a;- 1)  =  14. 

17.  (3aj-5)(2a;-5)  =  (a;+3)(a;-l). 

18.  (2a; +1)  (a; +  2)  =  3a;" -4. 

19.  (a;  +  1)  {2x  +  3)  =  4a;"  -  22. 

20.  (a;-l)(a;-2)  +  (a;-2)(a;-4)  =  6(2a;-5). 

21.  (2a;  -  3)' =  8a;.  22.     (5a;  -  3)"  -  7  =  44a;  +  5. 

23.  (aj- 7)  (a; -4)  + (2a; -3)  (a; -5)  =  103. 

^,5,7        73     ^ 
7         5        140 
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^'-  (-S('-|)K-J)(-i)=('-i)(-s)- 

„-     a;     2     «     3 

27.  |f(x+l)-i(2«'  +  «-l)  =  l(a,+  l). 

28.  &r+ll  +  I  =  21±6i^  29.    £  +  |  =  i^z2). 

aj  7  a;     6  4 


»       21  i  21       ir 

^+^  =  3f.  31.    #--^ 

7     03  +  5  5-iB     7 


32  ^        ,         X  3  1        .      3         1 

•  2(rc«-l/  4(aj  +  l)-8-  ^^-    T(^rr)^^3i-4- 

34  -?-  40       _  3(10  +  a?) 

'  .15"*"3(10-a:)~        95       ' 

35  —+   ^^-^Q  ^  12a; +  70 

'  15     3(10  +  0;)""       190     ' 

Q^a;  +  24-a37  ^^     a;'- 5a;  ^     1 

36.  r^ ^r— =  K.  37.     s-  =  a-3  +  -. 


a;-l       2x       3'  a;  +  3 


a; 


on      a;~6      g;-12     5  a;  +  4    a;-4_10 

a;-12      a;-6      6  a;-4    a;  +  4      3 

,^     a;  +  2     X''2     5  .,         «        «+l      13 

40.     — ^ o  =  ^-  41.     r+ =-5-. 

a;-2     a;  +  2     6  a;+ 1        a;         6 

42.    -^  =  1+^.  43.     -\—^4. 
x-l     2        a;  x-2     x  +  2     5 

,,        4  5  12  ,.         5        3       14 

44.    =-  + r-= -.  4o.    ^+-  = 


a;+l      X'h2     x+3'  '     x  +  2     x     a;  +  4' 

46     ^^-3     3a;~5      5  .;.      3a;-2    2a;~5     8 

3a;-5"*"2a;-3"2*  2a;-5    3a;-2'"3' 

.^     a; +  3     a;-3     2a;- 3  a;-2     a;+2     2(a5+3) 

4o.      -^  + ^  — ^  •  4y.     -r  + ■  =  — —  , 

x-\-2     a;-2      a;-l  a;  +  2     a;-2        a;-3 
50.     10(2a;  +  3)(a;-3)  +  (7a;  +  3)*  =  20(a;+3)(a;-l). 
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51.  (7-4V3)aj'+(2-^/3)aj  =  2. 

52.  a;'-2aic  +  a»-6»  =  0. 

53.  (3a«  +  6»)(iB'-a;+l)  =  (36«  +  a«)(a:*  +  a;+l). 

54.  aj»-2aa;+6'  =  0. 

55.    + 7  + =  0. 

x—a     x—o     x—c 

56  1  1  1  1 


(a5-6)(a;-c).    (a  +  c)(a  +  6)     (a+c)(a;-c)      (a+6)(aj-6)' 

1  111 

57.    i: =  -+-  +  -. 

a  +  o  +  os     a     6      a; 

58.  {ax  -  6)  (&c  -  a)  =  c'. 

59.  -^H-     *  2c 


03  — a     aj  — 6      x  —  c' 

Za^x      M  +  aft  -  26»     6*aj 


60.     oSa*  + 


c    "  c* 


_-      a3  +  a     05  +  5     a;  +  c     « 

61.    + r+ =  3. 

x—a     X— 0     x—c 

-«     a  +  c  (a  +  a;)     a  +  a;  a 

Q2.       ) {  +  =  jr—  . 

a-\-c{a—x)        X        a—  zex 


XXL     EQUATIONS  WHICH  MAY  BE  SOLVED 

LIKE  QUADRATICS. 

325,  There  are  many  equations  which,  though  not  really 
quadratics,  may  be  solved  by  processes  similar  to  those  given  in 
the  preceding  chapter.     For  example,  suppose 

a;*-9aj"  +  20  =  0. 
Transpose,  a;*  -  9a;"  =  -  20 ; 

by  addition,  ^* "" ^^  +  (1)' =  (I)  "^^^'p 
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9  1 

extract  the  square  root,  a'  —  ^  =  ±  -  j 

9      1 
therefore  ^*  =  o  ''^  o  ~  ^^  ^^  ^  y 

therefore  a;  =  ±  ^5,  or  ±  2. 


326.     Similarly  we  may  solve  any  equation  of  the  form 

aaj*"  +  6a5*  +  c  =  0. 
Transpose,  aa®"  +  6a;*  =  -  c ; 

6aj"         c 


divide  by  a,  ic*"  + 


6V     c      6"- 4^^ 


by  addition,       a;*"-f —  +  (-;r-)  =  (-— )  —  =       .   .     , 
^  '  a       \2a/       \2a/      a  4a*     ' 

extract  the  square  root,    a3"+ ^  =  — ^^ j 

therefore  ^,  ^-h^  J{b*-^a^)  ^ 

za 

Hence  by  extracting  the  n^^  root  the  value  of  a;  is  known. 

327.     Suppose,  for  example, 

05+4  ^a;  =  21  j 
therefore  a;  +  4  ^Jx  +  4  =  25; 

therefore  ^^o;  +  2  =  =*=  5  ; 

therefore  ^yo;  =  -  2  ±  5  =  3,  or  -  7  j 

therefore  a;  =  9,  or  49. 


328.     Again,  suppose 


03"  V  a? 


-*=C; 


X,       ^  -1       -i     1      25 

therefore  05     +05  *+T  =  -7-i 

4       4 

a^erefore  -"^^^X' 
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therefore 

-i          1      ^     o 
a;i  =  --^-=:2,  or 

-3; 

therefore 

05"'  =  4,  or  9, 

and 

1          1 

329.     Suppose  we  require  the  solutions  of  the  equation 

a;  +  ^(5aj+10)  =  8. 

By  transposition,        J{6x  +  10)  =  8  -  a; ; 
square  both  sides ;  thus 

5a;+10  =  64-16aj+a;''; 
therefore  a;*  —  21aj  =  —  54; 

'21\'      /21\«     _     22b 


therefore 

therefore 

21         15 
'^      2=*2^ 

therefore 

21      15 
«=  2  *  2"  =  -^®'  °^    • 

Substitute  these  values  of  x  in  the  left-hand  side  of  the  given 
equation;  it  will  be  found  that  3  satisfies  the  equation  but  that  18 
does  not;  we  shall  find  however  that  18  does  satisfy  the  equation 

aj-V(^a;  +  10)  =  8. 

In  fact  the  equation  Sa? +10  =  64— 16a; -f-a^  which  we  obtained 
from  the  given  equation  by  transposing  and  squaring  might  have 
arisen  also  from  a?—  J(5x  +  10)  =  8.  Hence  we  are  not  sure  that 
the  values  of  x  which  are  finally  obtained  will  satisfy  the  proposed 
equation;  they  may  satisfy  the  other  form. 

330.     Again,  consider  the  example 

aj-2^(a;*  +  a;  +  5)-14  =  0. 
By  transposition,  a;  -  14  =  2  J{x^  +  a?  +  5) ; 
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by  squaring,  a?'-28a;+ 196  =  4:a;*  +  4aj+20; 

therefore  Zot?  +  Z2x  =  176. 

-44 
From  the  last  equation  we  shall  obtain  a?  =  4,  or  — q— •     It  will, 

however,  be  found  on  trial  that  neither  of  these  values  satisfies  the 
proposed  equation ;  each  of  them  however  satisfies  the  equation 

«+ 2  ^^({b" +  a;  +  5)  - 14  =  0. 

From  this  and  the  preceding  example  we  see  that  when  an 
equation  has  been  reduced  to  a  rational  form  by  squaring,  it  will 
be  necessary  to  examine  whether  the  roots  which  are  finally 
obtained  satisfy  the  equation  in  the  form  originally  given. 

331.  Suppose  that  all  the  terms  of  an  equation  are  brought  to 
one  side  and  the  expression  thus  obtained  can  be  represented  as 
the  product  of  simple  or  quadratic  factors,  then  the  equation  can 
be  solved  by  methods  already  given.     For  example,  suppose 

(a?  -  c)(aj' -  3aaj  +  2a*)  =  0. 

The  left-hand  member  is  zero  either  when  x—c  —  O,  or  when 
iB*-3aa;+2a*  =  0;  and  in  no  other  case.  But  if  a;-c  =  0,  we 
have  a  =  c ;  and  if  ic"  -  3aa;  +  2a*  =  0,  we  shall  find  thata;  =  a,  or  2a, 
Hence  the  proposed  equation  is  satisfied  by  x  =  c^  or  a,  or  2a ', 
and  by  no  other  values. 

332.  Facility  in  separating  expressions  into  ferCtors  will  be 
acquired  by  experience;  some  assistance  however  will  be  furnished 
by  a  principle  which  we  will  here  exemplify.  Consider  the 
example 

x{x  —  cy=a(a  —  c)*. 

Here  it  is  obvious  that  x  =  a  satisfies  the  equation ;  and  we  shall 
find  that  if  we  bring  all  the  terms  to  one  side  jr  —  a  will  be  a  factor 
of  the  whole  expression.     For  the  equation  may  be  written 

a;'-a*-2c(aj'-a*)  +  c*(aj-a)  =  0.; 
that  is,  (oj- a)  {a;*  +  00?  +  a* -  2c  (oj  +  a)  +  c'}  =  0. 
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Hence  the  other  roots  besides  a  will  be  found  by  solving 
the  quadratic 

a*  +  aa  +  a'  —  2c  (a;  +  a)  +  c*  =  0. 

In  this  manner  when  one  root  is  obvious  on  inspection,  we 
may  succeed  in  arranging  the  equation  in  the  manner  named  in 
Art  331. 

333.  We  will  now  add  some  miscellaneous  examples  of  equa- 
tions reducible  to  quadratics. 

(1)  Suppose 

Add  18  to  both  sides ;  thus 

aj«-7aj+ 18  + V(«'- 7a;  +  18)  =  42; 

complete  the  square ;  thus 

iB»_7a;+18  +  V(a:'-7a;+18)  +  l=42i=i|?; 

1        13 
therefore  \/(«*- 7aj+ 18)  +  2  =  =*=  o  ; 

therefore  ^(a;'-7aj  +  18)  =  6,  or -7; 

therefore  oj*  —  7a5  +  18  =  36,  or  49. 

Hence  we  have  now  two  ordinary  quadratic  equations  to 
solva  We  shall  obtain  firom  the  first  x  =  9,  or  —  2,  and  from  the 
second  05  =  ^(7  ±^173).  It  will  be  found  on  trial  that  the  first 
two  only  are  solutions  of  the  proposed  equation ;  the  others  apply 
to  the  equation 

aj«_7ic-V(^-7a;+18)  =  24. 

(2)  Suppose 

a*  +  a3'-4a5'  +  a;  +  l  =  0. 

Divide  by  a*;  thus 

1       1 

ic'  +  o;- 4  +  -  + -ra  =  0: 
X     x^ 

T.  A.  12 
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or  a:"  +  -5  +  aj  +  —  4  =  0: 

therefore  V^"*""")  "*"  (»  +  --)-6  =  0; 

therefore  [«  +  -  j  +  (a;  +  -  j  =  6, 

therefore  «  +  - +s  =  *«; 

a;     2        2 

1 

therefore  x  +  -=s2.  or  -3. 

a;      ' 

First  suppose  a:  +  -  =  2 ; 

therefore  a:^-2a?+ 1  =  0; 

therefore  aj  =  1. 

Next  suppose  aj  +  -  =  —  3 ; 

therefore  a;*  +  3aj  =  —  1 ; 

therefore  ar  +  3aj  +  7  =t"1  =  t> 

4     4  4 


therefore 


3     ^V^        ,        ^i^j5 
^■*"2"      2  '  ^^^= 2       • 


(3)    Suppose 

aj*+3a:  +  l  =3a;'  +  Qa:". 

4a:* 
Transpose  a;*-  30**+  3a5  + 1  =  -^; 

«/ 

(3«\'    9a:*  4aj' 

therefore  (^' "" t)  " ^  (*' " T )  "  4 '*"^'^T' 
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Extract  the  square  root,  then 

,    So?     ,     .   5x 

3iB  Sso 

We  have  now  ordinary  quadratics,  namely,  «*  —  "o"  —  1  =  "^- 1 

2  D 

and  a;"  — -^-  — 1  =  — -^,      From    the    former    we    shall    obtain 
2  o 

«  =  i  (7  "fc  VS5),  and  from  the  latter  a?  =  J  (1  =fc  ^10). 

(4)  Suppose 

ex  ^a;- llaj  +  6  ^aj- 1  =0. 

We  may  write  the  equation  in  the  form 

(a;-  3  ^a;)'+  2(aj-3 ^a;)  + 1  =«•. 

Hence  a?  —  3  Jx  + 1  =  it  aj. 

Take  the  upper  sign ;  thus 

»  —  3^a;+l=aj; 

therefore  Jx  =  ^ ,  and  a?  =  g  • 

Take  the  lower  sign;  thus 

aj-3^a;-f  l=-aj; 
therefore  2a;- 3  ^aj+ 1  =  0. 

From  this  we  obtain  ^a;  =  1,  or  ^  i  aJid  therefore  a:=  1,  or  - . 

(5)  Suppose 

In  solving  this  equation  we  shall  employ  a  principle  which 
often  abbreviates  algebraical  work. 

12-2 
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Suppose  that  X  ~     > 

then  will 

a  4- 6     />  +  </  a  —  b     ji  —  n  a-\-h     p  +  (if 

b  !?    *       .     ^  9'     '         a  —  h     p  —  q' 

For  the  first  of  these  three  results  is  obtained  by  adding  unity 
to  each  of  the  given  equal  quantities,  the  second  is  obtained  by 
subtmctiog  unity  from  each  of  the  given  equal  quantities,  and  the 
third  result  is  obtained  by  dividing  the  first  by  the  second.  Each 
result  is  sometimes  serviceable.  For  the  present  example  we 
employ  the  last.     Thus  from  (1)  we  deduce 

2{x  +  c)        9a;4-17c 
2^(a:*-c*)~    \)x  +  c   ' 

Square  both  sides,  and  simplify  the  left-hand  member ;  thus 


Again,  by  employing  the  third  of  the  above  results  we  deduce 
from  (2) 

X  _  (9a;  +  17cy  +  (9a;  +  c)'  __  (9a;  +  17cy+ (9a;  +  c)* 
c~{^x  +  lief  -  (9a;  +  c)'  "       16c  (18a?  +  18c)       ' 

By  reducing,  we  obtain 

63a:'-18a;c-145c'=0, 

^  r        .^'  Sc  29c 

and  from  this,  ^  =  -0  >  ^^^  =  "-"91  • 

(6)     Suppose 
Ti*anspose ;  thus 
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B7  squaring,    —  (1 -4a;)-3a^(l -4a;)      /(-j--a;j  =3aa;— -^ 


=-';(i-*4 

Divide 

by  V(^  ""  ^^)  }  *^^^ 

^«\^^V(i-4.)=3«yf;-.). 

By  squarin 

g;      (l  +  3«)'(l-4x)  =  16(^-«); 

therefore 

4a;  {(1  +  3a)'  -  4}  =  (1  +  3a)'  -  12a  =  (1  -  3a)' ; 

therefore 

4a;  (3a  +  3)  (3a -1)=  (3a -1)'; 

therefore 

3a- 1 

12  (a +  1)* 

Also  corresponding  to  the  factor  ^(1  -  4a5),  which  was  removed, 
we  have  the  root  x  =  -j . 

This  example  is  introduced  in  order  to  draw  the  attention  of 
the  student  to  the  circumstance  that  when  both  sides  of  an  equa- 
tion are  to  be  squared,  an  advantageous  arrangement  of  the  terms 
on  opposite  sides  of  the  equation  should  be  made  before  squaring. 
If  in  this  example  as  it  originally  stands  we  square  both  sides,  no 
terms  will  disappear ;  but  by  transposing  before  squaring  we  ob- 
tain a  result  in  which  —  x  occurs  on  both  sides,  and  may  therefore 
be  cancelled. 

(7)     Suppose 

>/(a:'-f9)  +  V(«^-9)=V(34)  +  4. 

We  have  identically 

a.«+9-(a;"-9)  =  18  =  34-16. 

Hence,  dividing  the  members  of  this  identity  by  the  cor- 
renpondiug  members  of  the  proposed  equation^  we  obtain 

V(a;'  +  9)-V('e'-9)  =  V(34)-4. 
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Therefore,  by  addition,  J{x*  +  9)  =  ^(34)  ; 
therefore  a?*  =  25,     and  x  =  ^5. 

This  equation  is  introduced  for  the  i^e  of  illustrating  the 
artifice  employed  in  the  solution.  This  artifice  may  often  be  em- 
ployed with  advantage ;  for  instance,  example  (6)  may  be  solved 
in  this  way. 

(8)  V(2«-^4)-2V(2-.)  =  -^^^^. 

We  may  write  this  equation  thus, 

The  factor  J{^x  +  4)  —  2  J{2  —  x)  can  now  be  removed  from 
both  sides ;  thus  we  obtain 

^(9a«+  16)  =  2{V(2a;  +  4)  +  2  V(2-a;)}. 
By  squaring,       9aj*  + 16  =  4  {12  -  2®  +  4  ^(8  -  2a:^} ; 

therefwe  «'+  8a:=  4  (8- 2a;')  + 16  ^(8~2aO  ; 

therefore        «»+ 8a;  +  16  =  4(8-2a')  +  16  ^(8-2a^  + 16. 

Extract  the  square  root ;  thus 

.fc(a;  +  4)  =  2V(8-2aj«)  +  4. 

The  solution  can  now  be  completed ;  we  shall  obtain 

«;  =  =*= — ^^—  • 
3    * 

and  also  a  pair  of  imaginary  values. 

Also,  by  equating  to  zero  the  factor  ^(2aj+4)  — 2  ^(2  — a), 
which  was  removed,  we  shall  obtain  05  =  «  . 

It  will  be  seen  that  very  artificial  methods  are  adopted  in  some 
of  these  examples;  the  student  can  acquire  dexterity  in  using 
such  transformations  only  by  practice.  More  examples  will  be" 
found  in  Chapter  Liv. 
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EZAHPLES  OF  EQUATIONS  REDUCIBLE  TO  QUADRATICS. 

1.     3aj  +  2Va;-l  =  0.  2.     »*•  +  31aJ»  =  32. 

3.     3itf'+ 42a;' =3321,  4.     JB--I3aj*=  14. 

5.     aj'-35a?+ 216  =  0.  6.    aj*-«"  +  2  =  0. 

7.    aj  +  2^(aaj)  +  c  =  0.  8.     3«*  -  Tic"  =  43076. 

9.     3aj-4/a-  +  |^,  =  16.  10.    «*  +  — ,=3i. 

V*  2aj' 

11.    V(2«)-7a;  =  -52.  12.    ic*-14aj«+40  =  0. 

13.     2a;+V(4a  +  8)  =  L  14.    2V«+-y-  =  5. 

15.    as* +  5** -22  =  0.  16.     3a!*-4a^=7. 

1        1 
17.    x  +  5-J{x  +  5)  =  e.  18.     2(af+a?~)  =  5. 

19.     V(2a!+7)+V(3a!-18)  =  ^(7a!  +  l). 

V(a:'-16)       .  7 

21.  ^(a  +  a;)  +  ^(a-^x)  =  ^6. 

22.  V(«  +  9)  =  2V«-3. 

23.  aj  +  V(5aj  +  10)  =  8.  24.     2*^* +  4'=  80. 
25.  (a*  +  «*)*  =  (a*  +  aj*)*. 

^a+  J(a-k-x)     Ja-  J{a-x)  * 
28.     (a  +  6)V(a«  +  6'  +  aO-(a-^)N/(a"  +  ^'-«0  =  »*+^'- 


26. 
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30.     2x  +  ^(2  +  2x)  =  c  (l-x). 


31. 


32. 


a-x  a  +  x 


Ja-^^^a-x)     ^a-^^{a  +  x)    ^^ 
J(x  +  2a)-^{x-2a)_  op 


33.  \/{x  +  8)^^{x-\-3)=^^x. 

34.  ^{x  +  S)+J{x  +  S)  =  5^x. 

a?'~«'     x'-ha'  _  34 
^^'     »«  +  a»'^iB--a«"15* 

36.  V(a  +  hx')-  Ja^e  ^{bx"). 

37.  ^/(a:+4)->  =  ^^aJ  +  |). 

38.  «»  +  --a.-.  =  0.  39.     _  =  _,--^. 

03  —  2       a  +  1  a+a;       a-x 

43.     Vll-aJ  +  a*)- V(l  +aj  +  a;*)  =  w. 

44      «^^s/(a^-l)  .^^-VC^-l)     o. 
a;-V(«"-l)'^a:  +  V(«^'-l)~''^- 

45.     V(a'  -  3aB  +  a")  +  ^(»'  +  3aa;  +  a")  =  V(2a'  +  2V). 

1  +  cc» 


46.     »; 


ye-)= 


sl^    • 


47.  ^(a^^«)-^(;!/a:  +  ^a;)-0. 

48.  Jx-^J{x-^{l^x)]=\. 

49.  (a  +  a)*  -  («  -  «)•  =  242a*. 
a^+1  /6 


50.      ^ — r  =  ^+^/ 

05-1  \r  J 


60. 


10a;  +  8    "■    2x^-4: 
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51.     J(x'  +  ax  +  h')  +  J{af+hx  +  a')  =  a-hb. 

52. 

53.     J{2x  +  9)+J{3x''l5)  =  ^{7x  +  S). 

56.     J{x' ■^ax-'l)  +  ^{x'-hhx-  l)  =  ^a  +  ^b. 

59.     (x  —  a)  (05  —  h)  (x-  e)-h  ahc  =  0. 
1  1  ix 


\-x     1+x     1+aj'' 


61.       7+ r  +  r+ 7  =  0. 

aj  +  a  +  6     x  —  a  +  h     x  +  a  —  h     x—a  —  b 

g,        {a'-x){x  +  m)      (a  +  a5)(a;  — wi) 
x-^n  x  —  n 

63.  f^'=l+ff. 
\a  —  a;/  oo 

64.  2a;+  1  +  a;  V(a^  +  2)  +  («+  1)  ^(»"  +  2a;+  3)  =  0. 

65.  a'  +  3  =  2^(a»-2a;  +  2)  +  2a;. 

66.  iB"  +  5aj+4  =  5V(»'  +  ^«  +  28). 

67.  V(a;»-2a;  +  9)-^  =  3-». 

fl 

68.  3aj«+  15a;-2  V(aj«  +  5a:+  1)  =  2. 
69.'    (a;  +  5)(a;-2)  +  3^{aj(a;  +  3)}  =  0. 

70.  «»+3-V(2«'-3a;  +  2)  =  |(a;+l). 

71.  aj(a?+ 1)  +  3^(2iB»  +  6a;+  5)  =  25  -  2x. 
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73.    af-2^{3x'-2ax  +  i)+4:  =  ^{x  +  ^+l). 

o  A 

73.    aj»-a;  +  3V(2a;«-3aj  +  2)  =  |+7. 


90. 


2 


74.     = -T  =  5-aj-a". 

1  +aj  +  iB* 


75.  (a;  +  «)(«  +  2a)(aj  +  3a)  («  +  4a)  =  c*. 

76.  \^x{x  +  !)(«  +  2)  (aj  +  3)  =  9. 

a*  -f  oa?  +  aj*     a* 
a'  —  aa;  + 

79.  aj*-2aj'  +  aj  =  a.  80.     a:*-2aj"+aj  =  132. 

81.  V«^+^/(a;  +  7)  +  2V(«"  +  7a;)  =  35-2a:. 

82.  a»-8(aj+l)Vaj  +  18aj  +  l  =  0. 

83.  2  (a'  +  aa;)*  +^a;  +  ^(a  +  «)  =  6-  2a^ 

84.  aj*  +  2a^-lla*  +  4aj  +  4  =  0. 

85.  aj*  +  4a"a;  =  a*. 

86.  aj*  +  aa'  +  &B*  +  ca;  +  -5  =  0. 

a 


v/0-s)VO*=)- 


87.    1  + 


«»•  y(-9-yo-3= 


X 

x^-hl      1 


(aj+l)*"2' 
91.     aj'+l=0.  92.    waj'  +  aj  +  n  +  l=0, 

93.  (aj-2)(a;-3)(a!-4)  =  1.2.3. 

94.  (aj-l)(«-2){a?-3)-(6-l)(6-2)(6-3)  =  0. 

95.  (a:-l)(a:-2)(a!-3)  =  24. 
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96.     6aj»-5a"  +  a;  =  0.  97.     a»  +  a;'-4a;-4  =  a 

98.  - +- +— 8=1  +  - +-5. 
a     X     Of  a     a 

99.  8a?' 4- 16a;  =9.  100.     aj'-^=lj. 

101.  a;(a"-2)-m(aj'  +  2«iaj  +  2). 

102.  (a;'~a')(aj  +  a)5  +  (a'-6«)(a  +  5)a;  +  (6'-a:^(6  +  a;)a=0. 

103.  a^+^aj*+/i?-l+-— y^a;+l  =  0. 

104.  (p-l)V+iKB«+^p-l  +  -^)a;  +  l  =  0. 

105.  3a?*  +  8a:* -8a*  =3. 


XXIL     THEORY  OF  QUADRATIC  EQUATIONS  AND 

QUADRATIC  EXPRESSIONS. 

334.     A  quadratic  equation  ccmnot  have  more  than  two  roots. 

For  any  quadratic  equation  will  take  the  form  aa?  +  5a;  +  c  =  0 
if  all  the  terms  are  brought  to  one  side  of  the  equation;  and  then 
by  Art.  318  the  value  of  a?  must  he  either 

2S  ''''  2a 

that  is  the  value  of  a?  must  be  one  or  the  other  oitwo  quantities. 

The  result  is  sometimes  obtained  thus.  If  possible  let  three 
different  quantities  a,  )3,  y  be  roots  of  the  quadratic  equation 
cwB*  +  6a;  +  c  =  0 ;  then,  by  supposition^ 

aa'  +  5a  +  c=0,     aj8*  +  5)8  +  c  =  0,     c»y*  +  5y  +  c  =  0. 

By  subtraction, 

a(a»-j8«)  +  5(a-j8)  =  0; 
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divide  by  a  —  )8  which  is,  by  supposition,  not  zero ;  thus 

a(a  +  )S)  +  6=0. 

Similarly  we  have     a{a  +  y)  +  b  =  0. 

By  subtraction,  a  (jS  -  7)  =  0 ; 

this  however  is  impossible,  since  by  supposition  a  is  not  zero,  and 
P  —  yia  not  zero.  Hence  there  cannot  be  three  different  roots 
to  a  quadratic  equation. 

335.  In  a  quadratic  equation  where  the  coefficient  of  tJie  JwBt 
term  is  unity  and  the  terms  are  all  on  one  side,  the  sum  of  the  roots 
is  equal  to  the  coefficient  of  the  second  term  unth  its  sign  changed, 
and  the  product  of  the  roots  is  equal  to  the  last  term. 

For  the  roots  of  aac*  +  605  +  c  =  0  are 

2a  2a  * 

hence  the  sum  of  the  roots  is  — ,  and  the  product  of  the  roots  is 

^-j—j ^,  that  is,  -.      And  by  dividing  by  a  the  equation 

uOC       C 

may  be  written  x'  +  —  +  -  =  0 ;  and  thus  the  proposition  is  esta- 
blished. 

336.  Let  a  and  p  denote  the  roots  of  the  equation 

003*  +  605  +  c  =  0 ; 

h  c 

then  a  +  8  = and  aB  =  -.  These  relations  are  useful  in  finding: 

'^        a  a  ° 

tike  values  of  expressions  in  which  a  and  P  occur  in  a  symmetrical 

manner.     For  example. 


(a-i8)»  =  (a  +  )8)--4ai8  = 


a       a 

h'^Aac 
a'      ' 


1      1      a  +  j8 i^l__^ 

a  I P^    afi   "     a     a~     c 
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337.  We  have 

(         a      a) 

h         c 
now  put  for  —  and  —  their  values  in  terms  of  a  and  B;  thus 
a         a 

aUtf  +  bx-\-c  =  a{x'—{a  +  P)x  +  a^}  =  a{x  —  a){x  —  )8). 

Thus  the  expression  aa^  +  hx  +  c  is  identical  with  the  expres- 
sion a{x  —  a)(x  —  P)]  that  is,  the  two  expressions  are  equal  for 
all  values  of  x. 

Hence  we  can  prove  the  statement  of  Art  334  in  another 
manner.  For  no  other  value  of  x  besides  a  and  P  can  make 
{x  —  a)  (a?  —  P)  vanish  j  since  the  product  of  two  quantities  cannot 
vanish  if  neither  of  the  quantities  vanishes. 

The  student  may  naturally  ask  if  the  identity 

oa*  +  6a;  +  c  =  a  (a?  —  a)  (aj  -  )8) 

holds  in  those  cases  alluded  to  in  Art.  323,  where  the  roots  of 
<wc' +  6a5  +  c  =  0  are  impossible;  we  shall  return  to  this  point  in 
another  Chapter. 

338.  The  student  must  be  careful  to  distinguish  between  a 
qiLadrcUic  equation  and  a  quadratic  expression.  In  the  quadratic 
equation  ao(^  +  &c  +  c  =  0  we  must  suppose  x  to  have  one  of  two 
definite  values,  but  when  we  speak  of  the  quadratic  eocpression 
oaf  -^bx  +  c,  without  saying  that  it  is  to  be  equal  to  zero,  we  may 
suppose  X  to  have  any  value  we  please. 

339.  We  have 

aas*  +  bx  +  c  =  a\x'+  —  +-> 

(         a      a) 

(f       bV    c       6M         (/        by    b'-iac) 

b^  —  4rac 
Now  first  suppose  that  6'— 4ac  is  negative;  then  — -    ^      is 

also  negative;   hence   (^+9—) 775 —    is  necessarily  positive 
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for  all  real  values  of  x.  In  this  case,  <ia^  +hx  +  c  being  equal  to 
the  product  of  a  into  some  positive  quantity  must  have  the  same 
sign  as  a.  Thus  if  b'  —  iac  be  negative,  ax'  +  bx  +  c  has  the 
same  sign  as  a  for  all  real  values  of  x. 

Next  suppose  that  b*  —  Aac  is  zero;  then  « 

005*  +  6a;  +  c  =  a  f  05  +  5- j . 

Here,  as  before,  ax'  +  bx  +  c  has  the  same  sign  as  a;  in  this 
case  the  expression  ax^  +  bx+c  is  a  perfect  aqum'e  with  respect 
to  05,  and  its  square  root  is 

Lastly,  suppose  that  V  —  ^ac  is  positive ;  then 

=  a(a;-o)(a;-^), 
where  a  and  )8  are  both  real  quantities,  namely, 

2a  '^  2a 

The  expression  a  (a;  —  a)  (a;  ~  P)  must  have  the  same  sign  as 
a  except  when  one  of  the  factors  x^a  and  x-~P  ia  positive,  and 
the  other  is  negative;  and  we  shall  now  shew  that  this  can  only 
be  the  case  when  05  lies  in  value  between  a  and  p.  Of  the  two 
quantities  a  —  fi  and  p  —  a  one  must  be  positive;  suppose  the 
former,  so  that  a  is  algebraically  greater  than  p,  Now  if  a?  is 
algebraically  greater  than  a,  then  05  —  a  is  positive,  and  therefore 
also  05  —  )3  is  positive,  and  if  05  is  algebraically  less  than  )8,  then 
x  —  P  is  negative,  and  therefore  also  05  —  a  is  negative.  But  if  05 
lies  between  a  and  )9,  then  05  —  a  is  negative,  and  x-^fi  h  positive. 
For  such  a  value  of  05  the  sign  of  the  expression  ax^  +  &c  +  c  is 
the  contrary  to  the  sign  of  a. 

The  conclusion  of  the  investigation  of  the  three  cases  is  this; 
whatever  real  value  x  may  have  005*  -^bx  +  e  and  a  never  differ  in 
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sign,  except  when  the  roots  of  ox*  +  bx  +  c  =  0  are  possible  and 
different,  and  x  is  taken  so  as  to  lie  between  them. 

340.  The  roots  of 

oa:"  +  6»  +  c  =  0  are ^ -, 

and  the  roots  of 

ax*-bx  +  c^O  are  o  ~   ^^. 

2a 

It  is  obvions  that  the  latter  roots  are  the  same  as  the  former  with 
their  signs  changed.  Hence  if  two  quadratic  equations  differ 
only  in  the  sign  of  the  second  term,  the  I'oots  of  one  may  be 
obtained  by  changing  the  signs  of  the  roots  of  the  other, 

341.  Suppose  we  divide  ax'-^-hx-^e  by  x  —  h.  The  first 
term  of  the  quotient  is  ax,  and  the  next  term  aJi  +  h,  and  there 
is  a  remainder  ah^  +  hh-^c.  If  this  remainder  yanish,  so  that 
oA'  +  6A  +  c  =  0,  then  A  is  a  root  of  the  eqiuition  aa?  +  fee  +  c  =  0. 
Thus  the  expression  oaf  +  6a5  +  c  is  divisible  by  05  —  A  only  when 
A  is  a  root  of  the  equation  oaf  +  fto;  +  c  =  0. 

342.  Some  particular  cases  of  the  equation  oaf  +  &a;  +  c  =  0 
may  now  be  investigated.     The  roots  of  the  equation  are 

^6  +  ^(6'~4ac)  ,6-V(y--4ac). 

2a  ^^^  2S  ' 

we  will  first  examine  the  results  of  supposing  a  =  0, 

The  nimierator  of  the  first  root  becomes  —6  +  6,  that  is,  0 ; 
thus  this  root  takes  the  form  ^.     The  numerator  of  the  second 

—  26 
root  becomes  —26;  thus  this  root  takes  the  form  -tt-.     If  '^^  the 

original  equation  we  put  a=0,  it  becomes  6a5  +  c  =  0,  so  that 

05  =  — -•   and  we  may  arrive  at  this  result  from  the   expression 

which  takes  the  form  tx  hy  a  suitable  transformation.     For  mul- 
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tiply  both   numei*ator  and  denominator  of  ^ by 

h^fj^b^  —  ^ac)]  thus  we  obtain    ^ jrj^ — - — -,  and  if  we   now 

put  a=0,  we  obtain  -^^,  that  is,  -r--     If  the  root --). 

be  transformed  by  multiplying  its  numerator  and  denominator  by 

b  —  J{h'  —  4:ac)  it  becomes  ^ j-^ — j — r,  and  the  smaller  a  is 

the  smaller  is  the  denominator  of  this  fraction,  and  the  greater  the 
fraction  itself:  an  equivalent  result  may  obviously  be  obtained 
without  effecting  any  transformation  of  the  root  Thus  we  may 
enunciate  our  results  as  follows ;  in  the  equation  ax'  +  60;  +  c  =  0, 
if  a  be  very  small  compared  with  5  and  c,  one  of  the  roots  is 

very  large  and  the  other  is  nearly  equal  to —  7,  and  the  smaller 

a  is,   the  larger  one  root  becomes,  and   the  nearer  the   other 

approaches  to  — . . 

343.  Next  suppose  both  a  and  6  to  be  zero ;  then  the  ordi- 
nary expressions  for  both  roots  take  the  form  jr.  By  trans- 
forming the  roots  as  in  the  preceding  article,  we  shall  see  that 
when  a  and  b  are  both  small  compared  with  c,  both  roots  are  very 
large,  and  become  greater  the  smaller  a  and  b  are. 

344.  Lastly,  suppose  a,  b  and  c  to  be  zero;  then  the  roots 

take  the  form  ^.     In  this  case,  if  we  transform  the  roots  as  in 

0 
Art,  342,  we  shall  still  obtain  the  form  ^ ;  we  may  say  here  that 

the  value  of  a;  is  really  indeterminate. 

345.  We  will  give  an  example  of  the  application  of  the 
results  of  Art  339. 
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a?*  — 2a; +  21 

Let  it  be  required  to  ascertain  if  the  fraction  — ;; r-^ —  can 

^  6a;  —  H 

assume  any  value  we  please  by  suitably  cboosing  the  value  of  x. 
^  ,  a;'-2a;  +  21 

therefore  ic"  -  2a;  +  21  =y  (6a;- 14)  ; 

therefore  a^-2  (1  +  3y)  a;  +  21  +  14y  =  0. 

By  solving  the  quadratic  we  obtain 

«  =  l  +  3y±V(9y'~8y-20). 

Hence  if  a;  is  to  be  real  the  quantity  9y'  —  8y  —  20  must  be 
positive;  that  is,  9  (y  — 2)f  y  +  -Q- j  must  be  positive.     Therefore 

y  cannot  lie  between  2  and  —-q,  but  may  have  any  other  value. 
We  conclude  then  that  by  suitably  choosing  the  value  of  x,  the 
fraction  — ^ ^T —    ^^7   h&ve  any  value  we    please,   except 

values  between  2  and  — rr-. 


EXAMPLES   ON  THE  THEORY   OP  QUADRATIC  EQUATIONS   AND 

QUADBATIO  EXPRESSIONS. 

Resolve  the  following  four  quadratic  expressions  into  the  pro- 
duct of  simple  factors : 

1.  3a;»-10a;-25.  , 

2.  a;"  +  73a;  +  780. 

3.  2a;*  +  a;-6, 

4.  a;"- 88a; +  1612. 

5.  Form  the  quadratic  equation  whose  roots  are  6  and  8. 

6.  Form  the  quadratic  equation  whose  roots  are  4  and  5. 
T.  A,  13 
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7.  Form  the  quadratic  equation  whose  roots  are  1  and  —  2. 

8.  Form  the  quadratic  equation  whose  roots  are  1  «t  J  5, 

9.  Find  the  sum,  difference,  and  product  of  the  roots  of 

aj»-42aj+ 117  =  0. 

10.  For  what  value  of  m  will  the  equation  2a:j'  +  8a;  +  w*  =  0 

have  equal  roots? 

11.  If  a  and  j8  be  the  roots  of  jc'-jpj  +  g  =  0,  find  the  value 

of^  +  ^andof  o»  +  j8». 
[S      a 

12.  If  a  and  p  be  the  roots  of  aa?  +  fta;  +  c  =  0,  construct  the 

1  1 

equation  whose  roots  are  -  and  t^. 
^  a         p 

13.  Shew  that  the  roots  of  x'-hpx  +  q  =  0  will  be  rational  if 

p  =  k  +  Y,9  'where  p,  q,  h  are  any  rational  quantities. 

14.  Shew  that  if  aaj'  +  6a;  +  c  =  0   and  aV  +  6'a;  +  c' =  0   have 

a  common  root,  then  {a'c  —  acy  =  {cih  —  ah')  (h'c  —  cb), 

2a;  — 7 

15.  If  a;  be  real,  prove  that  ^  .^   ^  can  have  no  real 

1 
value  between  ^r  ^^^  1* 

16.  If  ^  be  greater  than  unity,  then  for  all  real  values  of  x 

the   expression   -= — ^ — ^    lies    between  ^~,    and 
^  a;*  +  2a;  +jp*  p  +  l 

p  +  1 

P-V 
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XXnL    SIMULTANEOUS  EQUATIONS  INYOLYING 

QUADRATICS. 

346.  We  will  now  give  some  examples  of  simultaneous  equa- 
tions where  one  or  more  of  the  equations  may  be  of  a  degree 
higher  than  the  first;  various  artifices  are  employed,  the  proper 
application  of  which  must  be  learned  by  experience. 

(1)  Suppose        iB'-2/=71,    x+f/  =  20. 

From  the  second  equation  y  =  20  —  x;  substitute  in  the 
first^  thus 

aj»-2(20-a;y  =  71; 

therefore  -  aj'  +  80a;  -  800  =  71, 

therefore  a'  -  80a;  =  -  87 1. 

From  this  quadratic  we  shall  obtain  a;=13  or  67;  then  from 
the  equation  y  =  20  —  a;  we  obtain  the  corresponding  values  of  y, 
namely,  y  =  7  or  —47. 

(2)  Suppose      af-¥y*  =  25,      a^  =  12. 
Here  a:^  +  y'  =  25, 

2ocy  =  24t; 
therefore,  by  addition, 

a;»  +  2a;y  +  y*=  25 +  24  =  49; 

that  is,  (a;  +  y)*  =  49; 

therefore  a;  +  y  =  sfc7. 

Similarly,  by  subtraction, 

(a;-y)«=25-24  =  l; 

therefore  a; — y  =  *  1. 

13—2 
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We  have  now  four  cases  to  consider;  namely, 

a;  +  y=     7,  x-y^     1; 

aj  +  y  =  -7,  a;-y=     1; 

aj  +  y=     7,  aj-y  =  -lj 

35  +  3/  =  - 7,  a;-y  =  -l. 

By  solving  these  simple  equations  we  obtain  finally 
x  =  ^^y        y  =  ±4;         or  a;  =  eb4,         y«±3. 

(3)    Suppose    23/'-4iC2/  +  3a;«  =  17,  y'-aj'=16. 

Let  y  =  vx,  and  substitute  in  both  equations;  thus 
aj"{2t?'-4v+3)  =  17,  a"(t?«-l)=16; 

from  the  former, 
from  the  latter, 

therefore  1 7t?'  -  1 7  =  32v'  -  64v  +  48 ; 

therefore  1 5t?'  —  6  4t?  +  65  =  0. 

5        13 
From  this  quadratic  we  shall  obtain  v  =  ^  or  -^-,     Take  the 

former  value  of  t? ;  then  a'  =  -, — =•  =  9  :  therefore  a;  =  =*=  3  ;  and 
y  =  vx^db5.  Again,  taking  the  second  value  of  v  we  have 
05*  =  -Q- ;  therefore,  a;  =  ±  - ;  and  y  =  ±  — . 

The  artifice  here  used  may  be  adopted  conveniently  when  the 
terms  involving  the  unknown  quantities  in  each  equation  consti- 
tute an  expression  which  is  homogeneous  and  of  the  second  degree; 
see  Art.  24. 


a^- 

X  1 

• 

*      2t>'- 

-4v 

+  3' 

.        16 
«  =-1 — 

• 

1' 

17 

16 

SIMULTANEOUS  EQUATIONS  INVOLVING  QUADRATICS.     197 
(4)     Suppose         x^h^/  =  a,    af  +  y^  =  h\ 

By  division,  — -=—  =  —  : 

•  x+y .    a 

that  is,  x*  —  afy  +  x^y'-'X}^-¥y*  =  —  ; 

or  a*  +  y*  —  xy  (a?  +  y")  +  a^y  =  —  . 

Cb 

Now  since  05  +  y  =  a, 

therefore  a*  +  y*  +  205*^*  =  (a*  -  2xyf  =  a*  -  4a'a3y  +  4a5*y*  ; 
therefore  a*  +  y*  =  a*  —  4a*a:?y  +  2a5y. 

By  substituting  the  values  of  as*  +  y*  and  ar"  +  y'  we  obtain 
a*  —  4a'a5y  +  2a5*y'  —  xy  (a'  —  2ajy)  +  asy  =  —  , 

that  is,  5aj*^  —  Qa^xy  = a*. 

*We  may  obtain  this  result  also  in  another  way.     It  may  be 
shewn  that 

a*  =  aj*  +  y' +  5a;y  (aJ®  +  2^  +  10«'^(aj  +  3^) ; 

thus  a'  -  6*  =  5aj3/(ic*  1 3/*)  +  lOaa^y ; 

and  a'  =  as*  +  ^  +  3a;y(a;  +  y) 

=  a*  +  y'  +  3aa^ : 

therefore  a*  —  6*  =  5ajy  (a*  -  3aa^)  + 1  Oaa;  V, 

or  5ax^y^  —  5a'a;y  =  6*  —  a*. 

From  this  quadratic  we  can  find  two  values  of  xy\  let  c 
denote  one  of  these  values,  then  we  have 

a;  +  y  =  a,  ay  =  cj 

thus  {x  +  yY  —  4ajy  =  a'  —  4c, 

that  is,  (a? — y)'  =  a'  —  4c ; 

therefore  '  a?  -  y  =  r*-  ^(a*  -  4c). 
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Thus  since  x  +  y  and  x—y  are  known^  we.  can  find  immediately 
the  values  of  x  and  y. 

Or   we   may  proceed   ilius.     Assume   x  —  y^z,  then   since 
05  +  y  =  a,  we  obtain 

Substitute  in  the  second  of  the  given  equations ;  thus 

(a +  «)»+(«-«)» =326*, 
therefore  5az*  +  10a  V  =  1 66*  -  a\ 

From  this  quadratic  we  may  find  s^,  and  hence  z,  that  is, 
x—y;  and  hence  finally  x  and  y. 

More  examples  will  be  found  in  Chapter  uv. 


EXAMPLES  OP  SIMULTANEOUS  EQUATIONS  INVOLVING  QUADRATICS. 

1.  4a^+7y'=U8,        3af^y'=ll. 

2.  x  +  y  =  100,        xy  =  2400. 

3.  a  +  y  =  4,  -  +  -  =  1. 

X     y 

4.  x  +  y  =  7y        ixf  +  2y'=3i. 

5.  x-y  =  12,        aj'  +  y'=74. 

^  x  —  y.  35+ 3v, 

7.    a*  +  ^=65,      ajy=28.  8.    a5y  =  l,       3aj-5y  =  2. 

9.     -  +  -  =  2,        a?  +  y  =  2. 
ay 

10.  a?  +  xy  +  2y»=  74,         2rB"+  2a5y  +  y*=  73. 

11.  2a.  +  3y=37,        ^  +  ^=||. 
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12.  a«  +  3ajy  =  54,        a?y  +  V  =  115. 

13.  iB"  +  a?y  =  15,        ajy-y*=2. 

14.  iB'  +  ajy  +  4y"=6,        35c*  +  8y'=U. 

15.  aj*  +  r»y  =  12,        a;y-2y*=l. 

16.  a'-icy+y*  =  21,        y*  -  2a;y  + 15  =  0. 

17.  aj»-V=9,        ajy  +  2/  =  3. 

18.  7a;*-8a:y=159,         5aj  +  2y=7. 

19.  ixf-2xt/-2^=l,        a;  +  y  =  2. 

20.  ^±1^^ZK  =  ]^,        a^^y'  =  i5. 
x—y     x-\-y      3 

21.  £±if  +  ^Zy  =  |.        a,'  +  y«  =  20. 
a5-y     aj  +  y     2'  ^ 

22.  •3a;+-125y=3aj-y,         3a;-%  =  2-25ajy  +  3y. 

23.  •ly  +  *125aj  =  y-a!,        y-'5a;='75ajy-3a;. 

24.  y"-  4a:y  +  20iB'+   3y-  264aj  =  0,^ 
5y*-38ajy+     a:"-12y  +  1056aj  =  0.J 

25.  a5+y  =  a5*,         3y-aj  =  y*, 

e*  "I 

2Q,    »*  +  y*  =  2«y»        x-y=-^xy. 

27.  a;  +  2y  +  — =  16,        3aj  +  y  +  ~  =  23. 

28.  4(aJ+y)  =  3a:y,        »+y  +  iB'  +  y*  =  26. 

29.  aj-y  =  2,        a«-y»  =  8. 

30.  aj  +  y  =  5,        ic*  +  y'  =  65. 

31.  aj  +  y=ll,        i«'+y"  =  1001. 

32.  ajy(a;  +  y)  =  30,        a^  +  y'=35. 

33.  -  +  ?^  =  18,        a;+y  =  12. 
y     X        '  ^ 
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34.  aj  +  y  =  18,        aj"  +  y"  =  49U. 

35.  ^  +  ^  =  9,        x  +  y  =  6. 

36.  aj»(aj  +  y)  =  80,         {B"(2aj-3y)=80. 

37.  a?y  +  t/'x  =  20,       -  +  -  =  ?. 

^     ^  as     y     4 

38.  a^  +  y*  =  7  +  xt/,        ic'  +  2/*  =  6icy-l. 

39.  a^  +  y'=8.      3^p=|. 

« 

40.  aj+y  =  4,        a;*  +  y*  =  82. 

41.  aj'-y*  =  3093,.        aj-y  =  3. 

43.  aj'-a:r"y'  +  y'=19,         a5-a^  +  y=4. 

44.  aj»-ajy+y=7,        a;*  +  iB»/+y*=133. 

45.  jB*  +  a^  +  y*=49,         05*  +  ar"^  +  y*  =  931. 

46.  aj*-iB"  +  y*-y'  =  84,        aj*  +  a?"/ +  y"  =  49. 

47.  aj(12-a^)  =  y(a^-3),     xy  {y  +  4:X - xt/)  =  12  (a?  +  y-3). 

48.  x  +  y  +  J{oby)=^14:,        a^-hy'+xy  =  SL 

49.  x-hy-J(icy)  =  7,        x^+i^  +  xy=lS3. 

50.  aj  +  y  =  72,         ^x  +  ^y==e. 

51.  x-^J{x^-y')  =  8,        x-y^l. 

53.  a,  +  y  =  10.  h-^ltj-. 

\  y     \  X     2 
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54.     Jx''jy=ij{xy),        a;+y  =  20. 
KK        //        \     «•//        \     2(a;-l)  aj'  +  y*     34 

56.  7(3  +  a!^  +  2y=8,  '     2a!' +^(52^  + 4a!*)  =  9. 

^n     X     y     ^    .      ah. 

57.  -+r  =  l,        -  +  -  =  4. 
ah  X     y 

58.  9?-y^a^,        xy  =  h\ 

59.  as*  +  y*  =  a*,        a;  +  y  =  6. 

60.  a3*  +  y*  =  14a;V,         x-¥y  =  a. 

61.  a3*-y*=a*,         a;-y  =  6. 

62.  V(a«  +  y)+V(«^-y^=%>        x'-y'  =  a\ 

63.  2a5(a  +  6)a;  +  y"  =  tt5{c'  +  2a63/,) 

64     2V(«'-2^+a^  =  l,        ^-|  =  «- 

65.  x  +  y  =  aj{xy),        x-y  =  c/'^. 

66.  J{x  +  y)  +  J{x-y)  =  Ja,        J{oi?  +  f)  +  J{a?-y')  =  b. 

a!y  =  a6. 

68.  a!'  +  y*-(a!  +  y)  =  a,         **  +  y*  +  a!  +  y-2(a!*  +  y^  =  6. 

ft 

69.  yz  =  hcf        -  +  ^.=  1,        -+-  =  1. 

70.  l  +  i+l  =  9,        -  +  -  =  13,        Sx  +  Sy  =  5. 
X     y     z  X     y        ^  ^ 

71.  y  +  z=-,        z  +  x  =  ^j        aj  +  y  =  -. 
^  05  y'  -^      z 
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72.  ajy«  =  a'(a;  +  y)  =  6'(y  +  s;)  =  c*(a;  +  «). 

nK  '1117 

75.  a;  +  y  +  af=-  +  -  +  -=^,        aj2A»=l. 


76,    icy 
xy 


+  xz+yz=26,  1 

(a;  +  y)  +  y«(y  +  «)  +  «a;  («  +  35)  =  162,       ?• 
(«■  + 3/0  +  y«  (2/*  + «") +  a»  (iB*  + «•)  =  538.  j 


77.  a^  +  3/'  +  »*'  =  a"  +  y"  +  «*  =  a;  +  y  +  «  =  l. 

78.  x{x-hy  +  z)  =  a*,      y(x-¥y  +  z)  =  h%      «(aj  +  y  +  «)  =  c*. 

79.  2aj  +  ?^  =  2y  +  -  =  2«  +  -=a. 

z       ^     X  y 


XXIV.    PROBLEMS  WHICH  LEAD  TO  QUADRATIC 

EQUATIONS. 

347.  We  shall  now  solve  and  discuss  some  problems  wHcli 
lead  to  quadratic  equations. 

A  man  buys  a  horse  which  he  sells  again  for  £24;  he  finds 
that  he  thus  loses  as  much  per  cent,  as  the  horse  cost;  required 
the  price  of  the  horse. 

Let  X  denote  the  price  in  pounds;  then  he  loses  x  per  cent. 

X  Sj 

and  thus  his  total  loss  is  -r^  x  x,  that  is,  r— ;  but  this  loss  is 
also  a;— 24;  thus 
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therefore  oi?  -  lOOo?  =  -  2400, 

and  ««•  -  lOOoj  +  (50)"  =  2500  -  2400  =  100 ; 

hence  05  — 50  =  ±10, 

and  a;  =  60  or  40. 

Thus  all  we  can  infer  is,  that  the  price  was  either  £60  or  .£40, 
for  each  of  these  values  satisfies  all  the  conditions  of  the  problem. 

348.  Divide  the  number  10  into  two  parts,  such  that  their 
product  shall  be  24. 

Let  X  denote  one  part,  and  therefore  10  — a;  the  other  part; 
then 

a;(10-a;)  =  24; 

therefore  as"  —  1  Oa;  =  —  24, 

and  a;*-10aj  +  5"  =  25-24  =  l; 

hence  a;  —  5  =  ■«=  1, 

and  a;  =  4  or  6. 

Here  although  x  may  have  either  of  two  values,  yet  there 
is  only  one  mode  of  dividing  10,  so  that  the  product  of  the  two 
parts  shall  be  24 ;  one  part  must  be  4  and  the  other  6. 

349.  A  person  bought  a  certain  number  of  oxen  for  £80; 
if  he  had  bought  4  more  for  the  same  sum.  each  ox  would  have 
cost  £1  less;  find  the  number  of  oxen  and  the  price  of  each. 

80 
Let  X  denote  the  number,  then  —  is  the  price  of  each ;  if  he 

X 

80 
had  bought  4  more,  the  price  of  each  would  have  been        .;  thufi^ 

by  supposition, 

80       80     - 
j= 1; 

a;  +  4      X 

therefore  80aj  =  80(a;  +  4)-»'-4a!, 
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therefore 

oj*  +  4a;  =  320, 

and 

a:»+4aj  +  2'=320  +  4  =  324; 

hence 

aj  +  2  =  ±18, 

and 

aj=16  or  -20. 

Only  the  positive  value  of  x  is  admissible,  and  thus  the  number 
of  oxen  is  16,  and  the  price  of  each  ox  is  £5. 

In  solving  problems,  as  in  the  proposed  example^  results  will 
sometimes  be  obtained  which  do  not  apply  to  the  question  actually 
proposed.  The  reason  appears  to  be  that  the  algebraical  mode  of 
expression  is  more  general  than  ordinary  language,  and  thus  the 
equation,  which  is  a  proper  representation  of  the  conditions  of  the 
problem,  will  also  apply  to  other  conditions.  Experience  will 
convince  the  student  that  he  will  always  be  able  to  select  the 
result  which  belongs  to  the  problem  he  is  solving,  and  that  it  will 
be  sometimes  possible,  by  suitable  changes  in  the  enunciation  of 
the  original  problem,  to  form  a  new  problem,  corresponding  to  any 
result  which  was  inapplicable  to  the  original  problem.  Thus  in 
the  present  case  we  n^ay  propose  the  following  modification  of  the 
original  problem;  a  person  sold  a  certain  number  of  oxen  for 
j680;  if  he  had  sold  4  /ewer  for  the  same  sum,  the  price  of  each 
ox  would  have  been  £1  more;  £nd  the  number  of  oxen  and  the 
price  of  each^ 

Let  X  represent  the  number;  then  by  the  question  we  shall 
have 

80       80     - 
=  —  +  1. 


35  —  4         X 

The  roots  of  this  quadratic  will  be  found  to  be  20  and  — 16; 
thus  the  number  20  which  appeared  with  a  negative  sign  as  a 
result  in  the  former  case,  and  was  then  inapplicable,  is  here  the 
admissible  result. 

350.  Find  a  number  such  that  twice  its  square  increased  by 
three  times  the  number  itself  may  amount  to  65, 
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Let  X  denote  the  number;  then,  by  the  question, 

2af  +  3x  =  65. 

13 

The  roots  of  this  quadratic  will  be  found  to  be  5  and  —  -q-  ; 

the  former  value  satisfies  the  conditions  of  the  question.  In  order 
to  interpret  the  second,  we  observe,  that  if  we  write  —  a;  for  a?  in 
the  equation,  it  becomes 

20*- 3a;  =  65; 

13 
and  the  roots  of  the  latter  equation  are  -^  and  —  5,  as  will  be 

13 
found  on  trial,  or  may  be  known  from  Art.  340.    Hence  -^  is  the 

answer  to  a  new  question,  namely :  find  a  number  such  that  twice 
its  square  diminished  by  three  times  the  number  itself  may 
amount  to  65. 

351.  Divide  a  given  line  into  two  pai'ts,  such  that  twice 
the  square  on  one  part  may  be  equal  to  the  rectangle  contained 
by  the  whole  line  and  the  other  part. 

Let  a  denote  the  length  of  the  line,  and  x  the  length  of  one 

part,  then  a  — a;  is  the  length  of  the  other  part;  thus,  by  the 

question, 

2x^  =  a  (a  -  a;)  ; 

therefore  2otf  +  ax  =  a% 

,     ax     a' 

and  ^'^~2^2' 

■  ^     ax     ^a\'    a'      a'      9a' 

and  ar  +  ^c-  +  l-rl=^  + 


&  *     <  •  I 


2      W     2      16      16  ' 


,  a       3a 

hence.... .a;-t.j.^=t-j-,  ^ 

and  *  a;  =  -  or  —  a. 

Here  ^  is  the  required  length.  The  negative  answer  sug- 
gests the  following  problem :  produce  a  given  line,  so  that  twice 
th^  square  on  the.  part  produced  may  be  equal  to  the  rectangle 
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contained  by  the  given  line,  and  the  line  made  up  of  the  given 
line  and  the  part  produced;  the  result  is,  that  the  part  produced 
must  be  equal  to  the  given  line. 

352.  In  the  examples  hitherto  given,  both  roots  of  the  quad- 
ratic equation  have  applied  to  the  actual  problem,  or  to  an  allied 
problem  which  was  easily  formed.  Frequently,  however,  it  will 
be  found  that  only  one  i*oot  applies  to  the  problem  proposed,  and 
that  no  obvious  interpretation  occurs  for  the  other. 

353.  Problems  may  be  proposed  which  involve  more  than 
one  unknown  quantity,  and  thus  lead  to  mautUmeoua  equations; 
we  will  give  an  example. 

Two  men  A  and  B  sell  a  quantity  of  wheat  for  £28.  8«. 
B  sells  four  quarters  more  than  Ay  and  if  he  had  sold  the  quan- 
tity A  sold,  would  have  received  £10  for  it;  while  A  would  have 
received  16  guineas  for  what  B  sold.  Find  the  quantity  sold  by 
each,  and  the  rates  at  which  they  sold  it. 

Let  X  denote  the  number  of  quarters  which  A  sold,  and  iJiere- 
fore  a;  +  4  the  number  which  B  sold;  and  suppose  that  A  sold  his 
wheat  at  y  shillings  per  quarter,  and  that  B  sold  his  at  «  shillings. 
Then  since  the  value  of  the  wheat  sold  is  568  shillings,  we  have 

a;y  +  (aj  +  4)«  =  568 , (1). 

If  B  had  sold  the  quantity  A  soldj  he  would  have  received 
200  shillings;   thus 

a»=200  (2). 

Similarly,  (a;+4)y=336 (3), 

From  (3)  we  have  05^  =  336  — 4yj  by  substitution  in  (1)  we 
have 

336-4y  +  200  +  4«  =  568; 

therefore  4  (« — y)  =  32, 

and  «-y  =  8  (4). 
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From  (2)  we  have 


and  from  (3)  we  have 


200 

05  = 

Z 


336     , 

y 


,,  200     336     , 

thus  = 4, 

z         y 

A                                   50     84    , 
and  — = 1    (5). 

We  may  now  find  y  and  z  from  (4)  and  (5).     Substitute  in 
(5)  the  value  of  z  from  (4);  thus 

50       84     , 

=—-1; 


y  +  8      y 

therefore  50y  =  84  (y  +  8)  -  (y*  +  8y), 

hence  y«  -  26y  -  672  =  0. 

From  this  quadratic  we  shall  find  y  =  42  or  — 16.     The  former 
is  the  only  admissible  result ;  thus  «  =  50 ;  and  a;  =  4. 


EXAMPTiES  OF  PROBLEMS. 

1.  Find  two  numbers  such  that  their  sum  may  be  39,  and 
the  sum  of  their  cubes  17199. 

2.  A  certain  number  is  formed  by  the  product  of  three  con- 
secutiye  numbers,  and  if  it  be  divided  by  each  of  them  in  turn, 
the  sum  of  the  quotients  is  47.     Find  the  number. 

3.  The  length  of  a  rectangular  field  exceeds  the  breadth  by 
one  yard,  and  the  area  is  three  acres;  find  the  length  of  the  sides. 

4.  A  boat's  crew  row  3^  miles  down  a  river  and  back  again 
in  1  hour,  40  min. ;  supposing  the  river  to  have  a  current  of  2 
miles  per  hour,  find  the  rate  at  which  the  crew  would  row  in  still 
water. 
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5.  A  farmer  wishes  to  enclose  a  rectangular  pieqe  of  land  to 
contain  1  acre  32  perches  with  176  hurdles,  each  two  yards  long; 
how  many  hurdles  must  he  place  in  each  side  of  the  rectangle  ? 

6.  A  person  rents  a  certain  number  of  acres  of  land  for  ^84; 
he  cultivates  4  acres  himself,  and  letting  the  rest  for  10^.  an  acre 
more  than  he  pays  for  it,  receives  for  this  portion  the  whole  rent, 
£84:,    Find  the  number  of  acres. 

7.  A  person  purchased  a  certain  number  of  sheep  for  £35 : 
after  losing  two  of  them*  *he  sold  the  rest  at  10  shillings  a  head 
more  than  he  gave  for  them,  and  by  so  doing  gained  £1  by  the 
transaction.     Find  the  number  of  sheep  he  purchased. 

8.  A  line  of  given  length  is  bisected  and  produced;  find  the 
length  of  the  produced  part  so  that  the  rectangle  contained  by 
half  the  line  and  the  line  made  up  of  the  half  and  the  produced 
part  may  be  equal  to  the  square  on  the  produced  part. 

9.  The  product  of  two  numbers  is  750,  and  the  quotient 
when  one  is  divided  by  the  other  is  3J;  find  the  numbers, 

10.  A  gentleman  sends  a  lad  ii^to  the  market  to  buy  a  shil- 
ling's worth  of  oranges.  The  lad  having  eaten  a  couple,  the 
gentleman  pays  at  the  rate  of  a  penny  for  fifteen  more  than  the 
market-price;  how  many  did  the  gentleman  get  for  his  shilling? 

11.  "What  are  eggs  a  dozen  when  two  more  in  a  shilling's 
worth  lowers  the  price  one  penny  per  dozen  1 

* 

12.  A  shilling's  worth  of  Bavarian  kreuzers  is  more  nume- 
rous by  6  than  a  shilling's  worth  of  Austrian  kreuzers;  and  15 
Austrian  kreuzers  are  worth  Id,  more  than  15  Bavarian  kreuzers. 
How  many  Austrian  and  Bavarian  kreuzers  respectively  make  a 
shilling  1 

13.  Find  two  numbers  whose  sum  is  nine  times  their  differ- 
ence, and  whose  product  is  equal  to  twelve  times  their  quotient 
together  with  the  greater  number, 

14.  Two  workmen  were  employed  at  different  wages,  and 
paid  at  the  end  of  a  certain  time.     The  first  received  £4.  16*., 
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■ 

ad  the  second,  who  had  worked  for  6  days  less,  received  £2.  14«. 
f  the  second  had  worked  all  the  time  and  the  first  had  omitted 
days,  they  would  have  received  the  same  sum.     How  many  days 
id  each  work,  and  what  were  the  wages  of  each  ? 

15.  A  party  at  a  tavern  spent  a  certain  sum  of  money.  If 
bere  had  been  five  more  in  the  party,  and  each  person  had  spent 

shilling  more,  the  bill  would  have  amounted  to  £6,  If  there 
ad  been  three  less  in  the  party,  and  each  person  had  spent  eight- 
ence  less,  the  bill  would  have  been  £2.  128.  Of  how  many  did 
he  party  consist,  and  what  did  each  spend  ? 

16.  A  person  bought  a  number  of  £20  railway  shares  when 
bey  were  at  a  certain  rate  per  cent,  discoimt  for  £1500;  and 
fberwards  when  they  were  at  the  same  rate  per  cent,  premium 
old  them  all  but  60  for  £1000.  How  many  did  he  buy,  and  what 
lid  he  give  for  each  of  them  ? 

17.  Find  that  number  whose  square  added  to  its  cube  is  nine 
imes  the  next  higher  number. 

18.  A  person  has  £1300,  which  he  divides  into  two  portions 
nd  lends  at  different  rates  of  interest,  so  that  the  two  portions 
produce  equal  returns.  If  the  first  portion  had  been  lent  at  the 
econd  rate  of  interest  it  would  have  produced  £36,  and  if  the 
econd  portion  had  been  lent  at  the  first  rate  of  interest  it  would 
lave  produced  £49.     Find  the  rates  of  interest. 

19.  A  person  having  travelled  56  miles  on  a  railroad  and  the 
est  of  his  journey  by  a  coach,  observed  that  in  the  train  he  had 
)erformed  J  of  his  whole  journey  in  the  time  the  coach  took  to 
^o  5  miles,  and  that  at  the  instant  he  arrives  at  home  the  train 
nust  have  reached  a  point  35  miles  further  than  he  was  from  the 
tation  at  which  it  left  him.  Compare  the  rates  of  the  coach  and 
he  train. 

20.  A  sets  off  &om  London  to  Tork,  and  B  at  the  same  time 
rom  York  to  London,  and  they  travel  imiformly;  A  reaches 
2'ork  16  hours,  and  £  reaches  London  36  hours,  after  they  have 
net  on  the  road.  Find  in  what  time  each  has  performed  the 
oumey. 

T.  A.  V^ 
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21.  A  courier  proceeds  from  one  place  P  to  another  place  Q 
in  14  hours;  a  second  courier  starts  at  the  same  time  as  the  first 
from  a  place  10  miles  behind  P,  and  arrives  at  Q  at  the  same  time 
as  the  first  courier.  The  second  courier  finds  that  he  takes  half 
an  hour  less  than  the  first  to  accomplish  20  miles.  Find  the  dis- 
tance of  Q  from  P. 

22.  Two  travellers  A  and  B  set  out  at  the  same  time  from 
two  places  P  and  Q  respectively,  and  travel  so  as  to  meet.  When 
they  meet  it  is  found  that  A  has  travelled  30  miles  more  than  By 
and  that  A  will  reach  ©  in  4  days,  and  B  will  reach  P  in  9  days, 
after  they  meet.     Find  the  distance  between  P  and  Q, 

23.  A  vessel  can  be  filled  with  water  by  two  pipes;  by  one 
of  these  pipes  alone  the  vessel  would  be  filled  2  hours  sooner 
than  by  the  other ;  also  the  vessel  can  be  filled  by  both  together 
in  If  hours.  Find  the  time  which  each  pipe  alone  would  take  to 
fill  the  vessel. 

24.  A  vessel  is  to  be  filled  with  water  by  two  pipes.  The 
first  pipe  is  kept  open  during  f  of  the  time  which  the  second 
would  take  to  fill  the  vessel ;  then  the  first  pipe  is  closed  and  the 
second  is  opened.  If  the  two  pipes  had  both  been  kept  open 
together  the  vessel  would  have  been  filled  6  hours  sooner,  and  the 
first  pipe  would  have  brought  in  |  of  the  quantity  of  water  which 
the  second  pipe  really  brought  in.  How  long  would  each  pipe 
take  to  fill  the  vessel  ? 

25.  A  certain  number  of  workmen  can  move  a  heap  of 
stones  in  8  hours  from  one  place  to  another.  If  there  had  been 
8  more  workmen,  and  each  workman  had  carried  5  lbs.  less  at  a 
time,  the  whole  work  would  have  been  completed  in  7  hours.  If 
however  there  had  been  8  fewer  workmen,  and  each  had  carried 
1 1  lbs.  more  at  a  time,  the  work  would  have  occupied  9  hours. 
Find  the  number  of  workmen  and  the  weight  which  each  carried 
at  a  time. 
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XXY.    IMAGINARY  EXPRESSIONa 

354  Although  the  square  root  of  a  negative  quantity  is  the 
symbol  of  an  impossible  operation,  yet  these  roots  are  frequently 
of  use  in  Mathematical  investigations  in  consequence  of  a  few 
conventions  which  we  shall  now  explain. 

355.  Let  a  denote  any  real  quantity;  then  the  square  roots 
of  the  negative  quantity  —  a*  are  expressed  in  ordinary  notation 
by  =fc  ^(-  a').  Now  —  a'  may  be  considered  as  the  product  of 
a'  and  —  1 ;  so  if  we  suppose  that  the  square  roots  of  this  product 
can  be  formed,  in  the  same  manner  as  if  both  factors  were  posi- 
tive, by  multiplying  together  the  square  roots  of  the  factors,  the 
square  roots  of  —a*  will  be  expressed  by  ±a^(— 1).  We  may 
therefore  agree  that  the  expressions  =fc  ^(—  a')  and  =*=  a  ^(—  1)  shall 
be  considered  equivalent.  Thus  we  shall  only  have  to  use  one 
imaginary  expression  in  our  investigations,  namely,  J{—  1). 

356.  Suppose  we  have  such  an  expression  as  a  +  )8  ^(—  1), 
where  a  and  P  are  real  quantities.  This  expression  may  be  said 
to  consist  of  a  real  part  a  and  an  imaginary  part  )8^(—  1);  or  on 
account  of  the  presence  of  the  latter  term  we  may  speak  of  the 
whole  expression  as  imaginary.  When  ^  is  zero,  the  term 
P  ^(-'  1)  is  considered  to  va/nish;  this  may  be  regarded  then  as 
another  convention.  If  a  and  ^  are  both  zero,  the  whole  expres- 
sion vanishes,  and  not  otherwise. 

357.  By  means  of  the  conventions  already  made,  and  the 
additional  convention  that  such  terms  as  P  ^(—  1)  shall  be  subject 
to  the  ordinary  rules  which  hold  in  Algebraical  transformations, 
we  may  establish  some  propositions,  as  will  now  be  seen, 

358.  In  order  that  two  imagina/n/  expressiona  may  he  equal, 
it  is  necessary  and  sufficient  that  the  real  parts  should  be  equ^y 
and  that  the  coefficients  of  ^  (—1)  should  be  equal. 
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For  suppose         a  4-  )8  ^(-  1)  =  y  +  8  J{-  1); 
then,  by  transposition, 

a-y  +  ()8-8)V(-l)  =  0; 

thus,  by  Art.  356, 

a-y  =  0,         and     j8-8  =  0; 

that  is,  a  =  y,  and     jS  =  8. 

Thus  the  equation 

a  +  /3V(-l)  =  y+8V(-l) 

may  be   considered  as  a  symbolical  mode  of  asserting  the  two 
equalities  a  =  y  and  )3  =  8  in  one  statement. 

359.  Consider  now  two  imaginary  expressions  a  +  j8,^(— 1) 
and  y  +  8  J{—  1),  and  form  their  sum,  difference,  product,  and 
quotient. 

Their  sum  is 

a+7  +  08  +  8)V(-l). 

If  the  second  be  taken  from  the  first,  the  remainder  is 

a-y+08-8)V(-l). 
Their  product  is 

{a  +  j8V(-l)}{7+8V(-l)}  =  ay-;88  +  (a8  +  j9y)V(-l); 
for  ^(—  1)  X  J{'- 1)  is,  by  supposition,  —  1. 

The  quotient  obtained  by  dividing  the  first  by  the  second  is 

«-t-i8V(-l) 
y+8V(-l)' 

This  maj  be  put  in  another  form  by  multiplying  both  numerator 
and  denominator  by  y— 8  ;^(—l).     The  new  numerator  is  thus 

ay  +  ^8  +  (/8y-o8)V(-l); 
and  the  new  denominator  is  y*  +  8*  j  therefore 

y+8j(-l)~y'  +  8'       y'+S*    ^^      '' 
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360.  We  will  now  give  an  example  of  the  way  in  which 
imaginary  expressions  occur  in  Algebra.  Suppose  we  have  to 
solve  the  equation  af=l.     We  may  write  the  equation  thus, 

aj'-l  =  0; 

or  in  factors,  (x  —l){x'  +  x+l)  =  0. 

Thus  we  satisfy  the  proposed  equation  either  by  putting 
a;  — 1=0,  or  by  putting  x'  +  x  +  l=0.  The  first  gives  x=l; 
the  second  may  be  written 

x'+x  =  -ly 

therefore  ^'"^^"^  (o)  ==7""^  "  ~"Z> 

therefore  aj  +  ^  =  ±  ^(^- j)  =  =t^  V(-l); 


and 


«'=-|=^f  V(-i). 


Thus  we  conclude  that  if  either  of  the  imaginary  expressions 
last  written  be  cubed,  the  result  will  be  unity.  This  we  may 
verify ;  take  the  upper  sign  for  example,  then 

{-^^v(->f(-i)"-(-5)"4'^<-'> 


Now 


("2)-"  8' 


-^''^•j{-i)=if>ji-i)=^^j{-n 


3(-l){fv(-)}=(-l)(-M. 

{f^/(-l)f={f^/(-l)}'f^/(-l) 
Thus  the  result  is  unity. 
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If  05^—1,  we  have  aj  =  (l)*;   it  appears  then  that  there  are 

1       /3 
three  cube  roots  of  unity,  namely,  1  and  t- «  =*=  ^  \/(~  !)• 

361.  We  have  seen  in  Art.  337,  that  the  quadratic  expression 
aa?  +  6a;  +  c  is  always  identical  with  a(x-'p){x  —  q),  where  p  and  q 
are  the  roots  of  the  equation  aa^  +  6a;  +  c  =  0.  If  the  roots  are 
imaginary,  p  and  q  will  be  of  the  forms  a=fcj8^(— 1)  j  thus  we 
have  then 

aa*  +  6a;  +  c  =  a  {a;  -  a-)8  ^(- 1)}  {a;- a  +  jS  ^(- 1)}. 

This  will  present  no  difficulty  when  we  remember  the  conven- 
tion that  the  usuial  algebraical  operations  are  to  be  applicable  to 
the  term  )8^(— 1).  For  the  second  side  of  the  asserted  iden- 
tity is 

a  {(a;  -  a)'  +  )8'},         that  is,  a  {a;"  -  2ax  +  a*  +  )8*}, 

and  from  the  values  of  a  and  j8  we  have 

2a  =  — ,         and  a'  +  j8'  =  -  : 
thus  the  second  side  coincides  with  the  £rst. 


362.  Two  imaginary  expressions  are  said  to  be  conjugate  when 
they  only  differ  in  the  sign  of  the  coefficient  of  ^(—  1).  Thus 
a  +  p  ^(—  1)  and  a  —  )8  J(—  1)  are  conjugate. 

Hence  the  sum  of  two  conjugate  imaginary  expressions  is  real, 
and  so  also  is  their  product.  In  the  above  example  the  sum  is 
2a,  and  the  product  is  a*  +  )8*. 

363.  The  positive  value  of  the  square  root  of  a'  +  j8*  is  called 
the  modulus  of  each  of  the  expressions 

a  +  P^{-\)  and  a-)8V(-l)- 

From  this  definition  it  follows  that  the  modulus  of  a  real 
quantity  is  the  numerical  value  of  that  quantity  taken  positively. 
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In  order  that  the  modulus  ^(a*  +  p^  may  vanish,  it  is  neces- 
sary that  a  =  0  and  )8  =  0  j  in  this  case  the  expressions 

a  +  PJi-^l)   and   a-)8^(-l) 

vanish.     And  conversely,  if  these  expressions  vanish,  then  a  =  0 
and  P  =  0,  and  thus  the  modulus  vanishes. 

364.  If  two  imaginary  expressions  are  equal,  their  moduli 
are  equal.  It  is  hot  however  necessarily  true,  that  the  expressions 
are  equal  if  the  moduli  are  equal. 

365.  The  modulus  of  the  product  of  a  +  j8  mJ{—  1)  and 
y+8V(-l)is 

V{(ay  -  psy  +  (/?y  +  aBy} ;   (see  Art.  359). 

But  .  (ay  -  pSy  +  {Py  +  aS)"  =  (a*  +  )8^  (y'  +  8') ; 

thus  the  modulus  is 

Hence  tJie  modulus  of  the  product  of  two  imaginary  eocpres- 
sums  is  equal  to  the  product  of  their  moduli. 

Therefore  the  product  of  two  imaginary  expressions  cannot 
vanish  if  neither  fiactor  vanishes. 

It  will  follow  from  this  that  the.  modulus  of  the  quotient  of 
two  imaginary  expressions  is  the  quotient  of  their  moduli.  This 
can  also  be  shewn  by  forming  the  modulus  of  the  expression  for 
the  quotient  given  in  Art  359. 

366.  It  is  often  necessary  to  consider  the  powers  of  ^(-  1). 
We  may  form  them  by  successive  multiplication;  thus, 

W(- 1)}'  =  W(- 1)}'  X  n/(-  I)  =  -  V(- 1),         y(- 1)}*  =  1- 

If  we  proceed  to  obtain  higher  powers  we  shall  have  a  re- 
currence of  the  results  ^(-  1),  —  1,  ~  ^(—  1),  1.  We  may  then 
express  all  the  powers  by  four  formulae.    For  every  whole  number 
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must  be  of  one  of  the  four  forms  4w,  4n  +  1,  47i  +  2,  4w  +  3, 
according  as  it  is  exactly  divisible  hy  4,  or  leaves  when  divided  by 
4  a  remainder  1,  2,  3,  respectively.     And 

{V(-i)r=i,       {-y(-i)r'=v(-i), 

Wi-  W = - 1,        Wi- 1)}"" = -  n/(-  1). 

367.  The  square  root  of  an  imaginary  ea^ression,  of  the  form 
a  +  p  J{—  1)  Tnay  be  expressed  in  a  similar  form. 

For  let  J{a  +  pJ{-l))  =  x  +  yJ{-\); 

then        o  +  )5V(-l)  =  {*  +  y^/(-l)}'  =  a^-^^  +  2«yV(-l). 

Hence,  by  Art  358, 

iii?-^  =  a (1), 

2«y=^ (2); 

therefore  (x"  +  ^Y  =  a»  +  )8', 

thus  x'+y'=J(a'  +  l3') (3). 

From  (1)  and  (3)  we  obtain 

Since  the  values  of  a?  and  y  are  supposed  real,  x'  +  y'  is  posi- 
tive, and  thus  the  positive  sign  must  be  ascribed  to  the  quantity 
J{a'  +  p^,  And  since  the  values  of  x  and  y  must  satisfy  the 
equation  2x7/  =  )8,  they  must  have  the  same  sign  if  )8  be  positive^ 
and  different  signs  if  /9  be  negative.  On  account  of  the  double 
sign  in  the  values  of  x  and  y,  we  see  that  a  +  PJi—  1)  has  two 
square  roots  which  differ  only  in  sign. 

• 

368.  We  may  obtain  the  square  roots  of  =fc^(-l)  by  sup- 
posing that  a  =  0  and  )8  =  =fc  1  in  the  results  of  the  preceding 
article.     Thus  we  shall  obtain 
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If  we  suppose  tliat  «*  =  —!,  we  deduce  «*  =  =fc^(-l);   thus 

«  =  =fc  <y{±  ^(—  1)}.  And  since  «*  =  —  !,  we  have  «  =  (- 1)^.  Thus 
there  are  four  fourth  roots  of  —  1,  namely,  the  four  expressions 

contained  in  st ^ — '-.    There  are  also  four  fourth  roots  of  1, 

since  if  we  put  «*=1,  we  find  «'==fcl,  and  z  =  ^Jl  or 
z  =  ^  ^(—  1).  Similarly  there  are  eight  eighth  roots  of  1  or  —  1, 
and  so  on. 


1.     Simplify 
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(a''h){a-c)     {p  —  c)  {b -- a)     (C'-a){c^hy 


2.  If  ^ — =-  +  ~ .  =  0,  shew  that 

a^d  __  h^c        -   a  +  c  ^  h  +  d 
l-hod     1  +  bc  1  —  ac~l  —  bd' 

3.  Shew  that 

a'  +  6®  +  c'-3a6c  = 
I  {(a-5)«+(5_c)»+ (c-a)'}  {a +  6  +  c}, 

a'  +  6®  +  (j'  +  24a6c  = 
(a  +  6  +  c)"-3{a(6-c)«  +  6(c-.ay  +  c(a-6)«}, 

(a  +  6  +  c)«-27a6c  = 
j{(a  +  6  +  7c)(a-6/+(6  +  c  +  7a)(6-c)«  +  (c4-a  +  76)(c-a)'}, 

9(a»  +  6'  +  c«)-(a+6  +  c)»  = 
(4a  +  46  +  c)  (a  -  6)*  +  (46  +  4c  +  a)  (6  -  c)'  +  (4c  +  4a  +  6)  (c  -  a)'. 

4.  Shew  that  if  a  +  b  +  c  is  zero  the  following  expression  is 
also  zero, 

a'  b'  c» 

+  ^:r-5 7-1. 


2a*  +  6c     26*  +  ca     2c'  +  ab 
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5.  If  the  square  root  of  the  product  of  two  quantities  is 
rational,  shew  that  the  square  root  of  the  quotient  obtained  by 
dividing  one  by  the  other  is  also  rational. 

6.  Extract  the  square  root  of 

{l+a;}{l  +  a;'+2(l-«")Vaj}. 

7.  Express  in  the  form  of  the  sum  of  two  simple  surds  the 
roots  of  the  equation 

8.  Express  in  the  form  of  the  sum  of  two  simple  surds  the  ' 
roots  of  the  equation 

4ic*  -  4  (1  +  ?^>  V  +  ?^  V  =  0. 

9.  By  performing  the  operation  for  extracting  the  square 
root,  find  a  value  of  x  which  will  make 

aj^  +  Baj'^+lla'+Saj  +  Sl 
a  perfect  square. 

10.  Shew  that  if 

oj*  +  aaf  -hba^  +  cx  +  d 

be  a  perfect  square,  the  coefficients  satisfy  the  relations 

8c  =  a (46 -a")  and  {ib-ay=eid. 

11.  If  the  values  of  x,  y,  x\  ^  be  all  possible,  and 

l+xx'  +  2/y'  =  J{l+x'-^y^^{l+x''  +  i/% 

shew  that  x  =  x'  and  y  =  y, 

12.  Shew  that  the  equation 

a'b\x-a/y  +  a*b\y-yy 

+  {bV  +  ay-a'b'){b'a/'  +  aY-a'b')=^0 

is  equivalent  to  the  two 

a'b'-a^yy'-b'ocx^  =  0  and  xy  -oiy^^. 
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13.  A  man  sells  a  horse  for  £24.  12^.,  and  loses  18  per  cent, 
on  what  the  horse  cost  him ;  what  was  the  original  cost ) 

14.  Divide  the  number  16  into  three  such  parts  that  the 
difference  of  the  two  less  shall  be  the  square  root  of  the  greatest, 
and  the  difference  of  the  two  greater  shall  be  the  square  of  the 
least. 

15.  Shew  that 


{-i¥=^}M"-^^i^}' 


is  equal  to  2  if  7i  be  a  multiple  of  3,  and  equal  to  —  1  if  r^  be  any 


other  integer. 


Solve  the  following  equations  : 

-^       x+1     x  +  2     ^x  +  3 

16.      r+ ^  =  2 ;. 

x— 1     x  —  2       X  —  3 

17      _i_--l_    ^ 

X  I  .  g  ,,  ~—  ^  "I"  X      *~"   Xa 

ar—2x     ar  —  x 


18.  (.-i)(.-^)(..?)=(a:-l)(a:-2)(a:-3). 

19.  »*- &B»  +  12a;' +  16a; -16  =  0. 

20.  J{2x  - 1)  +  J{3x  -  2)  =  J{ix  -  3)  +  ^{5x  -  4). 

21.  2b{J{x  +  a)-b}-\-2c{J{x''a)  +  c}  =  a. 

22.  {^(a  +  a?)  —  Ja}  {J(a  -x)+  ^a]  =  nx. 

23.  x  +  y  =  a  +  Oy        -+-  =  2. 

nx         by       (a  +  5)c 

24. +^-^=-^ — j-^—,    x  +  y  =  c. 

a  +  x     b  +  y     a  +  Q-^c 

25.  6f?-?)  =  5  =  6('i+^). 

Vy     xj  \x     y) 
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26.  x(pc-xy)^y{xy-ac),  xy{ay  +  lx-xy)  =  ahc{x  +  y-c), 

27.  (a.-3y  +  -)(a:-f.)  =  6,     (^  +  -)-  =  9,     -^-^--g- 

28.  (v  +  aj)  (y  +  5?)  =  6  +  c  -  a, 

(v  +  y)  («  +  a)  =  c  +  a  —  6, 
(v  +  ;$;)  (a;  +  y)  =  a  +  6  -  c, 

V*  +  ic*  +  2/*  +  «"  =  3  (a  +  6  +  c). 


XXYI.     RATIO. 

369.  Ratio  is  the  relation  which  one  quantity  bears  to 
another  with  respect  to  magnitude,  the  comparison  being  made 
by  considering  what  multiple,  part,  or  parts,  the  first  is  of  the 
second. 

Thus  in  comparing  6  with  3,  we  observe  that  6  has  a  certain 
magnitude  with  respect  to  3,  which  it  contains  twice ;  again,  in 
comparing  6  with  2,  we  see  that  6  has  now  a  difierent  relative 
magnitude,  for  it  contains  2  three  times ;  or  6  is  greater  when 
compared  with  2  than  it  is  when  compared  with  3. 

370.  The  ratio  of  a  to  6  is  usually  expressed  by  two  points 
placed  between  them,  thus,  a  :  6 ;  and  a  is  called  the  antecedent 
of  the  ratio,  and  h  the  conseqtieni  of  the  ratio. 

371.  A  ratio  is  measured  by  the  fraction  which  has  for  its 
numerator  the  antecedent  of  the  ratio,  and  for  its  denominator 
the  consequent  of  the  ratio.     Thus  the  ratio  of  a  to  6  is  measured 

by  T  j  then  for  shortness  we  may  say  that  the  ratio  of  &  to  h  is 
equal  to  ry  or  is  r* 
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372.  Hence  we  may  say  that  the  ratio  of  a  to  5  is  equal  to 
the  ratio  of  c  to  d.  when  -r  =  j  • 

373.  If  the  terms  of  a  ratio  he  ratdtiplied  or  divided  by  tlie 
same  quantity  the  ratio  is  not  altered, 

374.  We  may  compa/re  two  or  more  ratios  by  reducing  the 
fractions  which  measure  these  ratios  to  a  common  denominator. 
Thus  suppose  one  ratio  to  be  that  of  a  to  by  and  another  ratio  to 

be  that  of  c  to  e? :  then  the  first  ratio  t  =  i-y  >  and  the  second 

0      ocC 

ft  Qf»  

ratio  ;t  =  t;t.     Hence  the  first  ratio  is  greater  than,  equal  to,  or 

less  than,  the  second  ratio,  according  as  ac?  is  greater  than,  equal 
to^  or  less  than  be, 

375.  A  ratio  is  called  a  ratio  of  greater  ineqiudity,  of  less 
ineqiudity,  or  of  equality,  according  as  the  antecedent  is  greater 
than,  less  than,  or  equal  to,  the  consequent. 

376.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio 
of  less  inequality  is  increased,  by  adding  any  quantity  to  both 
terTns  of  the  ratio. 

Let  the  ratio  be  t  >  and  let  a  new  ratio  be  formed  by  adding 

X  to  both  terms  of  the  original  ratio ;  then  t — —  is  greater  or  less 

XT-      «  J-  h(a  +  x).  .  ,       .,       a(h  +  x) 

than  T ,  according  as  ,-;^ f  is  greater  or  less  than  ^t; ( ;  that 

6 '  ^      b{b  +  x)      ^  b{b  +  x) 

is,  according  as  b{a  +  x)  ia  greater  or  less  than  a{b  +  x) ;  that  is, 

according  as  xb  is  gi'eater  or  less  than  oca;  that  is,  according  as  b 

is  greater  or  less  than  a, 

377.  A  ratio  of  grecUer  in/equalUy  is  increased,  and  a  ratio  of 
less  inequality  is  diminished,  by  taking  from  both  terms  of  the  ratio 
any  qua/ntity  which  is  less  than  each  of  those  terms. 
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Let  the  ratio  be  j- ,  and  let  a  new  ratio  be  formed  by  taking 

CO  ~^  oc 

X  from  both  terms  of  the  original  ratio ;  then is  greater  or 

0  ~~  x 

less  than  -j,  according  as  —rr — \  is  greater  or  less  than  .—V 1> 

0  °      b(o-x)       ^  b{h-x) 

that  is,  according  as  h{a  —  x)  is  greater  or  less  than  a  (6  —  fc) ;  that 

is,  according  as  hx  is  less  or  greater  than  ax',  that  is,  according  as 

h  is  less  or  greater  than  a, 

378.  If  the  antecedents  of  any  ratios  be  multiplied  together 
and  also  the  consequents,  a  new  ratio  is  obtained,  which  is  said  to 
be  compounded  of  the  former  ratios.  Thus  the  ratio  ac  :  hd  \& 
said  to  be  compounded  of  the  two  ratios  a  :  h  and  c  :  d. 

379.  The  ratio  compounded  of  two  ratios  is  sometimes  called 
the  sum  of  those  two  ratios.  When  the  ratio  a  :  6  is  compounded 
with  itself,  the  resulting  ratio  a*  :  If  is  sometimes  called  the 
double  of  the  ratio  a  :  6.  Also  the  ratio  a'  :  6'  is  called  the  triple 
of  the  ratio  a  :  6.     Similarly,  the  ratio  a  :  6  is  sometimes  said 

to  be  half  of  the  ratio  a'  :  &',  and  the  ratio  a"  :  6"  is  sometimes 

said  to  be  -  th  of  the  ratio  a  :  6. 
n 

This  language,  however,  is  now  not  used ;  the  following  terms 
are  in  conformity  with  it,  and  some  of  them  are  still  retained.  The 
ratio  a*  :  6*  is  said  to  be  the  duplicate  ratio  of  a  :  6,  and  the 
ratio  a"  :  &•  the  triplicate  ratio  of  a  :  b.  Similarly,  the  ratio 
^a  :  fjb  is  called  the  subduplicate  ratio  of  a  :  &,  and  the  ratio 

^a  :  ^b  the  subtriplicate  ratio  of  a  :  6.     And  the  ratio  a*  :  6* 
is  called  the  sesquiplicate  ratio  of  a  :  b. 

380.  If  the  consequent  of  the  preceding  ratio  be  the  antecedent 
of  the  succeeding  ratio,  and  any  number  of  such  ratios  be  taken,  the 
ratio  which  arises  from  their  composition  is  that  of  thefwst  antece^ 
dent  to  the  last  consequent. 

Let  there  be  three  ratios,  namely  a  :b,  b  :  c,  c  :  d;  then  the 
compound  ratio  ia  axbxcibxcxd  (Art.  378),  that  ia,  a  :  d. 
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Similarly,  the  proposition  may  be  established  whatever  be  the 
number  of  ratios. 

381.  A  ratio  of  greater  ineqtudity  compounded  toith  another 
increases  it,  and  a  ratio  of  less  ineqvxdity  compounded  with  anotl^r 
diminishes  it. 

Let  the  ratio  x  :  yhe  compounded  with  the  ratio  a  :  h ;  the 
compound  ratio  la  xa  :  yh,  and  this  is  greater  or  less  than  the 

ratio  a  :  5,  according  as  — v  is  greater  or  less  than  j-,  that  is, 

according  as  a:  is  greater  or  less  than  y. 

382.  If  the  difference  hetween  the  antecedent  and  the  consequsnt 
of  a  ratio  he  small  compared  with  either  of  them,  the  ratio  of  their 
squa/res  is  nearly  obtained  hy  doubling  this  difference. 

Let  the  proposed  ratio  be  a  +  a?  :  a,  where  x  is  small  compared 
with  a ;  then  a'  +  2ax  +  a?  :  a'  is  the  ratio  of  the  squares  of  the 
antecedent  and  consequent.  But  x  is  small  compared  with  a,  and 
therefore  ic*  or  as  x  a  is  small  compared  with  2a  xx,  and  much 
smaller  than  ax  a.  Hence  a"  +  2ax  :  a',  that  is,  a-h2x  :  a,  will 
nearly  express  the  ratio  (a  +  x)'  :  a'. 

Thus  the  ratio  of  the  square  of  1001  to  the  square  of  1000  is 
nearly  1002  :  1000.  The  real  ratio  is  1002*001  :  1000,  in  which 
the  antecedent  differs  fix)m  its  approximate  value  1002  only  by 
one-thousandth  part  of  unity. 

383.  Hence  we  may  infer  that  the  ratio  of  the  square  root  of 
a-\-2x  to  the  square  root  of  a  is  the  ratio  a-hx  :  a  nearly,  when 
X  is  small  compared  with  a.  That  is;  if  the  difference  of  two 
quantities  be  small  compared  with  either  of  them,  the  ratio  of  their 
squa/re  roots  is  nea/rly  obtained  by  halving  this  difference. 

In  the  same  manner  as  in  Art.  382  it  may  be  shewn  when  x  is 
small  compared  with  a,  that  a  +  3a;  :  a  is  nearly  equal  to  the  ratio 
{a  +  as)* :  a*,  and  a  +  4a;  :  a  is  nearly  equal  to  the  ratio  (a  +  a;)* :  a\ 

These  results  may  be  generalised  by  the  student  when  he  is 
acquainted  with  the  Binomial  Theorem, 


^ 
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384.     We  will  place  here  a  theorem  respecting  ratios  which 
is  often  of  use. 

Suppose^^that  A  ^  ^  ~  ?' 

then  each  of  these  ratios  is  equal  to 

'^a"  +  g'c"  +  rfl"\  J- 

where  jp,  q^  r,  n  are  any  quantities  whatever. 

For  let    ^=  T  =  :3  =  !•;  ^^"^ 

hh  =  a,     M=c,     k/=e; 
therefore    p  {khy  +  q  {My  +  r  {kfY = paT  +  qd"  +  re" ; 

therefore  ^""^^r^^^n, 

"^^  ^^KpJf-^qdr^rr)  • 

The  same  mode  of  demonstration  may  be  applied,  and  a  similar 

result  obtained,  when  there  are  more  than  three  ratios  tj  -7>  -> 

0^  d    f 

given  equal.     It  may  be  observed  that  p,  q,  r,  n  are  not  neces- 
sarily positive  quantities. 

As  a  particular  example  we  may  suppose  n  =  l,  then  we  see 

that  if  -7  =  -_  =  --  each  of  these  ratios  is  equal  to  ^ — ^ >: 

h     d    f  ^  pb  +  qd  +  rf 

and  then  as  a  special  case  we  may  suppose  p  =  q=ir,  so  that  each 

/X  _L  /»  _L  p 

of  the  given  equal  ratios  is  equal  to  ^ — -i — /.. 
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1.  Write  down  the  duplicate  ratio  of  2  :  3,  and  the  sub- 
duplicate  ratio  of  100  :  144. 

2.  Write  down  the  ratio  which  is  compounded  of  the  ratios 
3  :  5  and  7  :  9. 


EXAMPLES  OF  EATIO.        CHAPTER  XXVT.  225 

3.  Two  numbers  are^  in  the  ratio  of  2  to  3,  and  if  9  be  added 
to  each,  they  are  in  the  ratio  of  3  to  4.     Find  the  numbers. 

4.  Shew  that  the  ratio  a  :  6  is  th.e  duplicate  of  the  ratio 
a  +  c  :  h  +  cifc'=ab. 

5.  There  are  two  roads  from  A  to  B,  one  of  them  14  miles 
longer  than  the  other,  and  two  roads  from  B  to  G,  one  of  them 
8  miles  longer  than  the  other.  The  distances  fr^m  A  to  B  and 
from  B  to  G  along  the  shorter  roads  are  in  the  ratio  of  1  to  2, 
and  the  distances  along  the  longer  roads  are  in  the  ratio  of  2  to  3. 
Determine  the  distances. 


6.     Solve  the  equations 

ax-hhj/     CZ  +  ax     hy  ■¥  cz 
cz  by  ax 


=  a?  +  y  +  «. 


7.  Prove  that  if  ^^i^^lM  =  fk±M  =  f^±^ ,  each  of  these 

«,+»,y    »»+»iy    »,+»^ 

1  +  *C 

ratios  is  equal  to  :j ,  supposing  a^  +  a^  +  a^  not  to  be  zero. 

a-h         h-c         c-a  a-^h-^c       .,  ,      ^ 

8.  it  J—  =  r = = ,  then  each  of 

ay-\-ox     oz+cx     cy  +  aa     ax+oy  +  cz 

these  ratios  = ,  supposing  a  +  h  +  c  not  to  be  zero. 

35  T  y  T  <f 

9.  Shew  that  if  ?^^::*^=^^  =  ^i^, 

c  0  a 

.1  X     y     z 

then  -=f  =  -. 

a     0      c 

10.  K    ,~  ,,,  T? — TTn  - — T,  be  equal,  prove  that 

a  —a     0  —0     c  —c  ^ 

i  ah'  —  a'h       he'  —  Vc       ca'  —  c'a  . 

VA'' — I^"  Wy^ — A^»   V^    7r7?  ^^®  equai, 
ao  —a  0     be  —o  c     ca  —c  a 

and  equal  to  each  of  the  former;  and  that  each  fraction 

a  +  h  +  c-(a'  +  l/-hc) 


f/\  • 
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385.  Pour  quantities  are  said  to  be  proportionals  when  the 

first  is  the  same  multiple,  part,  or  parts,  of  the  second,  as  the 

ft      ft 
third  is  of  the  fourth ;  that  is,  when  j-  =  -jy  the  four  quantities 

a,  5,  c,  d,  are  called  proportionals.  This  is  usually  expressed  by- 
saying,  a  is  to  &  as  c  is  to  c?,  and  is  represented  thus,  a  :  6  ::  c  :  <f, 
or  thus,  a  :h  =  c  I  d. 

The  terms  a  and  d  are  called  the  extremes^  and  h  and  c  the 
means, 

386.  WTien /our  quantities  a/re  proportionals^  the  product  of 
the  ext/remes  is  equal  to  the  product  of  the  means. 

Let  a,  6,  c,  d  be  the  four  quantities;  then  since  they  are  pro- 
portionals 'f-=--h  (Axt.  385) ;  and  by  midtiplying  both  sides  of 
the  equation  by  hdj  we  have  ad  =  be, 

387.  Hence  if  the  first  be  to  the  second  as  the  second  is  to 
the  third,  the  product  of  the  extremes  is  equal  to  the  square  of 
the  mean. 

388.  If  any  three  terms  in  a  proportion  are  given,  the  fourth 
may  be  determined  from  the  equation  ad=bc, 

t 

389.  If  the  product  of  two  quantities  be  equal  to  the  product 
of  two  others,  the  four  are  proportionals;  the  terms  of  either 
product  being  taken  for  the  means,  and  the  terms  of  the  other 
product  for  the  extremes. 

oc     b 
Let  os7/  =  ab;  divide  by  ay,  thus,  —  =  -  ; 

if 

or  X  :  a  ::  b  :  y  (Art.  385). 

390.  I£  a  :  b  ::  0  :  dl  and  c  :  d  ::  e  :f  then 

a  :b  ::  e  :f 
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Because     t  =  -»  and  -;  =  ^i,  tnerefore  r  =  :j.  ; 
0      a  a    /  ^     / 


or  a  :b  ::  e  :/, 

391.  If /our  quantitiea  he  proportionals^  they  <vre  proportionals 
when  taken  inversely. 

If        a  \h  y,  c  I  d^        then    h  :  a  ::  d  i  c, 

a     c 
For  T-  =  ^ ;  divide  unity  by  each  of  these  equal  quantities 

thus  —  =  -:  OT  h  :  a  ::  d  :  c, 
a     c 

392.  If/our  qtuintities  he  proportionals,  they  a/re  proportionals 
when  taken  alternately. 

If        a  :  h  ::  c  :  dy         then    a  :  c  ::  h  :  d. 
For  T-  =  ;3 ;  multiply  by  - ;  thus  -  = ;, ; 

or  a  :  c  ::h  :  d. 

Unless  the  four  quantities  are  of  the  same  kind  the  alter- 
nation cannot  take  place;  because  this  operation  supposes  the 
first  to  be  some  multiples-part,  or  parts,  of  the  third.  One  line 
may  have  to  another  line  the  same  ratio  as  one  weight  has  to 
another  weight,  but  there  is  no  relation,  with  respect  to  magni- 
tude, between  a  line  and  a  weight.  In  such  cases,  however,  if  the 
four  quantities  be  represented  by  numbers,  or  by  other  quantities 
which  are  all  of  the  same  kind,  the  alternation  may  take  place. 

393.  When/otir  qiuxntities  are  proportionals,  the  first  together 
wUh  the  second  is  to  the  second  as  the  third  together  with  the  /ovrth 
is  to  the  fov/rth. 

If        a  \h  i\c  :  d,        then    a-^h  :h  \:  c  +  d  :  d. 

For  r  =  -3  ]  add  imity  to  both  sides ;  thus 
0      a 

T  + 1  =-i+ 1 ;  that  IS,  — T—  =  —J— ; 
6  d  0  d 

15—2 
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or  a-^b  :  b  ::  c-hd  :  d. 

This  operation  is  called  componendo, 

394.  Also  the  excess  of  the  first  above  the  second  is  to  the 
second  as  the  eoccess  of  the  third  above  the  fourth  is  to  the  fourth. 

For  7-  =  -, ;  subtract  unity  from  both  sides :  thus 

b     d^  ^  ' 

a     -     c      -     .1..     a,—  b     c  —  d 
j-l  =  ^-l;thatis,-j^=-^; 

or  a  —  b  :  b  ::  c  —  d  :  d. 

This  operation  is  called  dividendo. 

395.  Also  the  fi/rst  is  to  the  excess  of  the  first  above  the  second 
as  the  third  is  to  the  excess  of  the  third  above  the  fourth, 

a—b     c—d 


By  the  last  article, 


also 


b  d    ' 

b     d 

mmm     ""^     ^^     • 

a     c ' 
a—b     b     c—d     d         a—b     c—d 


therefore         — = —  x  -  =  — j—  x  -,  or 

bade 


a 


} 


or  a  —  b  :  a  ::  c  —  d  :  Cy 

and  inversely,  a  :  a  —  b  ::  c  :  c  —  d. 

This  operation  is  called  convertendo, 

396.  When  four  quantities  a/re  proportionals^  the  sum  of  the 
fi/rst  a/nd  second  is  to  their  difference  a^  the  sum  of  the  third  amd 
fourth  is  to  tJieir  difference. 

If        a  :  b  ::  c  :  d,        then  a  +  b  :  a  —  b  ::  c  +  d  :  c  —  d 
By  Art  393,  ^=^, 

and  by  Art.  394,  ~~yr~  ~  — >"  ^ 


therefore 


that  is, 
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a+6 . a—hc+d . c—d 
'~b~'^'~V"~d~^~d~'' 

a-\-b     c-hd 


a  —  b     c  —  d' 
or  a  +  h  :  a  —  h  ::  c  +  d  :  c  —  d. 

397.  When  any  number  of  quantities  are  proportionals,  as  one 
antecedent  is  to  its  consequent,  so  is  the  swm,  of  all  the  antecedents  to 
tJie  sum  of  all  the  consequents. 

Let  a  \  b  \\  c  \  d  \\  e  \  f\ 

then  a  :  b  ::  a-{-c  -{-e  :  b  +  d  +f 

For         ad=bc,         and     q/*=  fte,  (Art.  386), 
also         aib  =  ba;      hence  ab -had -i-af=ba  + be  +  be; 
that  is,  a  {b  +  d-\-f)  =  b{a  +  c  +  e). 

Hence,  hy  Art.  389,     a  :  b  ::  a  +  c-^e  :  b  +  d  +f 

Similarly  the  proposition  may  be  established  when  more  quan- 
tities are  taken. 

398.  When  four  quantities  are  proportionals,  if  the  first  and 
second  be  multiplied,  or  divided,  by  any  quantity,  as  also  the  third 
and  fourth,  the  resulting  quantities  wiU  be  proportionals. 

Let        a  :  b  ::  c  :  d,        then    ma  :  mb  ::  nc  :  nd. 

For  T  =  -7  >    therefore  — r  =  —3 ; 

0     d  mo      nd 

or  ma  :  mh  ::  nc  :  nd. 

399.  If  the  first  and  third  be  multiplied,  or  divided,  by  any 
quantity,  amd  also  the  second  and  fourth,  the  resulting  quantities 
will  be  proportionals. 

Let        a  :  b  ::  c  :  d,        then  ma  :  nb  ::  Tnc  :  nd. 

_  o      c     .-       -       ma     mc         ,  ma     mc 

For         r  =  -/ ;  therefore  ^-  =  t  >  and  -^r  =  — > ; 
^b      d  b        d  nb      nd 

or  ma  :  nh  ::  mc  :  nd. 
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400.  In  two  rariJca  of  proportionals,  if  the  corresponding  terms 
he  mvltiplied  together,  the  products  vMl  he  proportionals. 

Let  a  :  h  ::  c  :  df 

and  e  i  f  ::  g  :  h, 

then  ae  :  hf  ::  eg  :  dh. 

For         r  =  -7  and  ->  =  t  ^  therefore  ^rn  -~Tr\ 
h      d         f     h  hf      dh' 

or  CLC  I  hf  ::  eg  :  dh. 

This  is  called  compounding  the  proportions.     The  proposition 
is  true  if  applied  to  any  number  of  proportions. 

401.  If  four  quantities  he  proportionals,  the  like  poioers,  or 
roots,  of  these  quantities  will  he  proportionals* 

Let  a  :  h  ::  c  :  d,         then  a"  :  h"  ::  c"  :  d\ 


a     cl    .,       «        a*     c" 


For  T  =  ^',  therefore  ts  =  7^*  where  ti  may  be  whole  or  frac- 
tional; thus 

a"  :  6"  ::  c"  :  cf. 

402.  K  a  :  &  ::  5  :  c*«       then  a  :  c  ;:  a'  :  h\ 

^      a      h  1..  1     1      tt     n        a     a     a      6      ' 

For  j  =  -;  multiply  by  ^,  thus  jx^=j  x  -> 

that  IS,  Ta=-l 

be 
or  a  :  c  ::  a'  :  6". 

The  three  quantities  a,  h,  c  are  in  this  case  said  to  be  in 
continued  proportion;  and  h  is  said  to  be  a  rnean  proportional 
between  a  and  c. 

403.  Similarly  we  may  shew  that  if  a  :  b  ::  h  :  c  ::  c  :  c^,  then 
a  :  d  ::  a'^  :  h\  Here  the  four  quantities  a,  h,  c,  d  are  said  to  be 
in  continued  proportion. 
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404.  It  is  obvious  from  the  preceding  articles^  that  if  four 
quantities  are  proportionals^  we  may  derive  from  them  many 
other  proportions.     We  will  give  another  example. 

If  a  :  h  ::  c  :  d,  then 

ma  -hrib  :  pa  +  qh  ::  mc-^nd  :  pc  +  qd. 

For  r  =-ii  therefore  -7-  =  —j- : 

0     a  0       a 

add  n  to  both  sides;  thus 

ma  +  nb     m>c+nd 


Similarly 


6        "       d 

pa  +  qb  _pc-\-qd 
~6~""      d      • 


TT  ma  +  n6     pa  +  qh  ^mc-hnd    pc  +  qd 

Hence  b~'^~b         ~~d~'^~~d~'' 

,,    .  .  ma  +  nh     mc  +  nd 

that  IS,  j-  = -r  ; 

pa-\-qo      pc-¥qd 

or  wa  +  n5  :  jpa  +  g'ft  ::  mc  +  W  :  jpc  +  g'c?. 

405.  In  the  definition  of  Proportion  it  is  supposed  that  one 
quantity  is  some  determinate  multiple,  part,  or  parts,  of  another; 
or  that  the  fraction  formed  by  taking  one  of  the  quantities  as  a 
numerator,  and  the  other  as  a  denominator,  is  a  determinate 
fraction.  This  will  be  the  case  whenever  the  two  quantities  have 
any  common  measure  whatever.  For  let  05  be  a  common  measure 
of  a  and  6,  and  let  a  =  mas  and  h  =  7ix;  then 

a     mac     m 


h      nx      w ' 
where  m  and  n  are  whole  numbers. 


406.  But  it  sometimes  happens  that  quantities  are  incom- 
m^ensiMrcbble,  that  is,  admit  of  no  common  measure  whatever.  If, 
for  example,  one  line  is  the  side  of  a  square,  and  another  line  is 
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the  diagonal  of  the  same  square,  these  lines  are  incomme7i8v/rdble. 
In  such  cases  the  value  of  j-  cannot  be  expressed  by  any  fiaction 

—  where  m  and  n  are  whole  numbers;  yet  a  fraction  of  this  kind 

may  be  found  which  will  express  the  value  of  r  to  any  required 
degree  of  dccuracy. 

For    let    &=waj,    where   n   is    an    integer;     also   let    a  be 

greater  than  mx  but   less  than  (tti  + 1)  a; ;    then   j-    is  greater 

than  — ,  but  less  than .     Thus  the  difference   between  -7 

n  n  0 

vn  1 

and  —  is  less  than  - .     And  since  ticc  =  5,  when  x  is  diminished 
n  n 

n  is  increased  and  —  is  diminished.      Hence  by  taking  x  small 

enough,  -  can  be  made  less  than  any  assigned  magnitude,  and 

therefore  the  difference  between  —  and  ■=-  can  be  made  less  than 

n  0 

any  assigned  magnitude. 

407.     If  c  and  d  as  well  as  a  and  b  are  incommensurable, 

and  if  when  r  lies  between  —  and  ,  then  -7   also    lies 

6  n  n  a 

between  —  and however  the  numbers  m  and  n  are  increased, 

n  n 

a  . 


J-  is  equal  to  -z . 


For  if  V  and  -j  are  not  equal,  they  must  have  some  assignable 

difference,  and  because  each  of  them  lies  between  —  and , 

this  difference  must  be  less  than  -.     But  since  w  may,  by  sup- 

position^  be  increased  without  limit,  -  may  be  diminished  without 
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limit ;  that  is,  it  may  be  made  less  than  any  assigned  magnitude ; 
therefore  j-  and  -z  have  no  assignable  difference,  so  that  we  may 

say  that  t='j-     Hence  all  the  propositions  respecting  propor- 
tionals are  true  of  the  four  magnitudes  a,  hj  c,  d. 

408.  It  will  be  useful  to  compare  the  definition  of  proportion 
which  has  been  given  in  this  chapter  with  that  which  is  given  in 
the  fifth  book  of  Euclid.  The  latter  definition  may  be  stated 
thus;  four  quantities  are  proportionals  when  if  any  equimultiples 
be  taken  of  the  first  and  third,  and  also  any  equimultiples  of  the 
second  and  fourth,  the  multiple  of  the  third  is  greater  than, 
equal  to,  or  less  than,  the  multiple  of  the  fourth,  according  as  the 
multiple  of  the  first  is  greater  than,  equal  to,  or  less  than,  the 
multiple  of  the  second.  We  will  first  shew  that  the  property 
involved  in  this  definition  follows  from  the  algebraical  defini- 
tion. ^ 

For  suppose  a  :  h  ::  c  :  d;   then  t-=  ;,>  therefore  ^='^« 

Hence  pc  is  greater  than,  equal  to,  or  less  than  qd,  accordiug  as 
pa  is  greater  than,  equal  to,  or  less  than  qh. 

409.  Next  we  may  deduce  the  algebraical  definition  of  pro- 
portion from  Euclid's.  Let  a,  b,  c,  d  be  four  quantities,  such  that 
pc  is  greater  than,  equal  to,  or  less  than  qd,  according  as  pa  is 

greater  than,  equal  to,  or  less  than  qh,  then  shall  t  = ;» .     Eirst 

suppose  c  and  d  are  commensurable;  then  we  can  take  p  and  q 
such  that  pc  =  qd;  hence,  by  hypothesis,  pa  =  qb.     Thus 


pa 

=  1  = 

pc 

qb- 

—    X    ^" 

qd 

a 

c 

6"" 

''d' 

1 

and 

Next  suppose  c  and  d  are  incommensurable;   then  we  can 
not  find  whole  numbers  p  and  q  such  that  pc  =  qd.     In  this  case 
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take  any  multiple  of  c  as  pc;    then  since  this  quantity  must  lie 
between  some  two  consecutive  multiples  of  d,  suppose  it  to  lie 

between  qd  and  (q  +l)d.     Thus  ^  is  greater  than  unity,  and 

.       1X7  is  less  than  unity;  therefore  -^  is  greater  than  -  and  less 

than  ■ .     And,  by  hypothesis,  ^  is  also  greater  than  unity, 

and  7 —    ,,  ,    is   less   than  unity,   so   that   -,-  is  greater  than  — 
(g'+l)6  •''  b       ^  p 

q  +  1 
and  less  than .     Since  these  results  are  true  however  <;reat 

P 

ft      f» 

p  and  q  may  be,  it  follows,  by  Art.  407,  that     =  ^. 

410.  It  is  usually  stated  that  the  common  algebraical  defini- 
tion of  proportion  cannot  be  used  in  Geometiy,  because  there  is  no 
method  of  representing  geometrically  the  result  of  the  operation 
of  division.  Lines  can  be  represented  geometrically,  but  not  the 
abstract  number  which  expresses  how  often  one  line  is  contained 
in  another.  But  it  should  also  be  noticed  that  Euclid's  definition 
is  rigoroiLS  and  can  be  applied  to  incoTwmensurahle  as  well  as 
to  commenav/rahle  quantities,  while  the  algebraical  definition  is, 
strictly  speaking,  confined  to  the  latter  quantities.  Hence  this 
consideration  alone  would  furnish  a  sufficient  reason  for  the  de- 
finition adopted  by  Euclid. 

EXAMPLES   OP  PROPORTION. 

1.  The  last  three  terms  of  a  proportion  being  4,  6,  8,  what  is 
the  first  term  % 

2.  Find  a  third  proportional  to  25  and  400. 

3.  If  3,  aj,  1083  are  in  continued  proportion,  find  x, 

4.  If  2  men  working  8  hours  a  day  can  copy  a  manuscript  in 
32  days,  in  how  many  days  can  x  men  working  y  hours  a  day 
copy  it  ? 
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5.  If  X  and  y  1^©  unequal  and  x  have  to  y  the  duplicate  ratio 
of  x  +  z  to  y-^Zy  prove  tJiafc  «  is  a  mean  proportional  between  x 
andy. 

6.  If  a  :  6  ::  «  :  q,  then  a*  +  6*  : j  ::p^  +  c^  :  — — . 

a  +  0  P  '^  9. 

7.  If  four  quantities  are  proportionals,  and  the  second  is  a 
mean  proportional  between  the  third  and  fourth,  the  third  will  be 
a  mean  proportional  between  the  first  and  second. 

8.  If 

(a  +  b-\-c-hd)  {a  —  b  —  c-\-d)  =  (a  —  b-\'C  —  d){a  +  h-c  —  d)y 

prove  that  a,  h,  c,  d  are  proportionals. 

9.  Shew  that  when  four  quantities  of  the  same  kind  are  pro- 
portional, the  greatest  and  least  of  them  together  are  greater  than 
the  other  two  together. 

10.  Each  of  two  vessels  contains  a  mixture  of  wine  and 
water;  a  mixture  consisting  of  equal  measures  from  the  two 
vessels  contains  as  much  wine  as  water,  and  another  mixture 
consisting  of  four  measures  from  the  first  vessel  and  one  fr*om 
the  second  is  composed  of  wine  and  water  in  the  ratio  of  2  :  3. 
Find  the  proportion  of  wine  and  water  in  each  of  the  vessels. 

11.  A  and  B  have  made  a  bet,  each  staking  a  sum  of  money 
proportional  to  all  the  moiley  he  has.  If  A  wins  he  will  have 
double  what  B  will  have,  but  if  he  loses,  B  will  have  three  times 
what  A  will  have.  All  the  money  between  them  being  £168, 
determine  the  circumstances. 

12.  If  the  increase  in  the  number  of  male  and  female  crimi- 
nals be  1*8  per  cent.,  while  the  decrease  in  the  number  of  males 
alone  is  4*6  per  cent.,  and  the  increase  in  the  number  of  females 
is  9*8;  compare  the  number  of  male  and  female  criminals  re- 
spectively. 
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XXVIIL     YAEIATIOK 

» 

411.  The  present  chapter  consists  of  a  series  of  propositions 
connected  with  the  definitions  of  ratio  and  proportion  stated  in  a 
new  phraseology,  which  is  convenient  for  some  purposes. 

412.  One  quantity  is  said  to  vary  directly  as  another  when 
the  two  quantities  depend  upon  each  other,  and  in  such  a  man- 
ner that  if  one  be  changed  the  other  is  changed  in  the  same 
proportion. 

Sometimes  for  shortness  we  omit  the  word  directly ,  and  say 
simply  that  one  quantity  varies  as  another. 

413.  Thus,  for  example,  if  the  altitude  of  a  triangle  be  in- 
variable, the  area  varies  as  the  base ;  for  if  the  base  be  increased 
or  diminished,  we  know  from  Euclid  that  the  area  is  increased  or 
diminished  in  the  same  proportion.  We  may  express  this  result 
by  Algebraical  symbols  thus;  let  A  and  a  be  numbers  which 
represent  the  areas  of  two  triangles  having  a  common  altitude,  and 
let  £  and  b  be  numbers  which  represent  the  bases  of  these  tii- 

A     B 

angles  respectively ;    then  —  =  — .     And  from  this  we  deduce 

a      0 

A      a 

•p  =Ti  (Art.  392).     If  there  be  a  third  triangle  having  the  same 

altitude  as  the  two  already  considered,  then  the  ratio  of  the  num- 
ber which  represents  its  area  to  the  number  which  represents  its 

base  will  also  be  equal  to  =-.    Put  r  =  ^j  t^©^  ■»=  ^  ^^^  -^  =  ^^^' 

0  0  JS 

Here  A  may  represent  the  area  of  any  one  of  a  series  of  triangles 

which  have  a  common  altitude,  and  B  the  corresponding  base, 

and  m  remains  constant.      Hence  the  statement  that  the  area 

varies  as  the  base  may  also  be  expressed  thus;   the  area  has  a 

constant  ratio  to  the  base ;  by  which  we  mean,  in  accordance  with 
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Article  392^  that  the  number  which,  represents  the  area  bears  a 
constant  ratio  to  the  number  which  represents  the  base. 

"We  have  made  these  remarks  for  the  purpose  of  explaining 
the  notation  and  language  which  will  be  used  in  the  present 
chapter.  When  we  say  that  A  varies  as  B,  we  mean  that  A 
represents  the  numerical  value  of  any  one  of  a  certain  series  of 
quantities,  and  B  the  numerical  value  of  the  corresponding  quan- 
tity in  a  certain  other  series,  and  that  A  =  mB^  where  m  is  some 
number  which  remains  constant  for  every  corresponding  pair  of 
quantities. 

We  will  give  a  formal  proof  of  the  equation  A  =  mB  deduced 
fi*om  the  definition  of  Art.  412. 

414.  If^  vary  as  B,  then  A  is  equal  to  B  multiplied  by  some 
consta/rU  quantity. 

Let  a  and  b  denote  one  pair  of  corresponding  values  of  two 

A     B 
quantities,  and  let  A  and  B  denote  any  other  pair ;    then  —  =  v 

by  definition.      Hence  A  =  j-B  =  mB,  where  m  is  equal  to  the 

a 
constant  7-. 
0 

415.  The  symbol  oc  is  used  to  express  variation;  thus  AocB 
stands  for  A  varies  as  B, 

416.  One  quantity  is  said  to  vary  inversely  as  another  when 
the  first  varies  as  the  reciprocal  of  the  second ;  see  Art.  263. 

Or  if  it  =  -5 ,  where  m  is  constant,  A  is  said  to  vary  inversely 
B 

as  B. 

417.  One  quantity  is  said  to  vary  as  two  others  jointly  when, 
if  the  former  is  changed  in  any  manner,  the  product  of  the  other 
two  is  changed  in  the  same  proportion. 

Or  if  -i  =  mBC,  where  m  is  constant,  A  is  said  to  vary  jointly 
as  B  and  G, 
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418.  One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third,  when  it  varies  jointly  as  the  second  and  the 
reciprocal  of  the  third. 

Or  if  -4  =  -j^  ,  where  m  is  constant,  A  is  said  to  vary  directly 
as  B  and  inversely  as  (7. 

419.  7/*AccB,  emif  BocC,  thm  Kcx:Q. 

For  let  A  =  7wJ5,  and  B  =  nC,  where  m  and  n  are  constants ; 
then  A  =  mnG ;  and,  as  mn  is  constant,  AooG, 

420.  I/AocCy  andBcoCy  thenAd^BcoG,  and  ^{AB)  ex,  C. 

For  let  A  =  mGy  and  B  =  nCy  where  m  and  n  are  constants; 
then  A  +J5=(m  +  w)  G,  suid  A  —  B  =  (m  -n)  0 ;  therefore  A  ^  B  oc  G. 
Also  ^(^^)  =  J{mnG')  =  (7  ^^(mTi)  ;  therefore  ^{AB)  oc  (7. 

A  A 

421.  7/*AccBC,  <Aew  Bcc^^  and  C<x-, 

1-4  -4 

For  let  A  =  w-5(7,  then  J5  =  —  tj  ;  therefore  i?  oc  -^ .     Simi- 

larly  Coc-^. 

422.  T/*  AocB,  oTifl?  CocD,  <Aen  ACocBD. 

For  let  A  =  mB,  and  G  =  nl),  then  AG  =  mnBD ;  therefore 
itC  oc  BB. 

423.  7/  AocB,  <Ac7j  A"ocB". 

For  let  A  =  mB,  then  -4"  =  m"^ ;  therefore  -4"  cc  5". 

424.  7/*  A  <te  B,  ^Ae/i  AP  oc  BP^  where  P  w  aiiy  quantity 
variable  or  invariable. 

For  let  A  =  mB,  then  AF  =  mBP;  therefore  AF<x:BF. 

425.  If  AocB  token  C  w  mvoWaftZe,  awe?  A  oc  C  ti^Aen  B  is 
invaridbh,  then  will  A  ^  BC  t^^AeTi  &o^  B  a^d  C  are  vaHahle, 

The  variation  of  -4  depends  upon  the  variations  of  the  two 
quantities  B  and  C;    let  the  variations  of  the  latter  quantities 
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take  place  separately,  and  when  B  is  changed  to  5,  let  A  be 

A     B 
changed  to  a';    then,  by  supposition,   -7=-t-.     Now  let  G  be 

changed  to  c,  and  in  consequence  let  a'  be  changed  to  a ;  then,  by 

supposition,  ~  =  — .     Thus 

Cb  C 


A 

a'     BC 
""  a~  he' 

A     BC 
a~  he' 

that  is, 

therefore  A  oc  BC. 

A  very  good  example  of  this  proposition  is  furnished  in 
Geometry.  It  can  be  proved  that  the  area  of  a  triangle  varies 
as  the  base  when  the  height  is  invariable,  and  that  the  area  varies 
as  the  height  when  the  base  is  invariable.  Hence  when  both  the 
base  and  the  height  vary,  the  area  varies  as  the  product  of  the 
numbers  which  express  the  base  and  the  height. 

426.  In  the  same  manner  if  there  be  any  number  of  quan- 
tities B^  G,  D,  kc,  each  of  which  varies  as  another  A  when  the 
rest  are  constant;  when  they  are  all  changed,  A  varies  as  their 
product. 


EXAMPLES   ON  VARIATION. 

1.  Given  that  y  varies  as  x,  and  that  y  =  2  when  a;  =  1,  what 
will  be  the  value  of  y  when  a?  =  2  ? 

2.  li  u  varies  as  h  and  a  =  15  when  5=3,  find  the  equation 
between  a  and  h. 

3.  Given  that  z  varies  jointly  as  x  and  y,  and  that  » =  1 
when  x=\   and  y  =  1,   find  the  value  of  z  when  x^2  and 

y=2. 

4.  If  z  varies  as  tiw:  +  y,  and  if  «  =  3  when  x=\  and  y  =  % 
and  z^ 5  when  x=2  and  y  =  3,  find  m. 
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5.  If  X  varies  directly  as  y  when  z  is  constant,  and  inversely 
as  z  when  y  is  constant,  then  if  y  and  z  both  vary,  x  will  vary 

as  -. 

z 

6.  If  3,  2,  1,  be  simultaneous  values  of  x,  y,  z  ia  the  pre- 
ceding example,  determine  the  value  of  a;  when  y  =  2  and  z=  4:. 

7.  The  wages  of  5  men  for  6  weeks  being  £14.  5^.,  how 
many  weeks  will  4  men  work  for  £19  ?     (Apply  Example  5.) 

8.  If  the  square  of  x  vary  as  the  cube  of  y,  and  x=2  when 
y  =  3,  find  the  equation  between  x  and  y. 

9.  Given  that  y  varies  as  the  sum  of  two  quantities,  one  of 
which  varies  as  x  directly,  the  other  as  x  inversely,  and  that 
y  =  4  when  x  =  l  and  y  =  5  when  05=2,  find  the  equation  be- 
tween X  and  y, 

10.  If  one  quantity  vary  directly  as  another,  and  the  former 
be  I  when  the  latter  is  J,  what  will  the  latter  be  when  the  former 
is  9? 

11.  If  one  quantity  vary  as  the  sum  of  two  others  when 
their  difference  is  constant,  and  also  vary  as  their  difference  when 
their  sum  is  constant,  shew  that  when  these  two  quantities  vary 
independently,  the  first  quantity  will  vary  as  the  difference  of 
their  squares. 

12.  Given  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  radius,  prove  that  the  volume  of  a  sphere  whose  radius  is 
6  inches  is  equal  to  the  sum  of  the  volumes  of  three  spheres 
whose  radii  are  3,  4,  5  inches. 

13.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  single  circular  plate  one  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter, 

14.  There  are  two  globes  of  gold  whose  radii  are  r  and  r'; 
they  are  melted  and  formed  into  a  single  globe.     Find  its  radius. 
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15.  If  X,  f/y  z  be  variable  quantities  such  that  y  +  z  —  x  is 
constant,  and  that  (oj  +  y  — «){aj  +  «-y)  varies  as  yZy  prove  that 
»  +  y  +  «  varies  as  yz, 

16.  A  point  moves  with  a  speed  which  is  diflferent  in  diflferent 
miles,  but  invariable  in  the  same  mile,  and  its  speed  in  any  mile 
varies  inversely  as  the  number  of  miles  travelled  before  it  com- 
mences this  mile.  If  the  second  mile  be  described  in  2  hours, 
find  the  time  occupied  in  describing  the  n^  mile. 

17.  Suppose  that  y  varies  as  a  quantity  which  is  tlie  sum  of 
three  quantities,  the  first  of  which  is  constant,  the  second  varies 
as  X,  and  the  third  as  x\  And  suppose  that  when  a;  =  a,  y  =  0, 
when  X  =  2a,  y  =  a,  and  when  x  =  3a,  y  =  4a.  Shew  that  when 
x^na,  y  =  (n— l)*a. 

18.  Assuming  that  the  quantity  of  work  done  varies  as  the 
cube  root  of  the  number  of  agents  when  the  time  is  the  same,  and 
varies  as  the  square  root  of  the  time  when  the  number  of  agents  is 
the  same ;  find  how  long  3  men  would  take  to  do  one-fifth  of  the 
work  which  24  men  can  do  in  25  hours.     (See  Art.  426.) 

XXIX.    SCALES   OF  NOTATION. 

427.  The  student  will  of  course  have  learned  from  Arith- 
metic that  in  the  ordinary  method  of  expressing  integer  numbers 
by  figures,  the  number  represented  by  each  particular  figure  is 
always  some  multiple  of  some  power  of  ten.  Thus  in  347  the  3 
represents  3  hundreds,  that  is,  3  times  10';  the  4  represents  4 
tens,  that  is,  4  times  10^;  and  the  7  which  represents  7  units, 
may  be  said  to  represent  7  times  10°. 

This  mode  of  representing  numbers  is  called  the  comrrvon  scale 
of  notation^  and  10  is  said  to  be  the  hdse  or  radix  of  the  common 
scala 

428.  "We  shall  now  prove  that  any  positive  integer  greater 
than  unity  may  be  used  instead  of  10  for  the  radix,  and  shall  shew 
how  to  express  a  number  in  any  proposed  scale.  We  shall  then 
add  some  miscellaneous  propositions  connected  with  this  subject. 

T.  A.  16 
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The  figures  by  means  of  which  a  number  is  expressed  are 
called  digits. 

When  we  speak  in  future  of  any  radix  we  shall  always  mean 
that  this  radix  is  some  positive  integer  greater  than  unity. 

429.  To  shew  that  way  ^positive  integer  may  he  expressed  in 
terms  of  any  radix. 

Let  iV  denote  the  number,  r  the  radix.  Suppose  that  r"  is 
the  highest  power  of  r  which  is  not  greater  than  iV;  divide  N 
by  r",  and  let  p^  be  the  quotient  and  iT^  the  remainder;  thus 

Here,  by  supposition,/?^  is  less  than  r;  also  JV^  is  less  than  r". 
Next  divide  iV"^  by  r""*,  and  let  p^_^^  be  the  quotient  and  iV^  the 
remainder;  thus 

Proceed  in  this  way  until  the  remainder  is  less  than  r;  thus 
we  find  I^  expressed  in  the  manner  indicated  by  the  equation 

Each  of  the  digits  p^,  Pn-^y Pi*  Po^  ^®^  *^^"^  ^9  ^^^  any 

one  or  more  of  them  afber  the  first  may  be  zero. 

430.     To  express  a  given  integer  number  in  any  proposed  scale. 

By  a  given  integer  number  we  mean  a  number  expressed  in 
words  or  else  expressed  by  digits  in  some  assigned  scale.  If  no 
scale  is  mentioned,  we  understand  the  common  scale  to  be  in« 
tended. 

Let  N  be  the  given  number,  r  the  radix  of  the  scale  in  which 

it  is  to  be  expressed.     Suppose  jo^,,/?,, p^  to  be  the  required 

digits  by  which  N  is  expressed  in  the  new  scale^  beginning  with 
that  on  the  right  hand;  then 

N^pf+p^^y"^  + +py+p,r+p^] 

we  have  now  to  find  the  value  of  each  digit. 

Divide  N  by  r,  and  let  Q^  denote  the  quotient;   then  it  is 
obvious  that 
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and  that  the  remainder  is  p^.  Hence  p^  is  found  by  this  rule ; 
divide  the  given  nwmber  hy  the  proposed  radix,  amd  the  remainder 
is  the  first  of  the  rehired  digits. 

Again,  divide  Q^  by  r,  and  let  Q^  denote  the  quotient;  then 
it  is  obvious  that 

and  that  the  remainder  is  p^.  Hence  the  second  of  the  required 
digits  is  ascertained. 

By  proceeding  in  this  way  we  shall  determine  in  succession  all 
the  required  digits. 

431.  For  example,  transform  43751  into  the  scale  of  which 
6  is  the  radix.  The  division  may  be  performed  and  the  remainders 
noted  thus : 

6J4  3  75  1 

6^729  1 5 

6J1  2  15 1 

6J202 3 

6  J33 4 

"5 3 

Thus  43751  =  5.6«  +  3.6*  +  4.6'  +  3.6'  +  1.6  +  5, 

so  that  the  number  is  expressed  in  the  new  scale  thus,  534315. 

432.  Again,  transform  43751  into  the  scale  of  which  12  is 
the  radix. 

12^4375  1 

12;3  6  45 11 

12;303 9 

12J25 3 

2 1 

Thus  43751  =  2.12*  + 1.12" +3.12«  + 9.12 +11. 

16-2 
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In  expressing  the  number  in  the  new  scale  we  shall  require 
a  single  symbol  for  eleven;  let  it  be  e;  then  the  number  is  ex- 
pressed in  the  new  scale  thus,  2139fl. 

We  cannot  of  course  use  11  to  express  eleven  in  the  new 
scale,  because  11  now  represents  1.12+1,  that  is,  thirteen. 

433.  We  will  now  consider  an  example  in  which  a  number  is 
given,  not  in  the  common  scale. 

A  number  is  denoted  by  ^347e  in  the  scale  of  which  twelve  is 
the  radix,  it  is  required  to  express  it  in  the  scale  of  which  eleven 
is  the  radix. 

Here  t  stands  for  ten,  and  e  for  eleven. 

ejt3  4:7  e 

e27  3 2 

The  process  of  division  by  eleven  is  performed  thua  Firat 
e  is  not  contained  in  t,  for  eleven  is  not  contained  in  ten,  so  we 
ask  how  often  is  e  contained  in  ^3?  here  t  stands  for  ten  times 
twelve,  that  is  one  hundred  and  twenty,  so  that  the  question  is, 
how  often  is  eleven  contained  in  one  hundred  and  twenty- three? 
the  answer  is  eleven  times,  with  two  over.  Next  we  ask  how 
often  is  e  contained  in  24;  that  is,  how  often  is  eleven  contained 
in  twenty-eight?  the  answer  is  twice,  with  six  over.  Then  how 
often  is  e  contained  in  67;  that  is,  how  often  is  eleven  contained 
in  seventy-nine  I  the  answer  is  seven  times,  with  two  over. 
Lastly,  how  often  is  e  contained  in  2e;  that  is,  how  often  is 
eleven  contained  in  thirty-five?  the  answer  is  three  times,  with 
two  over. 

Hence  2  is  the  first  of  the  required  digits. 
The  remainder  of  the  process  we  will  indicate;  the  student 
should  carefully  work  it  for  himself,  and  then  compare  his  result 
with  that  here  given. 

e;e27  3 
e^lO  2t..  ...1 

e;i  1  4. 2 

ejl  2 3 

1 3 
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Hetice  the  given  number  is  equal  to 

l.e*  +  3.e*  +  6.6"  +  2.e*  +  l.e  +  2 ;. 
that  is,  it  is  expressed  in  the  scale  with  radix  eleven  thus,  136212. 

434.  It  will  be  easy  to  form  an  unlimited  number  of  self- 
verifying  examples.  Thus,  take  two  numbers  expressed  in  the 
common  scale  and  obtain  their  product,  then  transform  this  pro- 
duct into  any  proposed  scale;  next  transform  the  two  numbers 
into  the  proposed  scale,  and  obtain  their  product  in  this  scale; 
the  result  should  of  course  agree  with  that  already  obtained.  Or, 
take  any  number,  square  it,  transform  this  square  into  any  pro- 
posed scale,  and  extract  the  square  root  in  this  scale;  then  trans- 
form the  last  result  back  to  the  original  scale. 

435.  Next  let  it  be  required  to  transform  a  given  fraction 
from  one  scale  to  another.  This  may  be  effected  by  transforming 
separately  the  numerator  and  denominator  of  the  given  fraction 
by  the  method  of  Art.  430.  Thus  we  obtain  a  fraction  identical 
with  the  proposed  fraction,  having  its  numerator  and  denominator 
expressed  in  the  new  scale. 

436.  We  stated  in  Art.  427,  that  in  the  common  scale  of 
notation,  each  digit  which  occurs  in  the  expression  of  any  integer 
by  figures  represents  some  m/ultiple  of  some  power  of  ten.  This 
statement  may  be  extended,  and  we  may  assert  that  if  a  number 
be  expressed  in  the  common  scale,  and  the  number  be  an  integer, 
or  a  dedm^al  fractimi,  or  partly  an  integer  and  partly  a  decimal 

fraction,  then  each  digit  represents  som>e  multiple  of  some  power 

of  ten.     Thus  in  347*958  the  3,  the  4,  and  the  7,  have  the  values 

9 
assigned  to  them  in  Art.   427;    the  9  represents   =^,  that  is, 

9  times  10"*;  the  5  represents  j^,  that  is,  5  times  10"';  and 

g 
the  8  represents  t7\()(\>  ^^^^^9  8  times  10" 


i-3 


It  may  therefore  naturally  occur  to  us  to  consider  the  follow 
ing  problem:  required  to  express  a  given  fraction  by  a  series  of 


244  SCALES  OF  NOTATION. 

In  expressing  the  number  in  the  new  scale  we  shall  require 
a  single  symbol  for  eleven;  let  it  be  e;  then  the  number  is  ex- 
pressed in  the  new  scale  thus,  2139d. 

We  cannot  of  course  use  11  to  express  eleven  in  the  new 
scale,  because  11  now  represents  1.12+1,  that  is,  thirteen, 

433.  "We  will  now  consider  an  example  in  which  a  number  is 
given,  not  in  the  common  scale. 

A  number  is  denoted  by  *347e  in  the  scale  of  which  twelve  is 
the  radix,  it  is  required  to  express  it  in  the  scale  of  which  eleven 
is  the  radix. 

Here  t  stands  for  ten,  and  e  for  eleven, 

ejt34:7e 

e27  3 2 

The  process  of  division  by  eleven  is  performed  thus.  Fii-st 
e  is  not  contained  in  t,  for  eleven  is  not  contained  in  ten,  so  we 
ask  how  often  is  e  contained  in  t3  ?  here  t  stands  for  ten  times 
twelve,  that  is  one  hundred  and  twenty,  so  that  the  question  is, 
how  often  is  eleven  contained  in  one  hundred  and  twenty-three? 
the  answer  is  eleven  times,  with  two  over.  Next  we  ask  how 
often  is  e  contained  in  24 ;  that  is,  hpw  often  is  eleven  contained 
in  twenty-eight?  the  answer  is  twice,  with  six  over.  Then  how 
often  is  e  contained  in  67 ;  that  is,  how  often  is  eleven  contained 
in  seventy-nine  I  the  answer  is  seven  times,  with  two  over. 
Lastly,  how  often  is  e  contained  in  2e;  that  is,  how  often  is 
eleven  contained  in  thirty-five?  the  answer  is  three  times^  with 
two  over. 

Hence  2  is  the  first  of  the  required  digits. 
The  remainder  of  the  process  we  will  indicate;  the  student 
should  carefully  work  it  for  himself,  and  then  compare  his  result 
with  that  here  given. 

e>)g27  3 
e^lO  2  t.,  ...1 

e  ;  1  1  4 3 

ejl  2 3 

1.!....3 
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Hence  the  given  number  is  equal  to 

hat  is,  it  is  expressed  in  the  scale  with  radix  eleven  thus,  136212. 

434.  It  will  be  easy  to  form  an  unlimited  number  of  self- 
'^erifying  examples.  Thus,  take  two  numbers  expressed  in  the 
K>mmon  scale  and  obtain  their  product,  then  transform  this  pro- 
luct  into  any  proposed  scale;  next  transform  the  two  numbers 
nto  the  proposed  scale,  and  obtain  their  product  in  this  scale; 
he  result  should  of  course  agree  with  that  already  obtained.  Or, 
ake  any  number,  square  it,  transform  this  square  into  any  pro- 
)Osed  scale,  and  exti'act  the  square  root  in  this  scale;  then  trans- 
orm  the  last  result  back  to  the  original  scale. 

435.  Next  let  it  be  required  to  transform  a  given  fraction 
pom  one  scale  to  another.  This  may  be  effected  by  transforming 
eparately  the  numerator  and  denominator  of  the  given  fmction 
y  the  method  of  Art.  430.  Thus  we  obtain  a  fraction  identical 
dth  the  proposed  fraction,  having  its  numerator  and  denominator 
xpressed  in  the  new  scale. 

436.  We  stated  in  Art.  427,  that  in  the  common  scale  of 
otation,  each  digit  which  occurs  in  the  expression  of  any  integer 
y  figures  represents  some  multiple  of  some  power  of  ten.  This 
batement  may  be  extended,  and  we  may  assert  that  if  a  number 
e  expressed  in  the  common  scale,  and  the  number  be  an  integer, 
r  a  decimal  fraction^  or  pa/rtly  an  integer  and  partly  a  decimal 
faction,  then  each  digit  represents  som>e  multiple  of  some  power 

f  ten.     Thus  in  347*958  the  3,  the  4,  and  the  7,  have  the  values 

9 
ssigned  to  them  in  Art.   427;    the  9  represents   =^,  that  is, 

times  10"*;  the  5  represents  r-Twr*  t^^t  is,  5  times  10"';  and 

g 
ie  8  represents  rj%7wv ;  that  is,  8  times  10"^ 

It  may  therefore  naturally  occur  to  us  to  consider  the  follow 
ig  problem:  required  to  express  a  given  fraction  by  a  series  of 
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fractions  in  any  proposed  scale  analogous  to  decimal  /ractiona  in 
the  common  scale.  We  will  speak  of  such  fractions  as  radix- 
fractiona. 

437.     Required  to  express  a  given  fraction  hy  a  series  of  radix- 
fractions  in  any  proposed  scale. 

By  a  given  fraction  we  mean  a  fraction  expressed  in  words 
or  expressed  by  figures  in  any  given  scale.  Let  F  denote  the 
given  fraction,  r  the  radix  of  the  proposed  scale.  Suppose  t^^ 
t  y ...  the  numerators  of  the  required  radixfractions  beginniDg 
from  the  left;  thus 

r     r 


where  ^,,  *,,  <8> are  to  be  found. 

Multiply  both  members  of  the  equation  by  r;  thus 

-^'•=«.+^+^+ 

The  right-hand  member  consists  of  an  integer  t^  and  an 
additional  fractional  part.  Let  /,  denote  the  integral  part  of  jFV, 
and  F^  the  fractional  remainder;  then  we  must  have 


Thus,  to  obtain  the  first  numerator,  fj,  of  the  series  of  radix- 
fractions,  we  have  this  rule ;  multiply  the  given  fraction  by  the 
proposed  radix;  then  tJie  greatest  integer  in  the  product  is  the  fvrst 
of  the  required  numerators. 

Again,  multiply  F^  by  r;  let  I^  be  the  integral  part  of  the 
product,  and  F^  the  fractional  remainder;  then 

/  =^       F  =^  +^  + 
^a-v     -^a-  r      r'     

Hence  t^,  the  second  of  the  required  numerators,  is  ascertained. 
By  proceeding  in  this  way  we  shall  determine  the  required  nu- 
merators in  succession.  If  one  of  the  products  which  occur  on 
the  left-hand  side  of  the  equations  be  an  exact  integer,  the  process 
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then  terminates,  and  the  proposed  fraction  is  expressed  by  a  finite 
series  of  radix-fractions.  If  no  integi*al  product  occur,  the  process 
never  terminates,  and  the  proposed  fraction  can  only  be  expressed 
by  an  infinite  seiies  of  the  required  radix-fractions;  the  numera- 
tors of  the  radix-fractions  will  recv/r  like  a  recurring  decimal. 

438.  We  may  remark  that  the  radix  ten  is  not  only  the  base 
of  the  common  mode  of  expressing  numbers  by  figui*es,  but  is  in 
fact  assumed  as  the  base  of  our  la/aguage  for  numbers.  This  will 
be  seen  by  observing  at  what  stage  in  counting  upwards  from 
unity  new  words  are  introduced.  For  example,  all  numbers 
between  twenty-one  and  twenty-nine,  both  inclusive,  are  expressed 
by  means  of  words  that  have  already  occurred  in  counting  up 
to  twenty;  then  a  new  word  occurs,  namely  thirty,  and  we  can 
count  on  without  an  additional  new  word  as  far  as  thirty-nine; 
and  so  on. 

439.  The  number  ten  has  only  two  divisors  different  from 
itself  and  unity,  namely  2  and  5;  the  number  tvodve  has  four 
divisors,  namely  2,  3,  4,  and  6.  On  this  account  twelve  would 
have  l)een  more  convenient  than  ten  as  a  radix.  This  may  be 
illustrated  by  reference  to  the  case  of  a  shilling;  since  a  shilling 
is  equivalent  to  twelve  pence,  the  half,  the  third,  the  fourth,  and 
the  sixth  of  a  shilling,  each  contains  an  exact  number  of  pence; 
if  the  shilling  were  equivalent  to  ten  pence,  the  half  and  fifth  of  a 
shilling  would  be  the  only  submultiples  of  a  shilling  containing  an 
exact  number  of  pence.  Similarly,  the  mode  of  measuring  lengths 
by  feet  and  inches  may  be  noticed. 

440.  "We  may  observe  that  if  two  be  adopted  as  the  ludix  of 
a  scale,  the  operations  of  Arithmetic  are  in  some  respects  mucli 
simplified.  In  this  scale  the  oxAj  figures  which  occur  are  0  and  1, 
so  that  each  separate  step  of  a  series  of  arithmetical  operations 
would  be  an  addition  of  1,  or  a  subtraction  of  1,  or  a  multiplica- 
tion by  1,  or  a  division  by  1.  The  simplicity  of  each  operation  is 
however  counterbalanced  by  the  disadvantage  arising  from  the 
increased  number  of  such  operations. 
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We  give  in  the  following  two  articles  two  problems  connected 
with  the  present  subject. 

441.  Determine  which  of  the  series  of  weights  1  lb.,  2  lbs., 

2"  lbs.,  2'^lbs.,  2*  lbs., must  be  used  to  balance  a  given  weight 

of  iVlbs.,  not  more  than  one  weight  of  each  kind  being  used. 

It  is  obvious  that  this  question  is  the  same  as  the  following; 
express  the  number  i\r  in  the  scale  of  which  the  radix  is  2. 
Hence  it  follows  from  Art.  429  that  the  problem  can  always 
be  solved. 

442.  Suppose  it  required  to  deteimine  which  of  the  weights 
1  lb.,  3 lbs.,  3* lbs.,  3' lbs.,...  must  be  selected  to  weigh  iV^lbs.,  not 
more  than  one  of  each  kind  being  used,  but  in  either  scale  that 
may  be  necessary. 

Divide  iV  by  3,  then  the  remainder  must  be  zero,  or  one,  or 
two.  Let  iV^j  denote  the  quotient ;  then  in  the  first  case  we  have 
iV=3iV^j,  in  the  second  case  ^=3N^+l,  and  in  the  third  case 
iV=  3iVj  +  2.  In  the  first  or  second  case  divide  ^^hj  3;  in  the 
third  case  we  may  write  iV  =  3  (N^^  +  1)  —  1,  then  we  should 
divide  iV^j  +  1  by  3.  Proceed  thus,  and  we  shall  finally  have  a 
result  of  the  following  form, 

^=  ^-3-  +  g^„_,3"-^  + +  ^,3  +  ^„ 

where  each  of  the  quantities  q^,  q^^ q^  is  either  zero,  or  +  1, 

or  —  1.     Thus  the  problem  is  solved. 

443.  In  a  scale  of  notation  of  which  the  radix  is  r,  the  sum  of 
the  digits  of  any  whole  number  divided  by  r  —  1  will  leave  tlie  same 
remainder  as  the  whole  number  divided  by  v  —  l. 

Let  N  denote  the  whole  nuniber,  Pq9  p^t p^  the  digits  be- 
ginning with  that  in  the  unit's  place ;  then 

^=Po+Pi'^-^ +i?«^" 

=Po+Pi+P2+ -^Pn 

+p  (r-l)+jp,(r'-l)  + +;>.(r"-l); 
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therefore         -^  =  P-^P-^^'^ ^^' 

r"-l 

But  =-  is  an  integer  whatever  positive  integer  n  may  be ; 


thus 


iVT 


r 


— =-=  some  integer  +^ — ^ ^. 

—  1  r  —  1 


This  establishes  the  proposition. 

444.  In  a  scale  of  notation  in  which  the  radix  is  r  let  any 
whole  number  he  divided  hy  r  +  1 ;  and  let  the  difference  "between 
ike  sum  oj  the  digits  in  the  odd  places  and.  tJie  sum  of  the  digits  in 
the  even  places  he  divided  hy  t+1;  then  either  the  remainders  will 
be  eqtial  or  their  sum  will  6e  r  +  1. 

"With  the  same  notation  as  in  the  preceding  proposition  we 
have 

^=Po  ■*"  Pi''  "^Pi^  "*■ "^PJ* 

^Po-Pi+P.-Ps-^ +  (-!)>. 

+  ;>,(r+l)+jt>^(r«-l)+jt>3(/+l)+...+i?Jr"-(-l)"}. 

Thus  -^  =  some  integer  +  i^Q-^.-^^a- ";' ^(-^)>>.. 
r+1  ®  r+1 

First,  suppose  J^?^— i», +jc>a— ...  +  (-1)V«  ^  ^  positive,  and 
denote  it  by  i>;  then 

— — r  =  some  integer  + : 

r  +  1  ^        r  +  1 ' 

thus  when  N  and  D  are  divided  by  r  + 1  the  remainders  are  equal. 

Secondly,  suppose  Po—Pi'^Pa—  •••  +("-l)V»  *o  ^®  negative, 
and  denote  it  by  -  2) ;  then 

JV  .  ,  JD 

^— ^=  some  integer -^^^, 

that  is,  + =  some  integer; 

r+1      r+1 
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thus  when  N  and  D  are  divided  by  r  +  1  the  sum  of  the  remain- 
ders must  be  r  +  1,  unless  either  remainder  is  zero,  and  then  the 
other  remainder  also  is  zero. 

For  example,  suppose  r  =  10  and  iV=  263419.     Here 

9-1+4-3  +  6-2=13=2); 
and  iTand  D  when  divided  by  11  each  leave  the  remainder  2. 

Again,  suppose  r=  10  and  iV=  615372.     Here 
2 -7 +  3-5  + 1-6  =  - 12  =  -i); 

and  N  and  D  when  divided  by  11  leave  the  remainders  10  and  1 
respectively. 

445.  To  find  what  numbers  are  divisible  hy  3  withoiU  re- 
mainder. 

Let  JV  denote  any  number;  let  p^^  Pii"""Pn  ^®  *^®  digits  of 
it  beginning  with  that  in  the  unit's  place;  then 

iV^=jt>,+p,10+;?,10-+ ^plO"; 

therefore  J=  ^+  ^Pi  +^  +  ^^P,  +  ^  +  333^3  +  ^+  &c. 

=  Po^P^^P^^^^'  +  3jt>,  +  33jt>,+  333^3+  &c. 
This  is  a  whole  number  when  — — ^       ' '-  is   a  whole 

o 

number.  Thus  any  number  is  divisible  by  3  when  the  sum  of  its 
digits  is  divisible  by  3.  For  example,  111,  252,  and  7851  are 
divisible  by  3. 

446.  It  appears  from  Art.  443  that  a  number  is  divisible  by 
9  when  the  sum  of  its  digits  is  divisible  by  9 ;  and  that  when  any 
number  is  divided  by  9,  the  remainder  is  the  same  as  if  the  sum 
of  the  digits  of  that  number  were  divided  by  9. 

It  appears  from  Art.  444  that  a  number  is  divisible  by  11 
when  the  difference  between  the  sum  of  the  digits  in  the   odd 
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places  and  the  sum  of  the  digits  in  the  even  places  is  divisible 
by  11. 

447.  From  the  property  of  the  number  9,  mentioned  in  the 
preceding  article,  a  rule  may  be  deduced  which  will  sometimes 
detect  an  error  in  the  multiplication  of  two  numbers. 

Let  9a +  x  denote  the  multiplicand,  and  db  +  y  the  multiplier; 
then  the  product  is  8lab  +  9bx  +  9ay  +  xt/.  If  then  the  sum  of 
the  digits  in  the  multiplicand  be  divided  by  9,  the  remainder  is  a;; 
if  the  sum  of  the  digits  in  the  multiplier  be  divided  by  9,  the 
remainder  is  y;  and  if  the  sum  of  the  digits  in  the  product  be 
divided  by  9,  the  remainder  ought  to  be  the  same  as  when  xy 
is  divided  by  9,  and  will  be  if  there  be  no  mistake  in  the 
operation. 
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1.  Express  in  the  scale  of  seven  the  numbers  which  are 
expressed  in  the  scale  of  ten  by  231  and  452;  multiply  the  num- 
bers together  in  the  scale  of  seven,  and  reduce  to  the  scale  of  ten. 

3.     Transform  1357531  from  the  denary  scale  to  the  quinary. 

3.  Transform  40234  from  the  quinary  to  the  duodenary 
scale. 

4.  Transform  545  from  the  senary  scale  to  the  denary. 

5.  Transform  64520,  which  is  in  the  septenary  scale,  to  the 
undenary  scale. 

6.  Transform  4444  from  the  scale  with  radix  five  to  the 
common  scale. 

7.  Transform  3413  from  a  scale  whose  radix  is  six  to  that 
whose  radix  is  seven. 

8.  Transform  123456  from  the  denary  scale  to  the  septenary. 

9.  Transform  15*75  from  scale  ten  to  scale  eight. 
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10.  Transform  221*248  from  scale  ten  to  scale  five. 

11.  Express  357234  in  the  scale  whose  radix  is  seven. 

12.  Transform  1845*3125   from  the  common  scale   to   one 
whose  radix  is  twelve. 

13.  Transform  444*44  from  the  scale  with  radix  five  to  the 
common  scale. 

14.  Express  31462*125  in  the  scale  whose  radix  is  eight. 

15.  Transform  3065*263  from  scale  eight  to  scale  ten. 

16.  Express  in  the  common  scale  and  in  the  scale  of  eight 
the  number  denoted  in  the  scale  of  nine  by  723. 

17.  Transform  15951  from  scale  eleven  to  scale  ten,  and 
333310  from  scale  ten  to  scale  eleven. 

18.  Extract  the  square  root  of  33224  in  the  scale  of  six. 

19.  The  number  123454321  is  referred  to  the  radix  six; 
extract  its  square  root  in  that  scale. 

20.  Extract  the  square  root  of  3445*44  in  the  scale  six,  and 
reduce  the  result  to  scale  three. 

21.  Subtract  20404020  from  103050301  in  the  scale  eight, 
and  extract  the  square  root  of  the  result. 

22.  Extract  the  square  root  of  1 1000000100001  in  the  binary 
scale  of  notation. 

23.  Find   a  fraction  in    the    temaiy   scale   equivalent  to 
*120120 ,  which  is  in  the  same  scale. 

24.  Find    the    simplest  fraction   which  is    represented    by 
•1515 in  the  scale  whose  radix  is  seven. 

25.  Keduce  =^  to  a  duodecimal. 

26.  In  what  scale  will  the  number  95  be  denoted  by  137? 

27.  In  what  scale  is  2704  written  20304  ? 
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28.  In  what  scale  is  1331  written  10001 

29.  In  what  scale  does  16000  of  the  denary  become  1003000  ? 

30.  A  number  is  represented  in  the  denary  scale  by  35  '8333 . . . , 
and  in  another  scale  by  55'5y  find  the  radix  of  the  latter  scala 

31.  In  what  scale  of  notation  is  sixteen  .hundred  and  sixty- 
four  ten-thousandths  of  unity  represented  by  '0404] 

32.  Shew  that  12345654321  is  divisible  by  12321  in  any 
scale  greater  than  six. 

33.  Shew  that  144  is  a  square  number  whatever  be  the  radix 
of  the  scale;  the  radix  being  supposed  greater  than  four. 

34.  Shew  that  1331  is  a  perfect  cube  in  any  scale  of  notation ; 
the  radix  being  supposed  greater  than  three. 

35.  Of  the   weights  1,  2,  4,  8, 2"  pounds,  find  which 

must  be  selected  to  weigh  1719  pounds. 

36.  Which  of  the  weights  lib.,  3 lbs.,  3* lbs., must  be 

selected  to  weigh  1027  lbs.,  not  more  than  one  of  each  kind  being 
used,  but  in  either  scale  that  is  necessary? 

37.  Which  of  the  same  weights  must  be  used  to  weigh 
716  lbs.?. 

38.  Which  of  the  same  weights  must  be  used  to  weigh 
47£ribs.? 

39.  Find  by  operation  in  the  scale  with  radix  twelve  what  is 
the  height  of  a  parallelepiped  which  contains  94  cubic  feet  235 
cubic  inches,  and  whose  base  is  24  square  feet  5  square  inches. 

40.  Express  2  feet  10^  inches  linear  measm^e,  and  5  feet 
79^  inches  square  measure,  in  the  duodenary  scale  as  feet  and 
duodecimals  of  a  foot;  and  the  latter  quantity  being  the  area 
of  a  rectangle,  one  of  whose  sides  is  the  former,  find  its  other 
side  by  dividing  in  the  duodenary  scale. 
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41.  If  Pq,  P^,  Pgi be  the  digits  of  a  number  beginning 

with  the  Tinits,  prove  that  the  number  itself  is  divisible  by  eight 
if  p^  +  2p^  +  ip^  is  divisible  by  eight. 

42.  Prove  that  the  difference  of  two  numbers  consisting  of 
the  same  figures  is  divisible  by  nine. 

43.  Find  the  greatest  and  least  numbers  with  a  given  number 
of  digits  in  any  proposed  scale. 

44.  Prove  that  if  in  any  scale  of  notation  the  sum  of  two 
numbers  is  a  multiple  of  the  radix,  then  (1)  the  digits  in  which 
the  squares  of  the  numbers  terminate  are  the  same,  and  (2)  the 
sum  of  tliis  digit  and  of  the  digit  in  which  the  product  of  the 
numbers  terminates  is  equal  to  the  radix. 

45.  A  certain  number  when  represented  in  the  scale  two  has 
each  of  its  last  three  digits  (counting  from  left  to  right)  zero,  and 
the  next  digit  different  from  zero ;  when  represented  in  either  of 
the  scales  three,  five,  the  last  digit  is  zero,  and  the  last  but  one 
different  from  zero ;  and  in  every  other  scale  (twelve  scales  ex- 
cepted) the  last  digit  is  different  from  zero.  What  are  these 
twelve  scales,  and  what  is  the  number  ? 


XXX.     ARITHMETICAL  PROGRESSION. 

448.     Quantities  are  said  to  be  in  Arithmetical  Progression 
when  they  increase  or  decrease  by  a  common  difference. 

Thus  the  following  series  are  in  Arithmetical  Progression  : 

1,3,5,7,9, 

40,  36,  32,  28,  24,  

a,  a  +  b,  tt  +  26,  a +  36,  

a,  a  —  b,  a  — 26,  a- 36,  

In  the  first  example   the   common   difference   is   2,  in   the 
second  —4,  in  the  third  6,  in  the  fourth  —6. 
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449.  Let  a  denote  the  first  term  of  an  Arithmetical  Progres- 
sion^  h  the  common  difference ;  then  the  second  term  is  a  +  6, 
the  third  term  is  a  +  2b,  the  fourth  term  is  a  +  36,  and  so  on. 
Thus  the  n^  term  is  a  +  (w  —  1)  6. 

450.  To  find  the  sum  of  a  given  numher  of  quantitiea  in  Arith- 
metical Progression,  the  first  term  and  the  common  difference  being 
supposed  known. 

Let  a  denote  the  first  term,  h  the  common  difference,  n  the 
number  of  terms,  I  the  last  term,  s  the  sum  of  the  terms. 
Then 

«  =  a  +  (a  +  5)  +  (a  +  26)+ +Z. 

And,  by  writing  the  series  in  the  reverse  order,  we  have  also 

s  =  l  +  {l-b)  +  {l-2b)-^ +a. 

Therefore,  by  addition, 

2«  =  (Z  +  a)4-(Z  +  a)+ to  n  terms 

n 
therefore  «=-(Z  +  a) (1). 

Also  Z  =  a  +  (w-l)6 (2), 

thus  s=^{2a+(n--l)b} (3). 

The  equation  (3)  gives  the  value  of  s  in  terms  of  the  quan- 
tities which  were  supposed  known.  Equation  (1)  also  gives  a  con- 
venient expression  for  «,  and  furnishes  the  following  rule :  the  sum 
of  amy  number  of  terms  in  Arithmetical  Progression  is  equal  to 
the  prodiuit  of  the  number  of  the  terms  into  half  the  sum  of  the 
first  and  last  terms. 

451.  In  am,  Arithfnetical  Progression  the  sum  of  amy  two 
terms  equidistant  Jrom  the  beginning  and  the  end  is  equal  to  die 
sum  of  the  first  and  last  terms. 

The  truth  of  tbis  has  already  been  seen  in  the  coarse  of 
the  jireceding  demonstration;  it  may  be  shewn  formally  thus: 
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Let  a  be  the  first  term,  h  the  common  difference,  I  the  last  term ; 
then  the  r***  term  from  the  beginning  is  a  +  (r— ])6  and  the  r^ 
term  from  the  end  is  Z  — (r  — 1)6,  and  the  sum  of  these  terms 
is  therefore  Z  +  a. 

452.  To  insert  a  given  number  of  arithmetical  means  be- 
tween two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is,  that  we  are  to 
find  7i  +  2  terms  in  Arithmetical  Progression,  a  being  the  first 
term,  and  c  the  last.     Let  b  denote  the  common  difference ;  then 

f*  •"■    fib 

c  =  a-{-ln-^l)b:    therefore   b  = r .     This  finds  6,  and  the  n 

required  terms  are 

a  +  b,         a  +  2b,         a+35,  ...  ,.,a  +  nb. 

453.  In  Art.  450  we  have  five  quantities  occurring,  namely, 
a,  by  I,  n,  s,  and  these  are  connected  by  the  equations  (1)  and 
(2),  or  (2)  and  (3)  there  established.  The  student  will  find  that 
if  any  three  of  these  five  quantities  are  given,  the  other  two  can 
be  found ;  this  will  furnish  some  useful  exercises.  We  give  one 
as  an  example. 

454.  Given  the  sum  of  an  Arithmetical  f^rogressicm,  tlie  first 
term,  and  the  common  difference  ;  required  the  number  of  terms. 

Here  «  =  |  {2a  +  (w  - 1)  &} ; 

therefore  2«  =  Ti'i  +  (2a  -  5)  ti. 

By  solving  this  quadratic  in  n  we  obtain 

5-2a±^{(2a-5)«4-8«6} 


n  = 


2b 


455.     It  will  be  seen  that  tux)  values  are  found  for  n  in  the 
preceding  article ;  in  some  cases  both  values  are  applicable,  as  will 
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appeal*  from  the  following  example.  Suppose  a  =  11,  h  =  -2, 
8  =  27  ;  we  obtain  n=3  or  9,     The  arithmetical  progression  is 

11,  9,  7,  6,  3,  1,  -1,  -3,  -5,  <fec., 

and  it  is  obvious  that  the  sum  of  the  first  three  terms  is  the  same 
as  the  sum  of  the  first  nine  terms. 

456.     Again,  suppose  a  =  4,  6  =  2,  s  =  18  ;  we  obtain  w  =  3  or 

—  6.  The  sum  of  three  terms  beginning  with  4  is  4  +  6  +  8  or 
18.     If  w*e  put  on  terms  he/ore  4  we  obtain  the  series 

-2  +  0  +  2  +  4  +  6  +  8, 

and  the  sum  of  these  six  terms  is  also  18.  From  this  example  we 
may  conjecture  that  when  there  is  a  negative  integral  value  for 
the  number  of  terms  as  well  as  a  positive  integral  value,  the 
following  statement  will  be  true;  begin  from  the  last  term  of 
the  series  which  is  furnished  by  the  positive  value,  and  count 
backwards  for  as  many  terms  as  the  negative  value  indicates, 
then  the  result  will  be  the  given  sum.  The  truth  of  this  conjec- 
ture may  be  shewn  in  the  following  manner. 

The  quadratic  equation  in  n  obtained  in  Ai-t.  454  is 

28  =  n'b-\-(2a-h)n (1). 

Suppose  a  series  in  which  the  first  term  is  h  —  a,  the  common 
difference  b,  the  number  of  terms  m,  and  the  sum  s ;  then 

2«  =  m*5  +  (26-2a-6)m (2). 

The  roots  of  (1)  and  (2)  are  of  equal  values  but  of  opposite 
signs  (Art.  340);  so  that  if  the  roots  of  (1)  are  denoted  by  n^  and 

—  n^,  those  of  (2)  will  be  n^  and  —  n^ .     Hence  n^  terms  of  a  series 

which  begins  with  b  —  a  and  has  the  common  difierence  6,  will 

amount  to  the  given  sum  a.     The  last  term  of  the  series  which 

begins  with  a  and  extends  to  n^  terms  is  a  +  (n^  —  l)b;  we  have 

therefore  to  shew  that  if  we  begin   with  this'  term  and  count 

backwards   for  n^  terms,   we  arrive  at  b  —  a.     This  amounts  to 

proving  that 

a -\-  (n^—  I)  b  —  {n^—  l)b  =  b -  a ; 

that  is,  that  a-\-{n^  —  n^)b  =  b  —  a. 

T.A.  17 
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2a- 6 
Now  Wj  —  Wj  = T —  9  (Art.  335) ; 

therefore  a  +  (w^  —  w  J  6  =  a  -  (2a  -  5)  =  6  —  a. 

457.  Another  point  may  be  noticed  in  connexion  with  a 
negative  integral  value  of  n. 

Let  —  Wj  be  a  negative  integral  value  of  n  which  satisfies  the 
equation 

«  =  |{2«+(n-l)6}; 

then  *  =  —  'o  {2a  —  w^  —  h]. 

Therefore  _  ^  =  ^  {2  (a  -  5)  +  (ti^  -  1)  (-  6)}. 

This  shews  that  if  we  count  hachwarrds  n^  terms  beginning 
with  a  —  6,  the  sum  so  obtained  will  be  —  «. 

For  example,  taking  the  case  in  Art.  456,  by  beginning  at  2 
and  counting  backwards  for  six  terms  we  obtain 

2  +  0-2-4-6-8, 
that  is,  —18. 

458,  In  some  cases,  however,  only  one  of  the  values  of  n 
found  in  Art.  454  is  an  integer.  Suppose  a=ll,  5  =  —  3,  «  =  24; 
we  obtain  n  =  3  or  5^.  The  value  5^  suggests  to  us  that  of  the 
two  numbers  5  and  6,  one  will  correspond  to  a  sum  greater  than 
24,  and  the  other  to  a  sum  less  than  24.  In  fact  the  sum  of  5 
terms  is  26,  and  the  sum  of  6  terms  is  22. 

We  may  notice  the  following  point  in  connexion  with  a  frac- 
tional value  of  n. 

Suppose  -  a  fractional  value  of  n  which  satisfies  the  equation 


8 


=  |{2a  +  (n-l)6}; 
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-P.!—   P^   i\ 

Tliis  shews  that  8  is  equal  to  the  sum  of  p  terms  of  an  Arith- 
metical Progression  in  which  the  first  term  is h-  +  7r-i  and 

°  q     2q     2^ 

the  common  dijQTerence  is  -s  • 

In  the  example  given  above  ^  =  5^  =  -^;  so  that  jp  =  16  and 

q  o 

q=3.     And 

a_h_     J^__ll     1_1_.      1___1 
q     2y"*'2^"'  3  "^2     6""^     ^".3* 

thus  24  is  the  sum  of  16  terms  of  an  Arithmetical  Progression  in 

which  the  first  term  is  4  and  the  common  difference  is  —  ^. 

o 

459.     The  results  in  the  following  two  simple  examples  are 
worthy  of  notice. 

To  find  the  simi  of  n  terms  of  the  aeries  1,  2,  3,  4,... 
Here  the  n*^  term  is  n ;  thus,  by  Art.  450, 

Tofmd  iht  sv/m  of  n  terms  of  the  series  1,  3,  5,  7,.., 
Here  a  =  l,  (  =  2;  thns,  by  Art  450, 

»=|{2  +  2(n-l)}  =  |x2H  =  «'. 

17—2 
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We  add  two  similar  questions  which  lead  to  important  results, 
although  not  very  closely  connected  with  the  present  subject. 

460.     To  find  the  swm,  of  iJie  squares  of  the  first  n  natural 
numbers. 

Let  8  denote  the  required  sum  ;  then 

tf  =  r+2»+3"+ +w", 

and  we  shall  prove  that 

_n(n  +  l)  (2n  + 1) 
*~  6  • 

"We  have 

(n-l)«-(/i~2)«=3(w-l)»-3(w-l)  +  l, 
(ri-2)»-(7i-3)»=3(w-2)«-3(n-2)  +  l, 


3»-2»=3.3'-3.3  +  l, 
2»-P=3.2»-3.24-l, 
P-0»  =  3.P-3.1  +  1. 


Hence,  by  addition, 

n'=3{V+2'+......+n'}-3{l+2+ +«}+«, 

that  is,  „.=  3«-^±i)+„. 

Therefore  •  3*  =  n'  +  h^±}}  _  «  =  "-(>»+ I)(2»+ D 

•2  2  ' 

and  ^n.(n+l)(2n  +  l) 

•J,.-6 
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461.     To  find  the  sum  of  the  cubes  of  the  fi/rst  n  naJtural 
numbera* 

Let  8  denote  the  required  sum ;  then 

tf  =  l"  +  2»  +  3«+ +w», 

and  we  shall  prove  that 

We  have 

yi*  _  (71  ^  1  )*  =  V  «  6  w«  +  4w  - 1 , 
(n-l)*-(7i-2)*  =  4(7i-l)«-6(7i-l)"+4(n-l)-l, 
(n-2)*-(7i-3)*  =  4(w-2)»-6(7i-2)»  +  4(w-2)-l, 


3*- 2*=  4.  3*- 6.  3«  + 4.  3-1, 
2*-l*=4. 2^-6. 2'  +  4. 2-1, 
r-0*  =  4.1**-6.r  +  4.1-l. 

Hence,  by  addition, 

n*=4{l»  +  2»+ +7i»}-6{r  +  2«  + +w»} 

+  4{1  +  2  + +  w}-?i; 

that  is,  w*  =  4«- 71  (w  +  1)  (2w+ 1)  +  2w  (w+ 1)  -  n. 

Therefore         4*  =  n*  +  2w'  +  w', 

'w(w+l))" 


and  « 


_rw(w+i)r 


Hence,  by  Art.  459,  we  have  the  following  result :  the  sum  of 
the  cubes  of  the  first  n  natural  numbers  is  equal  to  the  square  of 
the  sum  of  the  numbers. 
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EXAMPLES  OF  ABITHMETICAL  PROGRESSION. 

1.  Sum  to  20  terms  2,  6,  10,  14, ... 

2.  Sum  to  32  terms  4.  -7-,   ^,   -t-j... 

4      15      4 

1         3 

3.  Sum  to  24  terms  ^ ,  —j,  ^2,,,. 

13     11 

4.  Sum  to  20  terms  5,  -«-,  -«-,... 

4 

5.  Sum  to  10  terms  If,  1^,  ^,.-. 

6.  Sum  to  12  terms  1,  If,  2^, ... 

7.  Sum  to  21  terms  =,  "5,  ^,... 

1     2 

8.  Sum  to  50  terms  ^,  «,  1,... 

9.  Sum  to  30  terms  116,  108,  100,... 
10.     Sum  to  n- terms  9,  11,  13,  15,... 

11.'    Sum  to  n  terms  1,  ^,  -s,... 

12.  Find  an  a.  p.  such  that  the  sum  of  the  first  five  terms 
is  one-fourth. the  sum  of  the  following  five  terms,  the  first  term 
being  unity. 

13.  The  first  term  of  a  series  being  2,  and  the  fifth  term 
being  7,  find  how  many  terms  must  be  taken  that  the  sum  may 
lie  63. 

14.  Given  a  =  16,  6  =  4,  *  =  88,  find  w. 

15.  If  the  sum  of  m  terms  of  an  a.  p.  be  always  to  the  sum 
of  n  terms  in  the  ratio  of  m'  to  n%  and  the  first  term  be  xmity, 
find  the  n^  term. 
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16.  The  sum  of  a  certain  number  of  terms  of  the  series 

21  +  19  +  17  + is  120  ;  find  the  last  term  and  the  number  of 

terms. 

17.  What  is  the  common  difference  when  the  first  term  is  ], 
the  last  50,  and  the  sum  204 1 

18.  If  the  m^  term  of  an  a.  p.  be  n  and  the  n^  term  m,  of 
how  many  terms  will  the  sum  be  ^  (m  +  w)  (wi  +  n  —  1),  and  what 
will  be  the  last  of  them  1 

19.  K  2n  +  1  terms  of  the  series  1,  3,  5,  7,  9, be  taken, 

then  the  sum  of  the  alternate  terms  1,  5,  9, will  be  to  the 

sum  of  the  remaining  terms  3,  7,  11, as  ti+  1  to  n. 

20.  Find  the  sum  of  the  first  n  numbers  of  the  form  4r  + 1. 

21.  How  many  terms   of  1  +  3  +  5  +  7  + amount   to 

1234321 ? 

22.  How  many  terms  of  16  +  24  +  32  +  40  + amount 

to  18401 

23.  On  the  ground  are  placed  n  stones;  the  distance  be- 
tween the  first  and  second  is  one  yard,  between  the  second  and 
third  three  yards,  between  the  third  and  fourth  five  yards,  and 
so  on.  How  fer  will  a  person  have  to  travel  who  shall  bring 
them,  one  by  one,  to  a  basket  placed  at  the  first  stone  ? 

24.  The  14th,  134th,  and  last  terms  of  an  a.  p.  are  QQ, 
666,  and  6666  respectively;  find  the  first  term  and  the  number 
of  terms. 

25.  Find  a  series  of  arithmetical  means  between  1  and  21, 
such  that  their  sum  has  to  the  sum  of  the  two  greatest  of  them 
the  ratio  of  11  to  4. 

26.  The  sum  of  the  terms  of  an  a.  p.  is  28^,  the  first  term 
is  —  12,  the  common  difference  is  |.  Find  the  last  term  and  the 
number  of  terms. 

27.  Find  how  many  terms  of  the  series  3,  4,  5, must  be 

taken  to  make  25. 
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28.  Find  how  many  terms  of  the  series  5,  4,  3, must  be 

taken  to  make  14. 

29.  Shew  that  a  certain  number  of  teiins  of  an  A.  P.  may 
be  found  of  which  the  algebraical  sum  is  equal  to  zero,  provided 
twice  the  first  term  be  divisible  by  the  common  difference,  and 
the  series  ascending  or  descending  according  as  the  first  term  is 
negative  or  positive. 

30.  The  sum  of  m  terms  of  an  A.  p.  is  n,  and  the  sum  of 
n  terms  with  the  same  first  term  and  the  same  common  difference 
is  m.     Shew  that  the  sum  of  m-hn  terms  is  —  (m  +  w)  and  the 

sum  of  m  —  w  terms  is  (m  —  w)fl  +  —  j. 

31.  If  8  =  72,  a  =  24,  5  =  -4,  find  n. 

32.  If  8=2m  +  qn^  whatever  be  the  value  of  n,  find  the 
m^  term. 

33.  If  aS^^  represent  the  sum  of  n  of  the  natural  numbers 
beginning  with  a,  prove  that  t^'^a+n-i  -  ^^a' 

34.  Prove  that  the  squares  of  aj*-2a;-l,  a5"  +  l,  and 
a:*  +  2a;  —  1  are  in  A.  P. 

35.  The  common  difference  of  an  A.  p.  is  equal  to  the  differ- 
ence of  the  squares  of  the  first  and  last  terms  divided  by  twice  the 
sum  of  all  the  terms  diminished  by  the  first  and  last  term. 

36.  Insert  6  arithmetical  means  between  1  and  29. 

37.  Find  the  number  of  arithmetical  means  between  1  and  19 
when  the  second  mean  is  to  the  last  as  1  to  6. 

38.  How  many  terms  of  the  natural  numbers  commencing 
with  4  give  a  sum  of  5350  ? 

39.  In  a  series  consisting  of  an  odd  number  of  terms,  the  sum 
of  the  odd  terms  (the  first,  third,  &o.)  is  44,  and  the  sum  of  the 
even  terms  (the  second,  fourth,  &o.)  is  33.  Find  the  middle  term 
and  the  number  of  terms. 
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40.  If  a*,  Vi  c*,  be  in  a.p.,  then ,    , r   ar© 

0  •¥  c     c  +  a     a+0 

in  A.  P. 

41.  Sum  to  n  terms  the  series  whose  r^  term  is  2r—  1. 

42.  Sum  1  —  3  +  5  —  7+ tow  terms. 

43.  Sum  1-2  +  3-4+ tow  terms. 

44.  Given  the  p^  term  P,  and  the  q^  term  Q  of  a  series 
in  A.  P.,  express  the  sum  of  n  terms  in  terms  of  F,  Q,  p,  q,  n. 

45.  The  p^,  5^,  and  r*^  terms  of  an  a.  p.  are  a?,  y,  «,  re- 
spectively; prove  that  if  x,  y,  z  be  positive  integers,  there  is  an 
A.  p.  whose  x^,  y"*,  «***  terms  are  jp,  q,  r,  respectively;  and  that  the 
product  of  the  common  differences  of  the  progressions  is  unity. 

46.  The  interior  angles  of  a  rectilinear  figure  are  in  A  p.  ; 
the  least  angle  is  120°  and  the  common  difference  5°,  Required 
the  number  of  sides. 

47.  Find  the  sum  to  n  terms  of  1.  2  +  2.3  +  3.4  +  4.5  +  ... 

48.  If  the  second  term  of  an  a  p.  be  a  mean  proportional 
between  the  first  and  the  fourth,  shew  that  the  sixth  term  will 
be  a  mean  proportional  between  the  fourth  and  the  ninth. 

49.  If  <^  (n)  be  the  sum  of  n  terms  of  an  A.  p.,  find  ^  (n)  in 
terms  of  n  and  the  first  two  terms. 

Also  shew  that  </»  (w  +  3)  -  3</»  (w  +  2)  +  3<^  (w  +  1)  -  ^  (n)  =  0. 

50.  Sum  to  n  terms  the  series  whose  m^  term  =5  —  —., 

A 

51.  Divide  unity  into  four  parts  in  a.  p.  of  which  the  sum  of 
the  cubes  shall  be  j^r. 

52.  A  servant  agrees  for  certain  wages  the  first  month,  on 
the  imderstanding  that  they  are  to  be  raised  a  shilling  every 
subsequent  month  until  they  reach  ^3  a  month.  At  the  end  of 
the  first  of  the  months  for  which  he  receives  £3,  he  finds  that  his 
wages  during  his  time  of  service  have  averaged  12  shilUugs  a 
week.     How  long  has  he  served  1 
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53.  A  quantity  of  com  is  to  be  divided  among  n  persons, 
and  is  calculated  to  last  a  certain  time  if  each  of  them  receive 
a  peck  every  week;  during  the  distribution  it  is  found  that  one 
pei*son,dies  every  week,  and  then  the  corn  lasts  twice  as  long  as 
was  expected;  find  the  quantity  of  corn  and  the  time  it  lasts. 

54.  A  number  of  persons  were  engaged  to  do  a  piece  of  work, 
which  would  have  occupied  them  m  hours  if  they  had  commenced 
at  the  same  time;  but  instead  of  doing  so  they  commenced  at 
equal  intervals,  and  then  continued  to  work  till  the  whole  was 
finished :  the  payment  being  proportional  to  the  work  done  by 
each,  the  first  comer  received  r  times  as  much  as  the  last.  Find 
the  time  occupied. 

55.  Two  persons  A  and  B  play  at  hazard ;  A  wins  from  B  a 
certain  number  of  guineas,  consisting  of  3  places  whose  digits  are 
in  arithmeHcal  progression,  in  such  a  manner,  that  if  the  number 
of  guineas  be  divided  by  the  sum  of  the  digits  the  quotient  will 
be  48,  and  if  from  the  said  number  of  guineas  198  be  taken,  the 
digits  will  be  inverted.     Find  the  number  of  guineas. 

56.  Prove  that  the  sum  of  any  2n-hl  consecutive  integers  is 
divisible  by  2n  +  1. 


XXXI.    GEOMETRICAL  PROGEESSION. 


• 


462.  Quantities  are  said  to  be  in  Geometrical  Progression 
when  each  is  equal  to  the  product  of  the  preceding  and  some 
constant  factor.  The  constant  factor  is  called  the  common  ratio 
of  the  series,  or  more  shortly,  the  ratio.  Thus  the  following  series 
are  in  Geometrical  Progression  : 

1,     2,     4,     8,     16, 

1      ^      1     1    I- 
'     3'     9'  27'  81' 

a,   oTy  a/r*,  ar^,  or*, 

In  the  first  example  the  common  ratio  is  2,  in  the  second  |,  in 
the  third  r. 
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463.  Let  a  denote  the  first  term  of  a  Geometrioal  Progression, 
r  the  common  ratio,  then  the  second  term  is  or,  the  third  term 
is  or*,  the  fourth  term  is  of^,  and  so  on.  Thus  the  n^  term 
isai^-\ 

464.  To  find  the  sum  of  a  given  nurnber  of  quantUiea  in 
Oeametrical  Progression^  the  fi/rst  term,  and  the  common  ratio  being 
supposed  knoum. 

Let  a  denote  the  first  term,  r  the  common  ratio,  n  the  number 
of  terms,  s  the  sum  of  the  t^rms.     Then 

8  =  a-\-ar  +  a^-\-ar^+ +<w'~*; 

therefore        «r=       or -^^  ar^  +  ar^ -^^ +ar*'^  +  a>r*. 

Hence,  by  subtraction, 

sr-  s^ar^  —  a; 

therefore  «=  — — =—^ (1). 

7*—  1 

If  I  denote  the  last  term,  we  have 

Uar^-'  (2), 

hence  «  = .   (3). 

Equation  (1)  gives  the  value  of  s  in  terms  of  the  quantities 
which  are  supposed  known.  Equation  (3)  is  sometimes  a  con- 
venient form. 

465.  We  may  write  the  value  of  s  thus, 

a(l-0 
1  ~r 

Now  suppose  r  less  than  unity;  then  the  larger  n  is  the 
smaller  will  r^  be,  and  by  taking  n  large  enough  r*  can  be  made 
as  small  as  we  please.  If  *then  n  be  taken  so  large  that  r*  may 
be  neglected  in  comparison  with  imity,  the  value  of  s  reduces  to 


a 


l-r 


We  nuiy  enunciate  the  result  thus;   by  taking  u  large 
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enough,  the  sum  of  d  terms  of  the  Geometrical  Progression  can  he 

made  to  differ  as  little  as  we  please  from .     This  statement  is 

sometimes  abbreviated  into  tlie  following;  the  swm  of  an^infiniie 

number  of  terms  of  the  Geometrical  Progression  is  . ;  but  it 

must  be  remembered  tbat  it  is  to  be  considered  as  nothing  more 
than  an  abbreviation  of  the  preceding  statement. 

The  preceding  remarks  suppose  that  r  is  less  than  unity.  In 
future,  both  in  the  text  and  in  the  examples,  when  we  speak  of 
an  infinite  Geometrical  Progression  we  shall  always  suppose  that  r 
is  less  than  unity. 

466.  We  may  apply  the  preceding  remarks  to  an  example. 
Consider  the  series  1,  J,  \y  J, ;  here  a=l,  r  =  ^;  thus  the 

sum   of  n  terms   is  ^ — j  M  —  _V  that  is,  2—  ^^m.     Now  by 

taking  n  large  enough,  2"""*  can  be  made  as  large  as  we  please,  and 

1 
therefore  -^^—^  as  small   as  we  please.     Hence  we  may  say  that 

hf/  taking  n  large  enough,  the  sum  of  n  terms  oj  the  series  can  he 
made  to  differ  from  2  hy  as  small  a  quantity  as  we  please.  This  is 
abbreviated  into  the  following;  the  swm  of  am,  infinite  number  of 
terms  of  this  series  is  2. 

467,  Recurring  decimals  are  cases  of  what  are  called  infinite 
Greometrical   Progressions.      Thus,   for   example,    •2343434 

^      ^       2       34      34      34  xr        *i,     *  a        ^ 

denotes  —  +  —  +_+  —  + Here  the  terms  after  — 

constitute  a  Geometrical  Progression,  of  which  the  first  term  is 
--^8,  and  the  common  ratio  is  rrrrj.     Hence  we  may  say  that  the 


sum 


of  an  infinite  number  of  terms  of  this  series  is  ^hs  "^  i  ^  ~  TTS  [> 

that  is,   ^zrzr.     Therefore  the  value  of  the  decimal  is  ^t:  +s;t7v- 
We  will  now  investigate  a  general  rule  for  such  examples. 
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468.  To  find  the  vcdvs  of  a  recwi^ring  decimal. 

Let  P  denote  the  figures  which  do  not  recur,  and  suppose 
them  p  in  number;  let  Q  denote  the  figures  which  do  recur, 
and  suppose  them  q  in  number.  Let  8  denote  the  value  of  the 
recurring  decimal ;  then 

8^'PQQQ , 

K^a^P'QQQ , 

W^'s^PQ'QQQ ; 

by  subtraction,         (10^+'  - 10")  8  =  PQ-P. 

Now  10'''»-1.0'=(10'-l)10'j  and  10'- 1  when  expressed 
by  figures  in  the  usual  way  will  consist  of  q  nines.  Hence  we 
deduce  the  usual  rule  for  finding  the  value  of  a  recurring  decimal ; 
subtract  the  integral  number  consisting  of  the  non-recurring  figures 
from  the  integral  number  consisting  of  the  non-recurring  and 
recurring  figures^  and  divide  by  a  number  consisting  of  as  many 
nines  as  there  are  recurring  figures  followed  by  as  many  cyphers 
as  there  are  non-recurring  figures. 

469.  To  insert  a  given  number  of  Geometrical  msans  between 
two  given  terxas. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  71  +  2  terms  in  Geometrical  Progression,  a  being  the  first  term 
and  c  the  last.     Let  r  denote  the  common  ratio;  then  c  =  ar'''^*; 

thus  r=  f  - W*,     This  finds  r,  and  the  required  terms  are  ar,  ar^, 

ar^y ar^, 

470.  In  Art.  464  we  have  five  quantities  occurring,  namely, 
a,  r,  l^n^s'y  and  these  are  connected  by  the  equations  (1)  and  (2), 
or  (2)  and  (3),  there  given.  We  might  therefore  propose  to  find 
any  two  of  these  five  quantities  when  the  other  three  are  given; 
it  will  however  be  seen  that  some  of  the  cases  of  this  problem 
are  too  difficult  to  be  solved.     The  following  four  cases  present  no 
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difficulty;  (1)  given  a,r,n;  (2)  given  a,  n,  I;  (3)  given  r,  n,  I; 
(4)  given  r,  n,  8. 

471.  Suppose,  however,  that  a,  «,  w  are  given,  and  therefore 
r  and  ^  are  to  be  found.  Then  r  would  have  to  be  found  from 
the  equation 

«(r-l)=a(7'-l); 

we  may  divide  both  sides  by  r— 1,  and  then  we  shall  have  an 
equation  of  the  (w—  1)*^  degree  in  the  unknown  quantity  r,  which 
therefore  cannot  be  solved  by  any  method  yet  given,  if  n  be 
greater  than  3.  Similar  remarks  will  hold  in  the  case  where  Z,  8,  n 
are  given,  and  therefore  a  and  r  are  to  be  found 

472.  Four  cases  of  the  problem  remain,  namely,  those  four  in 
which  n  is  one  of  the  quantities  to  be  found.  Suppose  a,  r,  I 
given,  and  therefore  8  and  n  are  to  be  found.  Here  n  would  have 
to  be  found  from  the  equation  I  =  or^~*,  where  the  unknown  quan- 
tity n occurs  as  an  exponent;  nothing  has  been  said  hitherto  as  to 
the  solution  of  such  an  equation. 

473.  To  find  the  sum  of  n  terms  of  the  following  series; 

a,    {a  +  h}ry    {a  +  2h}r\    {a  +  3&}r', 

Let  8  denote  the  sum;  then 
«  =  a  +  {a  +  &}r  +  {a  +  26}r'+ +  {a  +  (7i-l)5}r"~\ 

r8=  ar  +  {a+   6}r'+ +  {a  +  (w  -  2)  6}  r*"* 

+  {a  +  (n-l)6}r^. 

By  subtraction 

«(l-r)  =  a  +  6r  +  5r*+ +  5r^"'-{a  +  (n-l)6}r^ 

5r(l-r^-^)     ,       .       ,,-.^ 
=  a+  --ij— — Z-{a  +  (^-l)5}r^, 

therefore  ,,aM«^(^-l)^}^  ^^(IjzO, 

1— r  (1""**) 
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EXAMPLES  OP  OEOMETBICAL  PROGRESSION. 

1.  Sum  to  six  terms  1^  +  2|  +  4J+ 

2.  Sum  to  ten  terms  2- 2* +  2*- 2*+ 

3.  Sum  to  w  terms  3  +  2  +  ^+ 

4.  Sum  to  n  terms  ^ +^ +  Q  + 

O         iO         O 

5.  Sum  to  infinity -^  +  1 +  - + 

3  4 

6.  Sum  to  infinity  S  —  -^-^-^^  —  — —  + 

^        2     20      200     

7.  Sum  to  infinity  1—-+-— -  + 

2     4     8 

8.  Sum  to  infinity      +  Q +  — + 

9.  Sum  to  infinity ---+—- 

A 

10.  Sum  to  infinity  3  +  2  +  Q  + 

11.  Sum  to  infinity  4  +  -=-  +7^^;  + 

o      25 

12.  Sum  to  infinity  -  +-  +-  +^3  + 

12      4      o      lo 

11  1 

13.  Sum  to  infinity  ■=  —  -= — 1 

14.  Sum  to  infinity  1 +  -  +  -— + 

4     16 

15.  Sum  to  infinity  ---  +  ^-t5  + 

Ji        ^        O        10 
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16.  Sum  to  infinity  -jk-^  +  2-   !">  "*"  2  "*"  ** 

17.  Sum  to  infinity  •=  +  ^3  +  -^a  +  -^i  + 

18.  Sum  to  w  terms  r  +  Sr'  +  Sr* +  4r*+ 

-^  «       X       X  ,234 

19.  Sum  to  n  terms.l  +  «  +  o5  +  o$  + 


3     5     7 

20.  Sum  to  n  terms  I  +  0  +  T  +  0  + 

Is      4      o 

3      5      7 

21.  Sum  to  n  termsl  —  k  +  t  —  o  + 

z     ^     o 


22.  Find  the  sum  of  any  number  of  terms  in  G.  P.  whose  first 
and  third  terms  are  given. 

23.  If  the  common  ratio  of  a  G.  p.  is  —  3,  what  is  the  common 
ratio  of  the  series  obtained  by  taking  every  fourth  term  of  the 
original  series  ? 

24.  The  sum  of  £700  was  divided  among  4  persons,  whose 
shares  were  in  g.  p.  ;  and  the  difference  between  the  greatest  and 
least  was  to  the  difference  between  the  means  as  37  to  12.  "What 
were  their  respective  shares  ? 

25.  Sum  to  n  terms  the  series  whose  m*^  term  is  (-1  )*"«*■". 

26.  If  P  be  the  sum  of  the  series 

l+rP  +  r^^  +  /''+ adinf.y 

and  Q  be  the  sum  of  the  series 

l  +  r»  +  r''  +  r^+ ad  inf., 

prove  that  P*  (0  -  1)'  =  ^  (P  -  1)'. 

27.  Shew  that  ^('444 )=  -666 

28.  A  person  who  saved  every  year  half  as  much  again  as  he 
saved  the  previous  year  had  in  seven  years  saved  £102.  19a  How 
much  did  he  save  the  first  year? 
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29.  In  a  g.  p.  shew  that  the  product  of  any  two  terms  equi- 
distant from  a  given  term  is  always  the  same. 

30.  In  a  6.  p.  shew  that  if  each  term  be  subtracted  from  the 
sacceeding,  the  successive  differences  are  also  in  a.  p. 

31.  The  square  of  the  arithmetical  mean  of  two  quantities  is 
equal  to  the  arithmetical  mean  of  the  arithmetical  and  geometrical 
means  of  the  squares  of  the  same  two  quantities. 

32.  In  a  G.  p.  continued  to  infinity,  shew  that  each  term 
bears  a  constant  ratio  to  the  sum  of  all  that  follow  it.  And  find 
a  series  in  which  each  term  is  p  times  the  sum  of  all  the  terms 
that  follow  it. 

33.  If  S^  represent  the  sum  of  n  terms  of  a  given  G.  P.,  find 
the  sum  of  S^-¥S^+S^+ +^^. 

34.  If  n  geometrical  means  be  found  between  two  quantities 

n 

a  and  c,  their  product  will  be  {acy, 

35.  Let  8  denote  the  sum  of  n  terms  of  the  series  a,  ar, 
ar^,  ...;  let  «'  denote  the  sum  of  n  terms  of  the  series  a,  ar"^, 
or"',  ...  j  and  let  I  denote  the  last  term  of  the  first  series;  then 
will  as  =  Is. 

» 

36.  If  a,  6,  c,  d  be  in  g.  p., 

(a'  -¥b'  +  <f){b'  -i-  c'  +  d')  =  {ab  +  b€  +  cdy. 

37.  If  a,  h,  c,  c?  be  in  g.  p., 

{a'-dy=(b-cy+{c'ay+{d-b)\ 

38.  The  sum  of  the  first  three  terms  of  a  G.  P.  =  21,  and  the 
sum  of  the  first  four  terms  =  45 ;  find  the  series. 

39.  Sum  tow  terms  r  +  3'+5*+7'  + 

40.  Sum  to  w  terms  5  +  55  +  555  + 

41.  Prove  that  the  two  quantities  between  which  A  is  the 
arithmetical  and  G  the  geometrical  mean,  are  given  by  the  formula 

A^^{{A  +  G){A-G)}. 
T.A.  18 
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42.  There  are  four  numbers,  the  first  three  of  which  are  in 
G.  P.,  and  the  last  three  in  A.  p. ;  the  sum  of  the  first  and  last  is  14, 
and  the  sum  of  the  second  and  third  is  12;  find  the  numbers. 

43.  Three  numbers  whose  sum  is  15  are  in  A  p.;  if  1,  4, 
and  19  be  added  to  them  respectively  they  are  in  g.p.  Determine 
the  numbers. 

44.  If  a,  6,  c  be  in  A.  p.  shew  that 

2 

^  (a  +  6  +  c)'  =  a*  (6  +  c)  +  6*  {c  +  a)  +  c*  (a  +  h); 

if  they  be  in  o.  p.  shew  that 

45.  Find  the  sum  of  the  infinite  series 
?•  and  hr  being  each  less  than  unity. 


XXXII.     HARMONICAL  PROGRESSION. 

474.  Three  quantities  A,  B,  C,  are  said  to  be  in  Harmonical 
Progression  when  A  :  G  ::  A  —  J8  i  B-  G, 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progression  when  every  three  consecutive  quantities  are  in  Har- 
monical Progression. 

475.  The  reciprocals  of  qv^ntUies  in  Harmonical  Progression 
are  in  Arithmetical  Progression, 

Let  J,  Z?,  Cbe  in  Harmonical  Progression;  then 

A  :G  ::A--B  :B-G, 

therefore  A{B^G)=:G{A^  B). 
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Divide  by  ABGy  thus 

G     B" B     A' 
This  proves  the  proposition. 

476.  There  is  no  formnla  for  the  sum  of  any  number  of 
quantities  in  Harmonical  Progression;  the  property  established  in 
the  preceding  article  will  however  enable  us  to  solve  some  ques- 
tions relating  to  Harmonical  Progression. 

477.  To  insert  a  given  nwmber  ofhmmumical  means  between 
tvx)  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n+2  terms  in  Harmonical  Progression,  a  being  the  first  term 
and  c  the  last.     Hence  the  problem  is  reducible  to  the  following ; 

to  insert  n  (vrithmetical  means  between  -  and  -,     Let  6  denote 

a  c 

the  common  difierence;  then 


11/            1XJ. 

-  =  -  +  (71  +  1)6, 
c      a     ^        '  ' 

therefore 

5-     "^"^ 

(7*+l)ac* 

The  Arithmetical  Progression  is 

1       1 

a     a 

iL     1     oz.             1^1 

by    -  +  26,  -+^^   -» 

a                   a            c 

that  is, 

1 

c(w+l)  +  a- 

c     c(7i+l)  +  2(a-c) 

a' 

a^  (w  + 1) 

ac{n+l) 

c{n+l)  +  n(a 

-o) 

1 

ac  {n  +  1) 

y 

c 

Therefore  the  Harmonical  Progression  is 

a. 

ac{n  +  l) 
c(w+l)  +  a- 

ac  (w  + 1) 

'*> 

-c*    c(n+l)  +  2(a-c)'  

ac(n  +  l) 

/• 

c{n+l)-^n{a- 

c)'    "■ 

18—2 
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478.  Let  a  and  c  be  any  two  quantities;  let  A  be  their 
arithmetical  mean,  G  their  geometrical  mean,  H  their  harmonical 
mean.     Then 

A—a  =  c  —  A;  therefore  -4  =  ^ (a  +  c). 
a  :  G  ::G  :  c;  therefore  G=J(ac). 

a  :  c  ::  a  —  U  :  H  —  c:  therefore  H= . 

a  +  c 

It  follows  that  G':=Aff;  therefore  A  :  G  ::  G  :  ff.  Thus  G 
lies  in  magnitude  between  A  and  H;  and  A  is  greater  than  H,  for 

^^        ^     a -he     2  (a  +  c)' 
that  is,  il  --  -ff  is  a  positive  quantity. 

479.  We  may  observe  that  the  three  quantities  a,  6,  c,  are  in 

Arithmetical,  Geometrical,  or  Harmonical  Progression,  according 

a  —  ha  a  a  ..     i 
=  - ,  or  =  T  >  or  =  -  ,  respectively. 

7 

For  in  the  first  case =  1,  therefore  ft  =  i  (a  +  c). 

0  —  c 

In  the  second  case  h {a  —  h)  =  a{b  —  c) ]  therefore  6*  =  ac. 

The  thii'd  case  is  obvious  by  definition. 


as 


\ 


EXAMPLES   OF   HAEMONICAL  PROGRESSION. 


1.  Continue  the  series  3  +  p  +  -r  for  two  terms. 

o      4 

2.  Insert  18  harmonical  means  between  1  and  — . 

3.  Find  the  n*  term  of  an  h.  p.,  of  which  a,  6,  are  respectively 
the  first  and  second  terms. 

4.  Find  the  (i»  +  <7)*^  term  of  an  H.P.,  of  which  P  is  the  p^ 
term,  and  Q  the  9*^  term. 
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5.  From  each  of  three  given  quantities^  what  quantity  must 
be  subtracted  that  the  three  results  may  be  in  h.  p.  ? 

6.  The  first  of  a  series  of  n  quantities  in  H.  p.  is  unity,  and 
the  sum  of  the  products  of  every  (w  —  1)  terms  is  to  the  product  of 
all  the  terms  as  27%  is  to  1  j  find  the  progression. 

7.  Shew  that  V  is  greater  than,  equal  to,  or  less  than  oc, 
according  as  a,  6,  c,  are  in  a.  p.,  g.p.,  or  h.p. 

8.  The  arithmetical  mean  of  two  numbers  is  3,  and  the  har- 
monica! mean  is  | ;  find  the  numbers. 

9.  The  geometrical  mean  of  two  numbers  is  also  the  geome- 
trical mean  between  the  arithmetical  mean  of  the  two  numbers 
and  their  harmonical  mean.  The  arithmetical  mean  mimis  the 
harmonical  mean  is  equal  to  the  square  of  the  difference  of  the 
two  numbers  divided  by  twice  their  sum. 

10.  If  2;  is  the  harmonical  mean  between  a  and  &, 

1  111 

+ r=-  +v. 


z—a      z—h     a     h 

11.  There  are  three  numbers  in  h.p.,  such  that  the  greatest 
is  the  product  of  the  other  two,  and  if  one  be  added  to  each  the 
greatest  becomes  the  sum  of  the  other  two.     Find  the  numbers. 

12.  The  sum  of  two  contiguous  terms  in  h.  p.  is  — —     ai:d 

104 

their  product  is  -^ .     Find  the  series. 

13.  If  between  two  numbers  there  be  inserted  two  arith- 
metical means  A^  and  A^^  and  two  harmonical  means  H^^  H^\ 
and  between  A^  and  A^  there  be  inserted  an  harmonical  mean,  and 
between  H^  and  H^  an  arithmetical  mean;  then  the  geometrical 
mean  between  these  is  equal  to  the  geometrical  mean  between  the 
original  quantities. 

14.  The  arithmetical  mean  of  two  quantities  x  and  ^  is  ii ; 
the  geometrical  mean  is  G\  the  harmonical  mean  is  H.  11 
A  —  G^a  and  A  —  H^h^  find  x  and  y. 
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15.  If  a,  6,  c  be  in  a.p.  ;  a,  )S,  y  in  h.p.;  oo,  6)S,  cy  in  g.p.  ; 
then  will 

a      y      a      c 

y      a      c      a 

16.  If  a,  h,  c  are  in  h.  p.,  shew  that 

1  1  4        11 

^  + 


a— 6     b—c      c-a     c      a 

17.  If  a,  by  c  are  in  h.p.,  shew  that 

a  b  c 

b  +  c'   c  +  a^   a  +  b 
are  also  in  h.  p. 

18.  If  n  arithmetical  and  the  same  number  of  harmonical 
means  be  inserted  between  two  quantities  a  and  6,  and  a  series  of 
n  terms  be  found  by  dividing  each  arithmetical  by  the  correspond- 
ing harmonical  mean,  the  sum  of  the  series 


-nil  ,^  +  2(«-6)-> 


19.  Any  whole  number  of  the  form  3a'  — 6",  where  a  is 
greater  than  b,  may  be  divided  into  three  others  in  h.p.,  of  which 
the  sum  of  the  squares  shall  be  3a*  +  b*. 


XXXIIL     MATHEMATICAL  INDUCTION. 

480.  We  shall  in  the  subsequent  parts  of  this  book  have 
occasion  to  use  a  method  of  proof  which  is  called  mathemcUical 
induction  or  demonatrative  induction^  and  we  shall  now  exemplify 
the  method. 

481.  Suppose  the  following  assertion  made :    the  sum  of  n 

terms  of  the  series  1,  3,  5,  7, is  w*.     This  assertion  we  can 

8ee  to  be  true  in  some  cases ;  for  example,  the  sum  of  two  terms  is 
1  +  3  or  4,  that  is,  2*  j  the  sum  of  three  terms  is  1  +  3  +  5  or  9, 
that  is,  3*  j  we  wish  however  to  prove  the  theorem  universally. 
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Suppose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n ;  that  is,  suppose  for  this  value  of  n  that 

1+3  +  5  + +(2w-l)=w'; 

add  2n  + 1  to  both  sides ;  then 

1+3  +  5  + +  (27i-l)+(2n  +  l)  =  7i'  +  2w  +  l  =  (7i  +  l)». 

Thus,  if  the  sum  of  n  terms  of  the  series  =n%  the  sum  of 
w  +  1  terms  will  =  (w  + 1)*.  In  other  words,  if  the  theorem  is 
true  when  we  take  a  certain  number  of  terms,  whatever  that 
number  may  be,  it  is  true  when  we  increase  that  number  by  one. 
But  we  see  by  trial  that  the  theorem  is  true  when  3  terms  are 
taken,  it  is  therefore  true  when  4  terms  are  taken,  it  is  therefore 
true  when  5  terms  are  taken,  and  so  on.  Hence  the  theorem 
must  be  universally  true. 

482.  We  will  now  take  another  example;  we  propose  to 
establish  the  truth  of  the  following  formula : 

l'+2'+3'+ +7^*  =  —^ (^ i. 

o 

"We  can  easily  ascertain  by  trial  that  this  formula  holds  in 
simple  cases,  for  example,  when  w  =  1,  or  2,  or  3 ;  we  wish,  how- 
ever, to  establish  it  universally. 

Suppose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n;   add  (n  +  1)*  to  both  sides  j   then 

1'  +  2'  +  3'  + +  w*  +  (n  +  1)'  =  — ^ ^ 1  +  (w  +  1)*. 

-3  .  w(w+l)(2»+l)     ,       -.,     ,       -,(71(2/1+1)  ,) 

But  — ^^ '-^ ^+(ri  +  l)«  =  (7i  +  l)j-A_^ f  j^n^\\ 

=  ^{27i»+77i  +  6} 

^+1/  o\/o  o\         »l(77l+l)(2m  +  l)  -  - 

=  — g— (n  +  2)(27i+3)  =  — ^ ^^ ^,  where  w  =  w+l. 

Thus  we  obtain  the  same  formula  for  the  sum  of  t^  + 1  terms 
of  the  seiies  1',  2*,  3' as  was  supposed  to  hold  for  n  terms. 
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In  other  words,  if  the  formula  holds  when  we  take  a  certain 
number  of  terms,  whatever  that  number  may  be,  it  holds  when  we 
increase  that  number  by  one.  But  the  formula  does  hold  when 
3  terms  are  taken,  therefore  it  holds  when  4  terms  are  taken, 
therefore  it  holds  when  5  terms  are  taken,  and  so  on.  Hence  the 
formula  must  hold  universally. 

483.  The  two  theorems  which  we  have  proved  by  the  method 
of  induction  may  be  established  otherwise.  The  first  theorem  is 
an  example  of  an  Arithmetical  Progression,  and  the  second  has 
been  investigated  in  Art.  460.  There  are  many  other  theorems 
which  are  capable  of  easy  proof  by  the  method  of  induction ;  for 
example,  that  in  Art.  461. 

The  theorems  asserted  in  Art.  69,  respecting  the  divisibility  of 
as"  sfc  a"  by  a;  ±  a  may  be  proved  by  induction.     For 

03  — a  ay— a 

hence  x*-a*  is  divisible  by  a  —  a  when  af~^  —  a"~*  is  so ;  now  we 
see  that  a;  —  a  is  divisible  by  x  —  a,  therefore  a?"  —  a'  is  divisible 
by  x  —  a,  therefore  again  a'*  —  a'  is  divisible  by  x  —  a,  and  so  on ; 
hence  oj"  -  a*  is  always  divisible  hj  x  —  a  when  w  is  a  positive  in- 
teger. Similarly  the  other  cases  may  be  established.  As  another 
example  the  student  may  consider  the  theorems  in  Art.  225. 

484.  The  method  of  mathematical  induction  may  be  thus 
described.  We  prove  that  if  a  theorem  is  true  in  one  case,  what- 
ever that  case  may  be,  it  is  true  in  another  case  which  we  may 
call  the  next  case  j  we  prove  by  trial  that  the  theorem  is  true  in  a 
cei*tain  case;  hence  it  is  true  in  the  next  case,  and  hence  in  the 
next  to  that,  and  so  on ;  hence  it  must  be  true  in  every  case  after 
that  with  which  we  began. 

485.  It  is  possible  that  this  method  of  proof  may  be  less 
satisfactory  to  the  student  than  a  more  direct  proceeding ;  it  may 
appear  to  him  that  he  is  rather  compelled  to  believe  propositions 
so  proved  than  shewn  why  they  hold.     But  as  in  some  cases  this 
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is  the  only  method  of  proof  vhich  can  be  used,  the  student  must 
accustom  himself  to  it,  and  should  not  pass  over  it  when  it  occurs 
until  he  is  satisfied  of  its  validity. 

486.  We  may  remark  that  the  student  of  natural  philosophy 
will  find  the  word  induction  used  in  a  different  sense  in  that  sub- 
ject; the  word  is  there  applied  to  the  assumption  or  conjecture 
that  some  law  holds  generally  which  is  found  to  be  true  in  certain 
cases  i^at  have  been  examined.  There,  however,  we  cannot  be 
sure  that  the  law  holds  for  any  cases  except  those  which  we  have 
examined,  and  can  never  arrive  at  the  conclusion  that  it  is  a 
necessary  truth.  In  &ct,  induction,  as  used  in  natural  philosophy, 
is  never  absolutely  demonstrative,  often  far  fi^m  it;  whereas  the 
method  of  mcUhenuUical  indtictum  is  as  rigid  as  any  other  process 
in  mathematics. 


MISCELLANEOUS  EXAMPLES. 

1.  Transform  221*342  from  the  scale  with  radix  ten  to  the 
scale  with  radix  ^yq, 

2.  If  the  radix  of  a  scale  be  im  +  2  the  square  of  any  num- 
ber whose  last  digit  is  2m  +  1  or  2m  +  2  will  terminate  with  that 
digit. 

3.  A  digit  is  written  down  once,  twice,  thrice,  up  to  n 

times  respectively,  so  as  to  form  n  numbers  consisting  of  one,  two, 

three, n,  placcfs  of  figures  respectively.     If  a  be  the  first  and 

h  the  last  of  the  numbers,  and  r  the  radix  of  the  scale,  the  sum  of 

rh  —  na 


the  numbers  is 


r-1 


4.  If  m,  n  be  any  two  numbers,  g  their  geometric  mean, 
a,,  h^  the  arithmetic  and  harmonic  means  between  m  and  g,  and 
a^,  h^  the  arithmetic  and  harmonic  means  between  g  and  ti,  prove 
that  ajA,=:^=a^j. 

5.  If  between  h  and  a  there  be  inserted  n  arithmetical  means, 
and  between  a  and  h  there  be  inserted  n  harmonic  means,  the  sum 
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of  the  series  composed  of  the  products  of  the  corresponding  terms 
of  the  two  series  is  (n  +  2)  a6, 

6.  If  n  harmonic  means  are  inserted  between  the  two  posi- 
tive quantities  a  and  b,  shew  that  the  difference  between  the  first 
and  the  last  bears  to  the  difference  between  a  and  b  a  less  ratio 
than  that  of  n  —  1  to  n  +  1. 

7.  A  sets  out  from  a  certain  place  and  travels  one  mile  the 
first  day,  two  miles  the  second  day,  three  the  third,  four  the  fourth, 
and  so  on.  JB  sets  out  five  days  after  A  and  travels  the  same  road 
at  the  rate  of  12  miles  a  day.  How  far  will  A  travel  before  he  is 
overtaken  hj  JBI 

8.  From  256  gallons  of  wine  a  certain  number  are  drawn  and 
replaced  with  water;  this  is  done  a  second,  a  third,  and  a  fourth 
time,  and  81  gallons  of  wine  are  then  left.  How  much  was  drawn 
out  each  time  ? 

9.  A  and  JB  have  made  a  bet,  the  amount  of  the  stakes  being 
£90,  and  the  sum  staked  by  each  being  inversely  proportional  to 
all  the  money  he  has.  If  A  wins  he  will  then  have  five  times 
what  B  has  left ;  if  JB  wins  he  will  then  have  double  what  A  has 
left.     What  simi  df  money  had  each  ? 

10.  If  (a  +  6  +  c)  (a  +  6  +  c?)  =  (c  +  c?  +  a)  (c  +  c?  +  6)  or  if  a6  =  cc?, 
prove  that  each  of  these  quantities  is  equal  to 

(a-'C)(a-d)(b-'c){b--d) 
(a  +  b-c-dy 

11.  If  the  roots  of  ax'  +  2bx  +  c  =  0  be  possible  and  different, 
those  of  (a +  c)(aic'  +  26aj +  c)  =  2  ((wj- 6")  (a* +1)  will  be  impossi- 
ble ;  and  vice  versd. 

12.  If  a  +  6  +  c  =  0,  x  +  y  +  z-hw-0,  then  the  two  equations 
J  {ax)  +  J{bi/)  +  J{cz)  =  0,  J{bx)  -  J{ay)  +  J(cw)  =  0,  are  deducible 
the  one  from  the  other. 
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XXXIV.    PERMUTATIONS  AND  COMBINATIONS. 

487.  The  different  orders  in  which  any  things  can  be  ar- 
ranged are  called  iheir  permiUations, 

Thus  the  permutations  of  the  letters  a,  h,  c,  taken  two  at  a 
time  are  ab,  ba,  acy  ca,  hcy  ch, 

488.  The  combinations  of  things  ai*e  the  different  collections 
that  can  be  formed  out  of  them,  without  regarding  the  order  in 
which  the  things  are  placed. 

Thus  the  combincUiona  of  the  letters  a,  h,  c,  taken  two  at  a 
time  are  a5,  ac,  be;  db  and  ba  though  different  permutations 
forming  the  same  conibination, 

489.  "We  may  observe  that  a  difference  of  language  occurs  in 
books  on  this  subject;  what  we  have  called  permutations  are  called 
variations  or  a/rrangements  by  some  writers,  and  tliey  restrict  the 
word  permutations  to  the  case  in  which  all  the  things  are  used 
at  once;  thus  they  speak  of  the  variations  or  arrangements  of  four 
letters  taken  two  at  a  time,  or  three  at  a  time,  but  of  the  permuta- 
tions of  them  taken  all  together. 

490.  To  find  the  number  of  permutations  of  n  things  taken  r 
at  a  time. 

Suppose  there  to  be  n  letters  a,  6,  c,  d, ;  we  shall  first 

find  the  number  of  permutations  of  them  taken  two  at  a  time. 
Put  a  before  each  of  the  other  letters ;  we  thus  obtain  n—l 
permutations  in  which  a  stands  first.  Next  put  b  before  each  of 
the  other  letters;  we  thus  obtain  w  — 1  permutations  in  which 
h  stands  first.  Similarly  there  are  n—\  permutations  in  which 
e  stands  first;  and  so  on.  Thus,  on  the  whole,  there  are  w(7i  -  1) 
permutations  of  n  things  taken  two  at  a  time. 
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We  shall  now  find  the  number  of  permutations  of  the  n  letters 
taken  three  at  a  time. 

It  has  just  been  shewn  that  out  of  n  letters   we   can   form 
n{n—\)  permutations  each  of  two  letters;  hence  out  of  the  n—\ 

letters  6,  c,  d,  we  can  form   (ri— l)(7^  — 2)    permutations 

each  of  two  letters;  put  a  before  each  of  these  and  we  have 
(n  —  1)  (n  —  2)  permutations  each  of  three  letters  in  which 
a  stands  first.  Similarly  there  ai'e  (^  —  1)  (w  —  2)  permutations 
each  of  three  letters  in  which  h  stands  first.  Similarly  there  are 
as  many  in  which  c  stands  first ;  and  so  on.  On  the  whole  there 
are  w(n  — l)(7i— 2)  permutations  of  n  letters  each  of  three 
letters. 

From  these  cases  it  might  be  conjectured  that  the  number  of 
permutations  of  n  letters  taken  r  at  a  time  is 

w(7i-l)(7i-2) (n-r  +  1), 

and  we  shall  prove  that  this  is  the  case.  For  suppose  it  true  that 
the  number  of  permutations  of  n  letters  taken  r  —  1  at  a  time  is 

n{n-\) {ri-(r-l)  +  l}, 

we  shall  shew  that  a  similar  formula  will  give  the  number  of  per- 
mutations of  the  letters  taken  r  at  a  time.  For  out  of  the  n  —  1 
letters  6,  c,  c?, we  can  form 

(7i-l)(n-2) {n-l_(r-l)  +  l} 

permutations  each  of  r  —  1  letters ;  put  a  before  each  of  these, 
and  we  obtain  as  many  permutations  each  of  r  letters  in  which  a 
stands  first.  Similarly  we  have  as  many  in  which  h  stands  first,  as 
many  in  which  c  stands  first,  and  so  on.     On  the  whole  there  are 

w(ri-l)(n-2) (7i-r+  1) 

permutations  of  n  letters  each  of  r  letters. 

If  then  the  formula  holds  when  the  letters  are  taken  r  —  1  at 
a  time,  it  will  hold  when  they  are  taken  r  at  a  time;  but  it  has 
l>een  proved  to  hold  when  they  are  taken  three  at  a  time,  therefore 
it  holds  when  they  are  taken  four  at  a  time,  therefore  it  holds 
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when  they  are  taken  five  at  a  time,  and  so  on;  thus  it  holds 
univei'sally. 

491.  Hence  the  number  of  permutations  of  n  things  taken 
all  together  is7i(w— 1)  {n  —  2) 1. 

492.  For  the  sake  of  brevity  w(to-1)(7i -2) 1  is  often 

denoted  by  \n;  thus  \n  denotes  the  product  of  the  natural  num- 
bers from  I  to  w  inclusive.  The  symbol  [n  may  be  read,  foe- 
taricd  n. 

493.  Any  combination  of  r  things  will  produce  [r  permuta- 
tions. For,  by  Article  491,  the  r  things  which  form  the  given 
combination  can  be  arranged  in  [r  different  ways. 

494.  To  Jmd  the  mimher  of  combinations  of  n  things  taken 
T  at  a  time. 

The  number  of  combinations  of  n  things  taken  r  at  a  time  is 
n(n'-l)(n-2) (w-r+  1) 

For  the  number  of  permutations  of  n  things  taken  r  at  a 

time  is   n{n—l){n  —  2) (n  —  r  +  1),  by  Art.  490;   and  each 

combination  produces  [r  permutations,  by  Art.  493;  hence  the 
number  of  combinations  must  be 

71  (7i  - 1)  (ri  -  2) (ti  —  r  +  1) 

If  we  multiply  both  numerator  and  denominator  of  this  ex- 

\n 
pression  by  [w  -  r  it  becomes  t— p — . 

495.  Tlie  number  of  comhinations  of  n  things  taken  r  at  a 
time  is  the  same  as  tfie  nwmher  of  tliem  taken  n—v  at  a  time. 

The  number  of  combinations  of  n  things  taken  w  — r  at  a 
time  is 

n{n~\){n^2) {n-{n'-r)  +  \} 
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n(n-l)(n'-2) (r  +  1) 


tliat  is, 


in- 


r 


Multiply  both  numerator  and  denominator  by  [r  and  we  ob- 

\n 
tain  — }= — ,  whicb,  by  Art.  494,  is  the  number  of  combinations 
Irln-r 


of  n  things  taken  r  at  a  time. 

496.  The  proposition  which  we  have  proved  in  the  preceding 
article  will  be  evident  too  if  we  observe  that  for  every  combina- 
tion of  r  things  which  we  take  out  of  n  things,  we  leave  one  com- 
bination of  w  — r  things.  Hence  every  combination  of  r  things 
corresponds  to  a  combination  of  w— r  things  which  contains  the 
remaining  things.     Such  combinations  are  called  complementary. 

497.  To  find  for  what  value  oj  r  the  nwmher  of  the  comhino' 
turns  ofn  thmgs  taken  t  at  a  time  is  greatest. 

Let  (n\  denote  the  number  of  combinations  of  n  things  taken 
r  at  a  time, 

(^),_i  the  number  of  combinations  of  n  things  taken  r  —  1 
at  a  time, 

then  (n)=VLZ^^  (nl_^^. 

The  factor may  be  written 1,  which  shews 

that  it  decreases  as  r  increases.     By  giving  to  r  in  succession  the 
values  1,  2,  3, ,  the  number   of  combinations  is  continually 

increased  so  long  as 1  is  greater  than  unity.     First  sup- 
pose n  even  and  =  277i,  then 1  is  greater  than  1  until 

r  =  m  inclusive,  and  when  r  =  wi  + 1  it  is  less  than  1.     Hence  the 
greatest  number  of  combinations  is  obtained  when  the  things  are 

taken  m  at  a  time^  that  is,  ^  at  a  time. 
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291}  +1  +  1 

Next  suppose  n  odd  and  =  2m  + 1,  then 1  is 

r 

eqaal  to  unity  when  r  =  m  +  l.  Hence  the  greatest  number  of 
combinations  is  obtained  when  iiiej  are  taken  m  at  a  time  or 
i»  + 1  at  a  time,  the  result  being  the  same  in  these  two  cases, 

that  is,  when  they  are  taken  —^ —  at  a  time,  or  -^ —  at  a 

time. 

498.  To  find  the  mimher  of  permutations  ofn  things  tcJc&%  aU 
together  %ohich  a/re  not  aU  d'^erent. 

Let  there  be  n  letters;  and  suppose  p  of  them  to  be  a,  g  of 
them  to  be  6,  r  of  them  to  be  c,  and  the  rest  to  be  unlike;  the 
number  of  permutations  of  them  taken  all  together  will  be 


\p\q[r' 

'For  suppose  iV  to  represent  the  required  number  of  permu- 
tations. If  in  any  one  of  the  permutations  the  p  letters  a  were 
changed  into  p  new  letters  different  from  any  of  the  rest,  then 
without  altering  the  situation  of  any  of  the  remaining  letters, 
we  could  fix)m  the  single  permutation  produce  \p  different  per- 
mutations; and  so  if  the  p  letters  a  were  changed  into^  different 
letters,  the  whole  number  of  permutations  would  he  ^x\p.  Simi- 
larly, if  the  q  letters  b  were  also  changed  into  q  new  letters 
different  from  any  of  the  rest,  the  whole  number  of  permutations 
we  coidd  now  obtain  would  be  -^ x  Ip  x  l^ ;  and  if  the  r  letters  c 

were  also  changed,  the  whole  number  would  be  i\rxl^xl/7x[r. 

But  this  nimiber  must  be  equal  to  the  number  of  permutations  of 
n  dissimilar  things  taken  all  together,  that  is,  to  [n. 

Thus  -yx^x[5^x[r  =  |n; 

therefore  y=  -. — \~ir  • 

And  similarly  any  other  case  may  be  treated. 
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499.  If  there  be  n  tilings  not  all  different,  and  we  require 
the  number  of  permutations  or  of  combinations  of  them  taken  r  at 
a  time,  the  operation  will  be  more  complex:  we  will  exemplify 
the  method  in  the  following  case. 

There  are  n  things  of  which  p  a/re  alike  and  the  rest  unlike; 
required  the  nwmher  of  combinations  ofth&m,  taken  v  at  a  time. 

We  shall  suppose  r  less  than  n—p,  and  put  n—p  —  q.  Con- 
sider first  the  number  of  combinations  that  can  be  formed  without 
using  any  of  the  p  like  things ;  this  is  the  number  of  combinations 

\q 
of  q  things  taken  r  at  a  time,  that  is,  - — r= — .     Next  take  one  of 

the  J!?  things  and  r  — 1  of  the  q  things;  the  number  of  ways  in 
which  combinations  can  thus  be  formed  is  the  same  as  the  num- 
ber of  combinations  of  q  things  taken   r  —  1  at  a  time,  that  is, 

= — zr,     Next  take  Uoo  of  the  p  things  and  combine 

them  with  r  —  2  of  the  q  things;  this  can  be  done  in '— 


r-2|9>-r-f  2 


ways.  Proceed  thus,  and  add  the  number  of  combinations  so 
obtained  together,  which  will  give  the  whole  number  of  combi- 
nations. 

If  however  r  is  not  less  than  q  we  should  consider  first  the 
case  in  which  r  —  q  things  are  taken  from  the  p  like  things,  and 
q  things  are  taken  from  the  q  unlike  things;  this  can  be  done  in 
only  one  way.  Next  take  r  —  q  +  l  things  from  the  p  things,  and 
q  —  \  from  the  q  things ;  this  can  be  done  in  q  ways.     And  so  on. 

If  the  number  of  permutations  be  required,  we  have  only  to 

observe  that  each  combination  of  r  things  in  which  s  are  alike  and 

\r 
the   rest  unlike,  will   produce  p  permutations  (Art.  498),  and 

If 

thus  the  whole  number  of  permutations  may  be  found. 

600.  By  the  following  method  the  formula  for  the  number  of 
combinations  of  n  things  taken  r  at  a  time  may  be  found  without 
assuming  the  formula  for  the  number  of  permutations. 
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Let  (n)^  denote  the  number  of  combinations  of  n  things  taken 
r  at  a  time.  Suppose  n  letters  a,  h,  c,  d, ;  among  the  com- 
binations of  these  r  at  a  time,  the  number  of  those  which  contain 
the  letter  a  is  obviously  equal  to  the  number  of  combinations  of 
the  remaining  »-l  letters  r  — 1  at  a  time,  that  is,  to  (n—l^^^. 
The  number  of  combinations  which  contain  the  letter  b  is  also 
(n  —  l)^_j,  and  so  for  each  of  the  letters.  But  if  we  form,  first  all 
the  combinations  which  contain  a,  then  all  the  combinations 
which  contain  6,  and  so  on,  each  particular  combination  will  ap- 
pear r  times;  for  if  r  =  3,  for  example,  the  combination  abc  would 
occur  among  those  containing  a,  among  those  containing  6,  and 
among  those  containing  c.     Hence 

(«),=J(«-iX_,. 

In  this  formula  change  n  and  r  first  into  ri  — 1  and  r  — 1 
respectively,  then  into  7^  —  2  and  r  —  2  respectively,  and  so  on ; 
thus 


(n-r  +  2),  = ^ (n-r  +  lX. 

Multiply,  and  cancel  like  terms,  and  we  obtain 
/  \  _^(^~^) (n-r-^2){n"r+l) 

for  (n-r+l)j  =  w-r  +  l. 

501.     To  find  t?ie  whole  number  of  perm/utationa  of  n  things 
when  each  may  occur  once,  twicCj  thrice, up  to  r  times. 

Let  there  be  n  letters  a,  6,  c, First  take  them  one  at  a 

time;  this  gives  the  number  n.     Next  take  them  two  at  a   time; 
here  a  may  stand  before  a,  or  before  any  one  of  the  remaining 
letters;  similarly  b  may  stand  before  6,  or  beiote  «iv\^   cv:^'^  «A 
T,  A.  V6 
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the  remainiog  letters;  and  so  on;  thus  thevd  are  n'  different  per- 
mutations of  the  letters  taken  two  at  a  time.  Similarly  by  put- 
ting successively  ay  b,  c, before  each  of  the  permutations  of 

the  letters  taken  two  at  a  time^  we  obtain  n^  permutations  of  the 
letters  taken  three  at  a  time.  Thus  the  whole  number  of  permu- 
tations when  the  letters  are  taken  r  at  a  time  will  be  n\ 

502.     Since  the  number  of  combinations  of  n  things  taken  r  at 
a  time  must  be  some  integery  the  expression 

7i(wr— 1) (n  —  r  +  l) 

[7 

must  be  an  integer.  Hence  we  see  that  the  product  of  any 
r  successive  integers  must  be  divisible  by  |r.  We  shall  give  a 
more  direct  proof  of  this  proposition  in  the  chapter  on  the  theory 
of  numbers. 
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1.  How  many  different  permutations  may  be  made  of  the 
letters  in  the  word  Caraccas  taken  all  together? 

2.  How  many  of  the  letters  in  the  word  Heliopolis  ? 

3.  How  many  of  the  letters  in  the  word  Ecclesiastical  ? 

4.  How  many  of  the  letters  in  the  word  Mississippi  ? 

5.  If  the  number  of  permutations  of  n  things  taken  4  toge- 
ther is  equal  to  twelve  times  the  number  of  permutations  of 
n  things  taken  2  together;  find  n, 

6.  In  how  many  ways  can  2  sixes,  3  fives,  and  5  twos  be 
thrown  with  10  dice? 

7.  If  there  are  twenty  pears  at  three  a  penny,  how  many 
different  selections  can  be  made  in  buying  six-pennyworth?  In 
how  many  of  these  will  a  particular  pear  occur? 
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8.  From  a  company  of  soldiers  mustering  96,  a  picket  of  10 
is  to  be  selected;  determine  in  how  many  ways  it  can  be  done, 
(1)  so  as  always  to  include  a  particular  man,  {2)  so  as  always 
to  exclude  the  same  man. 

9.  How  many  parties  of  12  men  each  can  be  formed  from 
a  company  of  60  ment 

10.  If  the  number  of  combinations  of  n  things  r  —  /  toge- 
ther be  equal  to  the  number  of  combinations  of  n  things  r  +  / 
together,  find  n, 

11.  In  how  many  ways  can  a  party  of  six  take  their  places 
at  a  round  table? 

12.  In  how  many  different  ways  may  n  persons  form  a  ring? 

13.  How  many  different  numbers  can  be  formed  with  the 
digits  1,  2,  3,  4,  5,  6,  7,  8,  9;  each  of  these  digits  occurring  once 
and  only  once  in  each  number?  How  many  with  the  digits  1, 2,  3, 
4,  5f  6,  7,  8y  9,  0,  on  the  same  supposition? 

14.  Out  of  12  conservatives  and  16  reformers  how  many 
different  committees  could  be  formed  each  consisting  of  4  re- 
formers and  3  conservatives? 

15.  If  there  be  x  things  to  be  given  to  n  persons,  shew  that 
71*  will  represent  the  whole  number  of  different  ways  in  which 
they  may  be  given. 

16.  Suppose  the  number  of  combinations  of  n  things  taken  r 
together  to  be  equal  to  the  number  taken  r  + 1  together,  and 
that  each  of  these  equal  numbers  is  to  the  number  of  com- 
binations of  n  things  taken  r—l  together  as  5  is  to  4,  find  the 
value  of  ». 

17.  Given  m  things  of  one  kind,  and  n  things  of  a  second 
kind,  find  the  number  of  permutations  that  can  be  formed  con« 
taining  r  of  the  first  and  8  of  the  second. 

18.  How  many  different  rectangular  parallelepipeds  are 
there  satisfying  the  condition  that  each  edge  of  ewi\i  ^^xaJ^<^^ 
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piped  shall  be  equal  to  some  one  of  n  given  lines  all  of  different 
lengths  ] 

19.  The  ratio  of  the  number  of  combinations  of  4ri  things 
taken  2n  together,  to  that  of  2n  things  taken  n  together  is 

1.3.5 (4ri  — 1) 

{T.3.5T:T7:7(27r^l)}»' 

20.  Out  of.  17  consonants  and  5  vowels,  how  many  words 
can  be  formed,  each  containing  two  consonants  and  one  vowel  1 

21.  Out  of  10  consonants  and  4  vowels,  how  many  words  can 
be  formed  each  containing  3  consonants  and  2  vowels  1 

22.  Find  the  number  of  words  which  can  be  formed  out  of 
7  letters  taken  all  together,  each  word  being  such  that  3  given 
letters  are  never  separated.  ^ 

23.  With  10  flags  representing  the  10  numerals  how  many 
signals  can  be  made,  each  representing  a  number  and  consisting  of 
not  more  than  4  flags? 

24.  How  many  words  of  two  consonants  and  one  vowel  can 
be  formed  from  6  consonants  and  3  vowels,  the  vowel  being  the 
middle  letter  of  each  worii  ] 

25.  How  many  words  of  6  letters  may  be  formed  with  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places? 

26.  A  boat's  crew  consists  of  8  men,  3  of  whom  can  only  row 
on  one  side  and  2  only  on  the  other.  Find  th^  number  of  ways 
in  which  the  crew  can  be  arranged. 

27.  A  telegraph  has  m  arms,  and  each  arm  is  capable  of  n 
distinct  positions ;  find  the  total  number  of  signals  which  can  be 
made  with  the  telegraph,  supposing  that  all  the  arms  are  to  be 
used  to  form  a  signal. 

28.  A  pack  of  cards  consists  of  52  cards  marked  differently; 
in  how  many  different  ways  can  the  cards  be  arranged  in  four  sets, 
each  set  containing  13  cards! 

29.  How  many  triangles  can  be  formed  by  joining  the  angular 
points  of  a  decagon,  that  is,  each  triangle  having  three  of  the 
angular  points  of  the  decagon  for  its  angular  points? 
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30.  There  are  n  points  in  a  plane,  no  three  of  which  are  ii^ 
the  same  straight  line  with  the  exception  of  p,  which  are  all  in 
the  same  straight  line;  find  the  number  of  straight  lines  which 
result  from  joining  them. 

31.  Find  the  number  of  triangles  which  can  be  formed  by 
joining  the  points  in  the  preceding  question. 

32.  '■  There  are  n  points  in  space,  of  which  p  are  in  one  plane, 
and  there  is  no  other  plane  which  contains  more  than  three  of 
them;  how  many  planes  are  there,  each  of  which  contains  three 
of  the  points  % 

33.  If  n  points  in  a  plane  be  joined  in  all  possible*  ways  by 
indefinite  straight  lines,  and  if  no  two  of  the  straight  lines  be 
coincident  or  parallel,  and  no  three  pass  through  the  same  point 
(with  the  exception  of  the  n  original  points),  then  the  number  of 
points  of  intersection,  exclusive  of  the  n  points,  will  be 

w(w-l)(7i-2)(n-3) 
8 

34.  There  are  fifteen  boat-clubs;  two  of  the  clubs  have  each 
three  boats  on  the  river,  five  others  have  two,  and  the  remaining 
eight  have  one;  find  an  expression. for  the  number  of  ways  in 
which  a  list  can  be  formed  of  the  order  of  the  24  boats,  observing 
that  the  second  boat  of  a  club  cannot  be  above  the  first. 

35.  A  shelf  contains  20  books,  of  which  4  are  single  volumes, 
and  the  others  form  sets  of  8,  5,  and  3  volumes  respectively;  find 
in  how  many  ways  the  books  may  be  arranged  on  the  shelf,  the 
volumes  of  each  set  being  in  their  due  order. 

36.  Find  the  number  of  the  permutations  which  can  be 
formed  with  the  letters  composing  the  word  eosamination  taken 
4  at  a  time. 

37.  There  are  n—1  sets  containing  2a,  3a, na  things 

respectively;  shew  that  the  number  oi  com\>m«AAO\:a  ^>Ki.OoL  ^»k\. 
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be  formed  by  taking  a  out  of  the  first,  2a  out  of  the  second,  and 
80  on  for  each  combination,  is 

\na 

38.  Find  the  sum  of  all  the  numbers  which  can  be  formed 
with  all  the  digits  1,  2,  3,  4,  5,  in  the  scale  of  10. 

39.  The  sum  of  all  numbers  that  are  expressed  by  the  same 
digits  is  divisible  by  the  sum  of  the  digits. 


XXXV.  BINOMIAL  THEOREM.    POSITIVE  INTEGRAL 

EXPONENT. 

503.  "We  have  already  seen  that  {x  +  ay=a:^  +  2xa  +  a*,  and 
that  (aj  +  a)'  =  o^  +  3afa  +  Sxa'  +  a';  the  object  of  the  present 
chapter  is  to  find  an  expression  equal  to  {x  +  a)"  where  n  is  any 
positive  integer. 

604.     By  ordinary  multiplication  we  obtain 

{x  +  a,)  (x  +  a^  =  a?"  +  (a,  +«,)«  +  a^a^ 
(x  +  a,)  (x  +  a,)  («  +  aj  =  a?  +  (a,  -k-a^+a^a^ 

+  (a,a,  +  a.a.  +  afi^)  x  +  afifi^ 
(af4^oJ(aj-»-aJ(a?-»-a3)(a?+aJ  =  a?*  +  (a,+a,  +  a3-»-aJa' 

+  («,«,  +  afi^  +  a,a^  +  aji^  +  afi^  +  aji^  of 

Now  in  these  results  we  see  that  the  following  laws  hold. 

I.  The  number  of  terms  on  the  right-hand  side  is  one  more 
than  the  number  of  the  binomial  factors  which  are  mxdtiplied 
together. 

II.  The  exponent  of  x  in  the  first  term  is  the  same  as  the 
number  of  binomial  factors,  and  in  the  succeeding  terms  each 

exponent  is  leas  than  that  of  the  preceding  term  by  unity. 
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HL  The  coefficient  of  the  first  term  is  unity;  the  coefficient 
of  the  second  term  is  the  sum  of  the  second  terms  of  the  binomial 
Actors ;  the  coefficient  of  the  third  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  fiustors  taken  two  at 
a  time;  the  coefficient  of  the  fourth  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  three  at 
a  time;  and  so  on;  the  last  term  is  the  product  of  all  the  second 
terms  of  the  binomial  fetctors. 

"We  shall  now  prove  that  these  laws  always  hold  whatever 
be  the  number  of  binomial  factors.  Suppose  the  laws  to  hold 
when  n—  1  factors  are  multiplied  together;  that  is,  suppose 

(«  +  a,)  (a?  +  a,) . . . (a;  +  a^.j)  =  af  ~* +;?jaf  ■"• + ^,af  ■•"  +  pj/if  "* +. .  .-♦-|?,.j, 

where  7?,  =  the  sum  of  the  terms  «!,«,, a,_j, 

p^  ss  the  sum  of  the  products  of  these  terms  taken  two  at 
a  time, 

p^  =  the  sum  of  the  products  of  these  terms  taken  three 
at  a  time, 


p^_j  =  the  product  of  all  these  terms. 

Multiply  both  sides  of  this  identity  by  another  factor  x  +  a^; 
thus 

Now|?^+a^  =  aj  +  a,-»- +^i,-i"*-*« 

=  the  sum  of  all  the  terms  a^,  a^ a^; 

=  the  sum  of  the  products  taken  two  at  a  time  of 
all  the  terms  a^,  a,, a«; 

=  the  sum  of  the  products  taken  three  at  a  time 
of  all  the  terms  a^,  a^, a^. 


p^^fi^  =  the  product  of  all  the  terma. 
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Hence  if  the  laws  hold  when  w  —  1  factors  are  multiplied 
together,  they  hold  when  n  fiictors  are  multiplied  together;  but 
they  have  been  proved  to  hold  when  4  Actors  are  multiplied 
together,  therefore  they  hold  when  5  factors  are  midtiplied  toge- 
ther, and  so  on ;  thus  they  hold  universally. 

"We  shall  write  the  result  for  the  multiplication  of  n  factors 
thus  for  abbreviation, 

(a;  +  ttj)  (oj  +  a^ (a;  +  aj  =  a"4gja"~*  +  g,a^~*+ +g^. 

The  number  of  terms  in  q^  is  obviously  n\  the  number  of 
terms  in  g,  is  the  same  as  the  number  of  combinations  of  the 

n  things  a^,  a^ a,,  taken  two  at  a  time,  that  is,  — ^= — jr^\ 

and  so  on.     Now  suppose  a^,  a^,  a^  each  =a;  thus  q^  be- 
comes na,  and  q  becomes  — - — o~^^*>  ^^^  ^  ^^>  ^^^  ^®  obtain 

4---T— ?r-^  a    V +  —""'-  '  -• 


j^    Q     ^     -^   .  na"  'x  +  a\ 


This  formula  is  called  the  JBinomial  Theorem;  the  series  on 
the  right-hand  side  is  called  the  expansion  of  (x  +  aY,  and  when 
we  put  this  series  in  the  place  of  (x  +  a)*  we  are  said  to  expand 
{x  +  a)".     The  theorem  was  discovered  by  Newtoni 

505.     For  example,  take  (a;  +  a)* ;  here  w  =  5, 

w(yt-l)^5.4        .     yi(/i-l)(n-a)_5.4.3 
1.2         1.2""^"'  1.2.3         "TTTS"-^^' 

7i(7t-l)(n~2)(7t-3)  ^ 5.4.3.2 

1.2.3.4  ""1.2.3.4''^ 

thus         (x  +  a)»  =  «» +  5aJ*a  +  I0a?a'  +  lOaV  +  5xa*  +  a*. 

Again,  suppose  we  require  the  expansion  of  (c'  +  y«)*;  we 
have  only  to  write  c*  for  x  and  y«  for  a  in  the  preceding  identity; 
thus 
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{c'  +  yzY  ^{c^'  +  5  {c'y  y«  +  10  (c*)'  (t/z)'  +  10  (c^"  (y«)' 

= c^^  +  5cV + iOcy«" + iocy«» + 5cy«* + y  v. 

Similarly, 
(c*  +  2y^»  =  (c')*  +  5  (c')*2y'  + 10  {cj  (2y»)»  + 10  (c*)'  (Sy^/ 

+  5c'(23/')*  +  (22^)» 

= c'" + locy + 40cy + 80cy + socy + 32^^^. 

506.  In  the  expansion  of  (x  +  a)"  suppose  x=l;  thus 
(l4-a)*  =  l  +  7W+     ;    ^  ^a'+     ^         ^\ ^a'+ +a"; 

since  tliis  is  true  whatever  a  may  be,  we  may  write  a;  for  a;  thus 

507.  The  coefficient  of  the  second  term  in  the  expansion  of 

(1  +  xy  is  7J,  the  coefficient  of  the  third  term      \  ;   and  • 

1  •  J 

generally  the  coefficient  of  the  (r  +  1)***  term,  being  the  number  of 

combinations  of  n  things  taken  r  at  a  time  is,  by  Art.  494, 

equal  to  — '-^ '  \ ^ ^;   by  multiplying  both 

numerator  and  denominator  by  In  —  r  this  becomes 


n 


\r\n'-r 

^08.     The  coefficient  of  the  v^  term  from  the  beginning  is  equai 
to  the  coefficient  of  the  r***  term  from  the  erid. 

The  coefficient  of  the  r^  term  from  the  beginning  is 

n(yt~l)(n-2) (7^-,r+2) 

r-1 


which  becomes  by  multiplying  both  numerator  and  denominator 
by  |n— r+1 


r-*l\n  —  r+  V   ^ 
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The  r***  term  from  the  end  is  ihe<»-r  +  2)***  from  the  begin- 
nings and  its  coeffieifi&fc  is 

n{n'-l) {yt~(n-r+2)  +  2}        n(yt--l) r 

and  this  also 


r—  1  n  —  r+  1 


509.  It  appears  from  the  preceding  article  that  the  coeffici- 

ent  of  the  r^  term  may  be  written  thus, 7-7= =—     ^^  ^® 

I  r  —  1  [n  — r-f  1 

apply  this  to  the  last  term  for  which  r  =  n+l,  this  expression 

In 
takes  the  form    t*  .    The  symbol  [0  has  had  no  meaning  hitherto 

assigned  to  it;  if  we  agree  to  condder  it  equivalent  to  1,  then 
the  general  expression  will  hold  true  for  the  last  term. 

510.  To  find  the  greatest  coefficient  in   the  expanstan  of 
(1+a;)". 

This  has  been  investigated  in  the  chapter  on  Permutations  and 
Combinations  (Art.  497);  it  is  there  shewn  that  when  n  is  even^ 

the  greatest  coefficient  is  found  by  putting-^  for  r  in  the  expressdon 

I 
— — ;  when  n  is  odd  the  greatest  coefficient  is  found  by  put- 


ting  — ^  or  — jr—  for  r  in  the  expression,  the  result  being  the 
same  in  the  two  cases. 

511.     Tofimd  the  greatest  term  in  the  expansion  0/  {x  +  a)\ 
The  r^  term  of  the  expansion  is 

n  (n  -1) {n''r  +  2)  ^,.,+,  ^,., . 

r— 1  ' 


the  (r  + 1)*^  term  may  be  obtained  by  multiplying  the  r*^  by 
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.-,   tliat  is,   by  f ^J"'      -^^  multiplier  dimi- 

nishes  as  r  increases,  and 

f 1  j -is  greater  than  1 

only  so  long  as 

1  is  greater  than  -, 

r  a 

that  is,  only  so  long  as 

— —  is  greater  than  -  + 1, 

T  €t 

that  is,  only  so  long  as 

r  is  less  than  — . 

a 

w  + 1 
If  •  be  an  integer,  then,  denoting  this  integer  by  p^  the 

a 

jp^  term  of  the  expansion  is  eqtuU  to  the   (p  + 1)^  term,  and 

w  + 1 
these  terms  are  greater  than  any  other  term;   but  if  — — 

-+1 
a 

be  not  an  integer,  then  the  greatest  term  is  the  (q  + 1)^,  where  q  is 

the  integral  part  of  ^. 

-+1 
a 

512.  In  the  theorem  for  expanding  {x  +  a)*,  as  a  may  have 
any  value,  we  may  suppose  it  negative  if  we  please;  thus  put  —  c 
for  a  and  we  have 

(aj-c)"  =  ar-7ica^-»+^^%=i^cV-'- 
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We  may  observe  that  the  expansion  of  a  binomial  can  always 
be  reduced  to  the  case  in  which  one  of  the  two  quantities  in 
unity.     For 

(X  +  a)"  =  a^  (l +|)"=a^(l +y)",  if  y  =  ^. 

We  may  then  expand  (1  +y)"  and  multiply  each  term  by  »",  and 
thus  obtain  the  expansion  of  (x  +  a)". 

513.  To  find  the  sum  of  the  coefficients  of  the  terms  in  the 
expansion  of  {I  +  x)*. 

The  theorem 

(l+a?)''  =  l+na?+^  ,  "^   ^g*+ +  7Mc""*  +  iB" 

is  true  for  all  values  of  x;  put  x=X;  thus 

^_     -  n(n-l)  - 

l.:i 

That  is,  the  sum  of  the  coefficients  =  2". 

514.  The  sum  of  the  coefficients  of  the  odd  terms  in  the  expan- 
sion of  (1  +  xy  is  equal  to  the  sum  of  the  coefficients  of  the  even 
terms. 

Put  a;  =  —  1  in  the  expansion  of  (1  +  a?)";  thus 
^     -  nin—l)     n(n—l)(n  —  2) 

=  sum  of  the  odd  coefficients  —  sum  of  the  even  coefficients. 

I 

Since  then  the  sums  are  equal,  by  the  preceding  article  each 

2* 
must  =  -gf ;  that  is,  2"~\ 

515.  The  result  in  Art.  513  gives  a  theorem  relating  to 
Combinations.  For  suppose  there  are  n  things ;  then  we  can 
take  them  singly  in  n  ways,  we  can  take  them  two  at  a  time 

iji  — 1^^ — —J.  ways,   we    can    take    them    three  at  a    time  in 
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— ^^ — = — ^-^ ways,  and  ao  on.     Hence  by  Art.  513  the  total 

number  of  ways  of  taking  n  things  is  2"  —  1.  This  theorem  was 
obtained  by  the  early  writers  on  Algebra  before  the  Binomial 
Theorem  was  known;  the  proof  is  a  simple  example  of  mathe- 
matical induction  which  is  deserving  of  notice.  We  have  to 
shew  that  if  unity  be  added  to  the  total  number  of  ways  of 
taking  n  things,  the  result  is  2".     Suppose  we  have  four  lettera 

» 

a,  by  Cy  d;  form  all  the  possible  selections  and  prefix  unity  to 
them.     Thus  we  have 

1, 

dyhy     Cy     dy 

aby  aCy  ady  be,  bdy  cd, 
abcy  abdy  acdy  bcdy 
abed. 

Here  the  total  number  of  symbols  is  16,  that  is,  2\  Now 
take  an  additional  letter  e;  the  corresponding  set  of  symbols  will 
consist  of  those  already  given,  and  those  which  can  be  formed 
from  them  by  affixing  e  to  each  of  them.  The  number  will  there- 
fore he  doubled;  that  is,  it  will  be  2*.  The  mode  of  reasoning  is 
general,  and  shews  that  if  the  theorem  is  true  for  n  things,  it  is 
true  for  n  +  1  things. 


EXAMPLES   OP  THE   BINOMIAL  THEOREM. 

1.  Write  down  the  3"^  term  of  {a  +  by\ 

2.  Write  down  the  49*'»  teim  of  {a  -  xy\ 

3.  Write  down  the  6*^  term  of  (a"  -  by. 

S  8 

4.  Write  down  the  2001"'  term  of  (aw  +  xio) 
6,     Write  down  all  the  terms  of  (5- 4ic)*. 

6.  Write  down  the  5***  term  of  (3aj*  -  42^*)*. 

7.  Write  down  the  6***  term  of  (2a4  -  b^)'\ 


8 

2002 
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8.     Write  down  all  the  terms 


«'(-D" 


9.  Write  down  the  middle  term  of  (a  +  a?)**. 

10.  Write  down  the  two  middle  terms  of  (a  +  ocf. 

1 1 .  Expand  {a  +  ^^(a"  -!)}«  +  {«-  ^(a"  - 1)}''  in  powers  of  a. 

12.  Write  down  the  coefficient  of  y  in  the  expansion  of 


( 


^^0' 


13.  If  il  be  the  sum  of  the  odd  terms  and  B  the  sum  of  the 
even  terms  in  the  expansion  of  (a;  +  a)",  prove  that 

14.  Prove  that  the  difference  between  the  coefficients  of 
af"^*  and  oj'  in  the  expansion  of  (1  +0?)""^*  is  equal  to  the  differ- 
ence between  the  coefficients  of  x^^^  and  a'"*  in  the  expansion  of 
(1  +  x)\ 

15.  Shew  that  the  middle  term  in  the  expansion  of  (1  +  xf 

^  1.  3. g...  (271-1) 2,^ 

16.  Find  the  binomial  expansion  of  which  four  consecutive 
terms  are  2916,  4860,  4320,  2160. 

17.  Prove  that  the  coefficient  of  of  ill   the  expansion  of 

(05  +  —  )   may  be  represented  by  —7-7 r"  .  , r . 

\      x)        ^  ^  ^    |^(n-r)[^(yt  +  r) 

18.  Write  down  the  coefficient  of  a;*"*"*  in  the  expansion  of 

19.  Find  the  r^  term  from  the  beginning,  the  r***  term  from 
the  end,  and  the  middle  term  of  (a?  —  )      • 

20.  If  t^^  t^,  t^,  t^ represent  the  terms  of  the  expansion 

of  (a  +  a;)",  shew  that 

(^«-«.+  <4- )'  +  (^i-"«.  +  «4- )'=(a'  +  aO". 
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516.  We  Have  seea  that  when  ti  is  a  positive  integer 

il^a>)'=l^nx^^^)af^ 

We  now  proceed  to  shew  that  this  relation  holds  when  n  has 
VDj  value  positive  or  negative,  integral  or  fractional,  that  is,  we 
shall  prove  the  Binomial  Theorem  for  ant/  exponent.  We  shall 
make  some  observations  on  the  proof  after  giving  it  in  the  usual 
form. 

517.  Suppose  m  and  n  are  positive  integers;  then  we  have 

y,        \>     1  w(w  — 1)    ,    w(m  — l)(m— 2)    . 

(l+a:)"  =  l+7waj  +  — y-^V  +  — ^^ r^^ -^a;'+ (1), 

(l+a;)"  =  l  +  naj  +  -Y-2  -^ 13  (^)- 

But  (1  +  a)*  X  (1  +  a?)-  =  (1  +  a)*^"; 

hence  the  product  of  the  series  which  form  the  right-hand  mem- 
bers of  (1)  and  (2)  must  =  (1  +  «)"+";  that  is, 


1 


+  {m  +  n)X'\ = — jr OCT 


(w  +  w)(wi  +  w-l)(m  +  n-2)    8 
+  [3  «"*• 


,|lH.^+^^)«.+lOLrl|(!Lzl)«^+ I (3). 

Equation  (3)  has  been  proved  on  the  supposition  that  m  and  n 
are  positive  integers;  but  the  product  of  the  two  series  which  occur 
on  the  right-hand  side  of  (3)  must  be  of  the  same  form  what«^j«t 
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m  and  n  may  be;  we  therefore  infer  that  (3)  must  be  true  what- 
ever m  and  n  may  be.  We  shall  now  use  a  notation  that  will 
enable  us  to  express  (3)  briefly.     'Let/{m)  denote  the  series 

m  (w  —  1)    a    m  (m  —  1)  (m  —  2)    . 
l-hmx+ — T-o~~«  + — ^ pr ^+ 

whatever  m  may  be;  then  /(n)  will  denote  what  the  series 
becomes  when  n  is  put  for  m ;  and  /(m  +  n)  will  denote  what  the 
series  becomes  when  m-\-n  ia  put  for  m.  And  when  m  is  any 
positive  integer  /(m)  =  (1  +  a?)* ;  also  /(O)  =  1.  Thus  (3)  may  be 
written 

/(f»  +  w)=/(m)x/(w) (4). 

Similarly,       /{m  +  n-{-p)  =/{m  +  n)  x/(  p) 

=/H  x/(w)  x/(jp). 

Proceeding  in  this  way  we  may  shew  that 

/{m  +  n+p-^q+ )=/(w)  x/(n)  x/{p)  x/{q)  x (5). 

g 
Now  let  m  =  w=^  =  g'= =  -,  where  8  and  r  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  r;  then  (5) 
becomes 

therefore  {/(s)f=/(^^ . 

But  since  «  is  a  positive  integer y(»)  =  (1  +a;)*,  and  therefore 

{/(*)}'  =  (!+«>/; 

therefore  {I  +xf  =f(^^  =  l  +  '-x  +  l}l-^x'  + 

This  proves  the  Biaomial  Theorem  when  the  exponent  is  any 
positive  quomiiiy. 
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Again,  in  (4)  put  -  w  for  wi ;  thus 

/(-«)x/(«)=/(0)=l; 

therefore  -ry-r  =/(—  n). 

But  if  w  be  any  positive  quantity, y(w)  =  (1  +  a?)";  hence 

thatia,       (1  +x)-'=  l  +  (-n)x  +  ^~^^i~'^~^''  x'+ 

This  proves  the  Binomial  Theorem  when  the  exponent  is  any 
negative  quantity. 

518.  The  proof  of  the  Binomial  Theorem  for  any  exponent 
contained  in  the  preceding  Article  was  first  given  by  Euler; 
although  difficult  and  not  altogether  satisfactory,  it  is  a  valuable 
exercise  for  the  student.  We  shall  now  offer  some  remarks 
upon  it. 

The  first  point  we  have  to  notice  is  the  mode  of  proving  that 
y(m  +  7i)  =/{m)  x/(w).  The  student  should  for  an  exercise  write 
down  three  or  four  terms  of  the  series  for  /(in),  and  also  of  the 
series  for  /{n\  and  multiply  them  together ;  if  the  product  be 
arranged  according  to  powers  of  x,  it  will  be  found  that  so  far  as  it 
has  been  completely  formed,  it  will  agree  with  the  series  for 
y  (m  +  n).  But  from  knowing  whaty(m)  a.nd/{n)  represent  when 
7n  and  n  are  positive  integers,  we  infer  without  the  trouble  of 
a<^ual  multiplication,  that  the  law  expressed  by 

/{m  +  n)  =/(m)x/(w) 

must  hold.  The  mode  of  establishing  this  law  in  the  simple  case 
in  which  m  and  n  are  positive  integers  is  a  valuable  algebraical 
artifice. 

But  the  way  in  which  we  infer  that  /(m  +  n)  =/(m)  x/(w), 
tohcUever  m  and  n  ma^  he,  is  still  more  important.  The  principle 
is  merely  this ;  the  form  of  any  algebraical  product  is  the  same 

T.  A.  'ift 
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whether  the  factors  represent  whole  numbers  or  fractions,  positiye 
or  negative  numbers;  thus,  for  example, 

(a  +  6)  (a  +  c)  =  a'  +  (6  +  c)  a  +  be 

is  true  whatever  a,  b,  and   c   may  be.      Hence   we   infer   that 
y*(m)  ^/{n)  will  have  the   same  form  in  all  cases,   whether  w 
and  n  be  positive  integers  or  not. 

The  student  may  also  notice  the  proof  of  this  result  which  is 
given  in  the  Theory  of  Equations,  Chapter  xxiv, 

519.  The  most  difficult  point  however  to  be  considered  is  the 
meaning  of  the  sign  =  in  the  assertion 

{l+xy  =  l  +  nx  +  '^^^1^K'  + (1). 

Suppose,  for  example,  that  w  =  —  1,  then  the  above  becomes 

(l  +  aj)-'  =  l-aj  +  a?'-aj"+ (2). 

Now  we   know   that    the   sum    of   r    tenns    of   the   series 

l—x  +  x'  —  x^-\- is  — =-^ — -  ;   hence  when  x  is  numerically 

less  than  xuiity,  by  taking  enough  terms  of  the  series,  we  can 

obtain  a  result  differing  as  little  as  we  please  from  = ,  and  thus 

we  can  in  this  case  understand  the  assertion  in  (2).  But  when 
X  is  numerically  greater  than  unity,  there  is  no  such  numerical 

approximation  to  the  value  of  _ obtained  by  taking  a  large 

L  "r  X 

number  of  terms  of  the  series  1  —  a;  +  oj'  —  a;^  + 

We  shall  see  in  the  chapter  on  the  Convergency  of  Series,  that 
when  X  is  numerically  less  than  unity,  we  can  form  a  definite 
conception  of  the  series  on  the  right  of  (1)  whatever  n  may  be. 
In  this  case  there  is  no  difficulty  in  the  assertion 

/{m  +  n)  =/(m)  x/{n) ; 

each  of  the  three  series  which  it  involves  is  arithmetically  intelli- 
gible. But  when  x  is  numerically  greater  than  unity,  we  cannot 
give  an  arithmetical  meaning  to  the  series  or  to  the  assertion;  all 
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we  ouglit  to  say  is,  that  if  we  form  the  product  of  the  first  r 
terms  of/{m)  and  the  first  r  terms  of/{n),  the  first  r  terms  of  the 
result  will  agree  with  the  first  r  terms  o£  /(m-\-n);  but  this  will 
not  justify  us  in  writing /(w  +  n)  =/(m)  x/(n). 

On  the  whole  then  we  may  conclude  that  the  Binomial  Theo- 
rem for  the  expansion  of  (1  +  x)*  gives  a  result  which  is  arithme- 
tically intelligible  and  true  when  x  is  numerically  less  than  unity; 
in  what  sense  the  result  is  true  when  x  is  numerically  greater 
than  unity  has  not  yet  been  explained  in  an  elementary  manner. 
The  subject  of  the  expansion  of  expressions  is  however  properly 
a  portion  of  the  Differential  Calculus,  to  which  the  student  must 
be  referred  for  a  fuller  consideration  of  the  difficulties. 

520,     To  find  the  numericallt/  greatest  term  in  the  expansion 

o/{l+x)\ 

We  consider  x  as  positive. 

I.  Suppose  n  a  positive  integer.     The  (r  +  1)"*  term  may  be 

7j 7*  +  1 

formed  by  multiplying  the  t^  term  by  x,  that  is,  by 

( Ijx;  and  this  multiplier  diminishes  as  r  inci'eases.     Put 

f!L±l.l)a:  =  l,     therefore  ;,  =  (!^±^. 
\  P  /  ^       x+l 

If  p  be  an  integer,  two  terms  of  the  expansion  are  equal, 
namely,  the  p*^  and  the  (p  +  1)***,  and  these  are  greater  than  any 
other  term.  If  p  be  not  an  integer,  suppose  q  the  integral  part  of 
p,  then  the  (q  +  ly^  term  is  the  greatest. 

II.  Suppose  n  positive  but  not  integral.  As  before,  the 
(r  4- 1)***  term  may  be  formed  by  multiplying  the  r"*  term  by 

If  then  X  be  greater  than  unity,  there  is  no  greatest  term;  for 
the  above  multiplier  can,  by  increasing  r,  be  made  as  near  to  -  a? 
as  we  please;  that  is,  each  term  from  and  after  some  ti.x.ed  tierssjL 
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can  be  made  as  nearly  as  we  please  numericaMy  x  times  tbe  pre- 
ceding term,  and  thus  the  terms  increase  without  limit.     But  if  x 

(ti  +  \\x 
be  less  than  unity  there  will  he  a  greatest  term;  for  if  |?  =  ^^ !r-  , 

then  as  long  as  r  is  less  than  p  the  multiplier  is  greater  than 
unity,  and  the  terms  go  on  increasing ;  but  when  r  is  greater  than 
p  the  multiplier  is  less  than  unity,  and  so  long  as  it  continues 
positive  it  diminishes  as  r  increases;  and  when  the  multiplier 
becomes  negative  it  is  still  numerically  less  than  unity ;  so  that 
each  term  after  r  has  passed  the  value  p  is  numerically  less  than 
the  preceding  term.  Hence,  as  in  the  first  case,  if  ^  be  an  integer, 
the  p^  term  is  equal  to  the  {p+  Vf^  term,  and  these  are  greater 
than  any  other  term ;  if  ^  be  not  an  integer,  suppose  q  the  in- 
tegral part  of  p,  then  the  {q  + 1)'^  term  is  the  greatest. 

III.     Suppose  n  negative. 

Let  m  =  —  w,  so  'that  m  is  positive.    The  numerical  value  of  the 
(r  +  Yf^  term  may  be  obtained  by  multiplying  that  of  the  r^  term 

by  ( j  X,  that  is,  by  I +  1  j  a:. 


If  X  be  greater  than  unity  we  may  shew,  as  in  the  second  case, 
that  there  is  no  greatest  term.     If  x  be  less  than  unity,  put 

X 


( + 1 )  a;  =  1,     therefore  p  =  ^-r — 

\   p  J  .  ^        1- 


If  I?  be  a  positive  integer,  the  p^^  term  is  equal  to  the  (p  + 1)*** 
term,  and  these  are  greater  than  any  other  term,  lip  be  positive 
but  not  an  integer,  suppose  q  the  integral  part  of  p,  then  the 
{q  +  1)*  term  is  the  greatest,  lip  be  negative,  then  m  is  less  than 
unity;  in  this  case  each  term  is  less  than  the  preceding,  and  the 
first  term,  that  is,  unity,  is  the  greatest. 

We  have  supposed  throughout  that  x  is  positive ;  if  a;  be  nega- 
tive, put  y  =  —  a;,  so  that  y  is  positive ;  then  find  the  numerically 
greatest  term  of  (1  +  y)",  and  this  will  also  be  the  numerically 
greatest  term  of  (1  +  a;)". 


x\ 


BINOMIAL  THEOREM.     ANY  EXPONENT.  309 

521.     The  first  teiia  of  the  expansion  of  (1  +  a)"  is  unity;  any 
other  term  is  known  since  the  (r  +  1)"*  term  is 

n(n-l) (n-r  +  1)^, 

[r 

This  expression  is  called  the  general  term,  because  by  putting 

1,  2,  3, successively  for  r,  it  gives  us  in  succession  the  2°*, 

3*^,  4***, terms;  that  is,  we  can  obtain  from  it  any  term  after 

the  first.  The  expression  for  the  general  term  may  be  modified  in 
particular  cases,  and  sometimes  simplified,  as  will  be  seen  in  the 
following  examples : 

(1  +  a:)"*.     Here  w  =  —  wi;  the  general  term  becomes 

(-m)  (— m  — 1) {—m  —  r-\- 1) 

[7 

which  may  be  written 

^(^  +  1) (m  +  r-l)      ^y^^ 

[r  \      /     ' 

(1  +  x)K     Here  w=  i;  the  numerator  of  the  coefficient  of  af  is 

if  r  is  not  less  than  2,  this  may  be  written 

1.3.5.7 (2r~3)  .      .,.1 

hence  in  the  expansion  of  (1  +  a?)%  the  first  term  is  1,  the  second 
is  ^x^  and  any  subseqiient  term  may  be  found  by  putting  for  the 
(r  + 1)*^  term 

1.3.5.7 ( 2r  —  3)  /    - v __,  _ 

^\F^ ("^^    ^• 

(1 +«)"''.     This  is  a  particular  case  of  (1 +«)"".     The  co- 
efficient of  a;*'  is 

2.3.4...      (2-hr-l)  ^_  jj,^  ^^^  is,  (r  + 1)  (-  ly. 
IT 
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(1  —  x)"'.     By  the  preceding  example  the  (r  + 1)***  term  is 
(^  +  1)  (_  1)'(-  x)%  that  is,  (r  +  1)  x\ 

522.  A  Multinomial  expression  may  be  raised  to  any  power 
by  repeated  use  of  the  Binomial  Theorem;  thus,  for  example, 

{a  +  6  +  c}'  =  {a  +  (6  +  c)}'  =  a»+3a'(6  +  c)  +  3a(6  +  c)'+(6  +  c)»; 

if  we  now  expand  {b  +  c)'  and  (6  +  c)'  and  put  the  resulting  ex- 
pansions in  the  place  of  these  quantities  respectively,  we  shall 
obtain  the  expansion  of  {a  +  b  +  c}'.     Similarly, 

{a  +  5  +  c  +  c?}'  =  {a  +  (5  +  c  +  rf) }'  =  a'  +  3a*  (5  +  c  +  rf) 

the  expansion  may  then  be  completed  by  finding  the  expansion 
of  (6  +  c  +  c?)*  and  of  (6  +  c  +  rf)'  in  the  manner  just  exemplified. 
Or  we  may  proceed  thus, 

{a  +  6  +  c  +  dY={{a  +  h)  +  (c  +  d)Y=  (a+hf 

+  3(a  +  5)"(c  +  rf)  +  3(a  +  6)(c  +  rf)»  +  ((;  +  c^)'; 

the  expansion  may  then  be  completed  by  expanding  (a  +  b)\ 
{a  +  by,  (c  +  dy,  and  (c  +  dy,  and  effecting  the  requisite  multipli- 
cations. 

523.  To  find  the  number  of  homogeneous  prodtccts  of  r  dimen- 
sions that  can  be  formed  out  of  n  letters  a,  b,  c, and  tlieir 

powers. 

By  common  division,  or  by  the  Binomial  Theorem, 

1 


1  — 005 
1 

1-bx 

I 

1  —  ex 


=  1  +  oaj  +  aV  +  aV  +  . .. 


=  l+5a;  +  5V  +  5V+. 


=  l+ca3+cV  +  cV+  . 
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Thus 

-= . r-.  :; =  <  1  +  OX  +  tt'o^ -^  aV  + I 

l—ax    1  ^ox   1  —  cx  I  ) 

x|l+6aj  +  5V  +  5V+ I  X  |l  +  caj+cV  +  cV+ \ 

=  1  +  S^x  +  S^af  +  S^a?  + suppose. 


Here  S^=a-\-b-\-c-\- , 

^»  =  a*  +  a6  +  6*  +  oc  + 


S^  =  a^-\-a'h  +  ahc  +  h^  + 


that  is,  S^  is  equal  to  the  sum  of  the  quantities  a,  h,  c, j  fS^  in 

equal  to  the  sum  of  all  the  products,  each  of  two  dimensions,  that 

can  be  formed  of  a,  6,  c,  and  their  powers ;  S^  is  equal  to 

the  sum  of  all  the  products,  each  of  three  dimensions,  that  can  be 
formed ;  and  so  on.  To  find  the  number  of  products  in  any  one 
of  these  sets  of  products,  we  put  a,  6,  c,  each  =  1;  thus 

111  1 

.  -; — =— .  -; becomes  — or  (1  -a;)'*. 

l-ax    l-bx    i^cx  (1-03/       ^         ' 

Hence  in  this  case  S^  is  the  coefficient  of  of  in  the  expansion 
of  (1 -«)-";  that  is, 

_^n(n  +  l) (n  +  r  —  l) 

\?  • 

This  is  therefore  the  number  of  homogeneous  products  of  r  dimen- 
sions that  can  be  formed  out  of  a,  6,  c,  and  their  powers. 

524.  To  find  the  number  of  terms  in  the  expansion  of  wny 
mtdtinomial,  the  exponent  being  a  positive  integer. 

The  number  of  terms  in  the  expansion  of  (a^  +  a,  +  ag"*"  •  •  •  "^  ^r)* 
is  the  same  as  the  number  of  homogeneous  products  of  n  dimen- 
sions that  can  be  formed   out  of  a^,  a^,  a^,  a^,  and  their 

powers.     Hence,  by  the  preceding  Article,  it  is 

r(r+l)(r  +  2) (r  +  n-l) 

12? 
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525.  The  Binomial  Theorem  may  be  applied  to  extract  the 
roots  of  numbers  approximately.  Let  iV  be  a  number  whose 
n^^  root  is  required,  and  suppose  N^aT  +  h',  then 


N'  =  (or  +  6)""=  a(l+  i)"  =  a  (1  +  x)'. 


where  a;  =  -= .      If  now  a;  be  a  small  fraction,  the  terms  in  the 
a 

expansion  of  (1  +  xf  diminish  rapidly,  and  we  may  obtain  an  ap- 

1  1 

proximate  value  of  (1  +  a;)",  and  therefore  of  iV",  by  retaining 
only  a  few  of  these  terms.  It  will  therefore  be  convenient  to 
take  a  so  that  a"  may  differ  as  little  as  possible  from  iV,  and  thus 
b  may  be  as  small  as  possible.  Sometimes  it  will  be  better  to  sup- 
pose iV=a'*  — 6. 

526.  The  ratio  (a  +  a;)"  :  a*  is  nearly  equal  to  the  ratio 
a  +  nx  :  a  when  nx  is  small  compared  with  a.  This  holds 
whether  x  be  positive  or  negative,  and  for  values  of  n  whole 
or  fractional,  positive  or  negative.     See  Art.  383. 

527.  We  will  close  this  chapter  with  five  examples  which 
will  illustrate  the  use  of  the  Binomial  Theorem. 

(1)     Expand in  a  series  of  ascending  powers  of  x. 


a  +  hx 
p  +  qx 


pand  f  1  +  —  j     by  the  Binomial  Theorem;  thus  we  have 

=-(a  +  5a;)(l-i-  +^-^+ ) 

p  +  qx     p^  ^  \       p       p         p  / 


p    p\     vJ     V  \     P/ 
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Or  we  may  proceed  thus, 

.  j:       a  +  -^-     Vb — -]x  ,  .  ,  .1 

a  +  oaj _         />       \       jp/    _ a     a /,     a$'\  /-     qx\ 

p-hqx     p-\-qx        p  +  qx        p     p\       pJ\       p ) 


w3_8 


and  thus  we  obtain  the  same  result  as  before. 

This  example  frequently  occurs  in  mathematics,  especially  in 
cases  where  a;  is  so  small  that  its  square  and  higher  powers  may 
be  neglected;  we  have  then  approximately 

a  +  bx 


a  +  bx  _^a     aj  /,     aq\ 
p  +qx     p     p\       p )' 


(2)  Required  approximate  values  of  the  roots  of  the  quad- 
ratic equation  a3i?  +  6a5  +  c  =  0,  when  ac  is  very  small  compared 
with  b\ 

The  roots  are 

^b^J{V-iac) 
2a 

And  by  the  Binomial  Theorem, 

4ac\i 


V(6'-4a.)  =  6(l-^) 


_  -  r       1  4ac      1  /iac\*     1   /^cV  \ 


Thus  for  the  root  with  the  upper  sign  we  get 

c     ac*     2a*c® 
''b'"¥'"b'       

and  for  the  root  with  the  lower  sign  we  get 

b      c      a^     2aV 


a     b      b'         b'       

If  a  be  very  small,  while  b  and  c  are  not  small,  the  former  root 

does  not  differ  much  from  —  y,  and  the  latter  root  is  numerically 

very  large.     See  Art,  342. 
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It  is  deserving  of  notice  that  the  approximate  value  of  the 
root  in  the  former  case  coincides  with  what  we  shall  obtaia  in  the 
following  way.     Write  the  equation  thus, 

"For  an  approximate  result  neglect  the  term  ax'  as  small ;  thus 
we  obtain  a;  =  —  y .     Then   substitute  this  approximate   value  of 

X  in  the  term  aaj*j  thus  we  obtain 

,  ac' 

bx  +  c=—^, 

At,  4.  •  c     ac' 

that  IS,  ^  ~  ~  A  "■  A3"  • 

Again,  substitute  this  new  approximate  value  of  x  in  the  term 
aaj",  and  preserve  the  terms  involving  a  and  a*;  thus  we  obtain 

ac'     2aV 


5aj  +  c  =  —  -To-  — 


b'        b'  ' 

c      ac'     2a'c^ 

b"! 
and  so  on. 


that  is,  a;  =  -^-  .3-     .,    , 


(3)  To  prove  that  if  to  be  any  positive  integer  the  integral 
part  of  (2  +  J3y  is  an  odd  number. 

The  meaning  of  this  proposition  will  be  easily  seen  by  taking 
some  simple  cases ;  thus  2  +  ^3  lies  between  3  and  4  in  value,  so 
that  the  integral  part  of  it  is  the  odd  number  3;  (2  +  ^^3)*  will  be 
found  to  lie  between  13  and  14  in  value,  so  that  the  integral  part 
of  it  is  the  odd  number  13. 

Suppose  ^hen  /  to  denote  the  integral  part  of  (2  +  i/S)",  and 
/+  ^  its  complete  value,  so  that  i^  is  a  proper  fraction.  We  have 
by  the  Binomial  Theorem 

/  +  i^=2-  +  TO2«-^3*+^?4^^^2-»3*+ +3^ (1). 

Now  2  -^3  is  a  proper  fraction,  therefore  also  so  is  (2  —  JS)*; 
denote  it  by  F';  then 

J^^  =  2"-TO2"-^3*+^^f;^^2"-'3^- +(-l)"3^ (2). 
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Now  add  (1)  and  (2);  the  irrcUional  terms  on  the  right  dis- 
appear, and  we  have 


/+J^+^'  =  2f2"  +  ^^1^^^2-»3* 


w(n-l)(w-2)(n-3)^..,,«.  \ 

^ ir~~^  ^^ ) 

=  an  even  integer. 

But  F  and  F'  are  proper  fractions :  we  must  therefore  have 
F+F'=lf  and  /=  an  odd  integer. 

A  similar  result  holds  for  {a  +  Jb)"  if  a  is  the  integer  next 
grescter  than  ^6,  so  that  a  —  Jb  iask  proper  fraction. 

(4)  Bequired  the  sum  of  the  coefficients  of  the  first  r+1 
terms  of  the  expansion  of  (1  —  aj)"".     We  have 

(1  _a,)-  =  l  +^  +  !L<2±l)«.+  ...  ^Mn^l)      jn^r-l)^^ 
^         ^  1.2  [r 

(1  —  aj)"*  =  l  +a;  +  a;'  +  aj'+ 

Therefore  (1  —x)'^*^^^  is  equal  to  the  product  of  the  two  series. 
!Now  if  we  multiply  the  series  together,  we  see  that  tlt^  coefficient 
of  a?'  in  the  product  is 

-  n{n-\-X)  nin^-X) (n  +  r-l) 

l+«+_L_i+ 4.-J L_^X 1, 

this  must  therefore  be  equal  to  the  coefficient  of  a;**  in  the  ex- 
pansion of  (1  —  ar)"*""*"^^;  that  is,  to 

(n+l)(7H-2) (w  +  r) 

[r  ' 

tlios  the  required  summation  is  ejected. 

(5)  The  Binomial  Theorem  may  be  applied  in  the  manner 
just  shewn  to  establish  numerous  algebraical  identities;  we  will 
give  one  more  example. 
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Let        ^Kr)=^^"^-^^^^-'.^^-^^-"^^^ 

[r 

it  is  required  to  shew  that 

0  (ri,  0)  <^  (n,  r)  -  <^  (ri,  1 )  <^  (ri  -  1 ,  r  -  1 )  +  «^  {n,  2)  <^  (ri  -  2,  r  -  2) 

-'4>{n,  3)>  {n-  3,  r-  3)  + =0. 

The  expression  here  given  is  the  expansion  of 
w(w-  1)  (7i-.2)...(?i-r+  1) 


which  must  obviously  be  zero. 


(I  - 1)', 
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Expand  each  of  the  following  twelve  expressions  to  four  terms'. 

1.     (l+aj)*.  2.     (l+a)*.  3.     {\+x)\ 

4.     (l+aj)-i.  5.     (l+a;)-i.  6.     (l+a?)"*. 

7.     {a-xf.  8.     (l-2a;)*.  9.     J{a*-x% 

10.     (3a -2a;)*  11.     (a«-6a;)-i         12.     (l  +  5a;)¥. 

Find  the  (r  +  1)***  term  in  the  expansion  of  the  following  seven 
expressions : 

13.     (l-a;)-».     14.    (l-xf.     15.    {l--pxf.     16.         / 


-t/(l  -  «)• 


17.    Q.-a?)-\  18.     (l-2a!)-i  19, 

Calculate  the  following  four  roots  approximately: 

20.    J{2i).     21.     »/(999).       22.     "/(SI).      23.      iy(99000). 

24.  If  a;  be  small  compared  with  unity,  shew  that 

^fc^±»^=  1-5  nearly. 

25.  Shew  that  the  number  of  combinations  of  n  things  when 

taken  in  ones,  threes,  £ves,  exceeds  the  number  when  taken 

in  twos^  fours,  sixes,  by  unity. 
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26.     Shew  that  the  number  of  homogeneous  products  of  n 
i-xigs  of  n  dimensions  is 

\2n-l 

• 

\n\n-l 
Find  the  greatest  term  in  the  following  four  expansions ; 

m 

27.  (1  +  x)*  when  x  —  -^  and  w  =  4. 

28.  (1  +  a;)""  when x  =  -=  and  n=12, 

29.  (1  +  x)"^  when  x  =  f=  and  w  =  3. 


30.     (1  —a;)"*  when  «=  fo  and  w  =  «  . 


(IN""*' 
n — )      , 

jrhere  to  is  a  positive  integer. 

32.  Find  the  number  of  terms  in  the  expansion  of 

(a-^b  +  c  +  dy. 

33.  Find  the  first  term  with  a  negative  coefficient  in  the 

u 

spansion  of  (1  +  ^xy. 

34.  If  p  be  greater  than  n,  the  coefficient  of  af  in  the  expan- 
on  of  ^.^^^P(p'-l')(P'-n.....{p'-(n-l)'}^ 


(l-*)"  \2n-l 


8 

is 


3t>.     The  coefficient  of  a*"  in  the  expansion  of  j^ — ^r-k^ 

(1  —  3ar) 

^^^,{n+l){n  +  2){5n+S) 

^  2  • 

36.  What  is  the  coefficient  of  of*  in  the  expansion  of  7^ (-^  ? 

37.  Expand  ( )  in  ascending  powers  of  as.     Write  down 

\^  ■""  X/ 

le  coefficient  of**'  and  of  a:*'**. 
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38.  Prove  tliat  the  w'^  coefficient  in  the  expansion  of  (1  —a;)"" 
is  always  the  double  of  the  {n  —  1)***. 

39.  Shew  that  if  t^  denote  the  middle  term  in  the  expansion 
of  (1  +  xY,  then  t^-¥t^-¥t^-¥ =  (1  - ixyK 

40.  Write  down  the  sum  of 

^■'i  +  ITs^ITsni-' «^"*-^ 

41.  Find  the  sum  of  the  squares  of  the  coefficients  in  the 
expansion  of  (1  +  a;)",  where  ti  is  a  positive  integer. 

1.3.5 (2r-l)  ... 

42.  If  «  =  — r— - — y, ; — -.  provB  that 

^'         :i.4.6 'Ir     '  ^ 

43.  Prove  that   the  coefficient  of  oT  in  the  expansion  of 
qri  is  equal  to  the  coefficient  of  a?"  in  the  expansion  of 


1 


44.     Find  the  coefficient  of  aj'  in 

(1  +  2aj+  3a;'  +  4a;'+ ad  in/)\ 

XXXVII.     THE  MULTIKOMIAL  THEOREM. 

528.  .  We  have  in  the  preceding  chapter  given  some  examples 
of  the  expansion  of  a  multinomial ;  we  now  proceed  to  consider 
this  point  more  fully.     We  propose  to  find  an  expression  for  the 

general  term  in  the  expansion  of  (a©  +  (^^^  +  «a^  +  ct^x'  + )". 

The  number  of  terms  in  the  series  ^o,  a^  a,,  may  be  any 

whatever,  and  n  may  be  positive  or  negative,  integral  or  frac- 
tional. 

Put  5j  for  a^x  +  a^af -h  aj^a?  + ,  then  we  have  to  expand 

(a©  +  ^i)"  j  the  general  term  of  the  expansion  is 

n(yi-l)(7t~2) (n-'fi  +  l)  ^ 
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fi.  being  a  positive  integer.     Put  h^  for  a^x* -h  a^af -h ,  then 

6j'*=(ajaj  +  6^y*j  since  ft  is  a  positive  integer  the  general  term  of 
the  expansion  of  {a^x  +  6 J^  may  be  denoted  either  by 

r4=^-— (a.xy^K'y  or  by  -jt—UxyhJ^; 

we  wiU  adopt  the  latter  form  as  more  convenient  for  our  purpose. 

Combining  this  with  the  former  result,  we  see  that  the  general 
t^rm  of  the  proposed  expansion  may  be  written 

Again,  put  h^  for  a^cc*  +  a^aj*  + ,  then  h^"^  =  {a^x^  +  h.y*''^^ 

and  the  general  term  of  the  expansion  of  this  will  be 

Hence  the  general  term  of  the  proposed  expansion  may  be 
written 

|y|r[^/A-<y~r  \  i  /  \  a    /    a 

Proceeding  in  this  way  we  shall  obtain  for  the  required 
general  term 

n{n-l){n'-2) (yt-ft  +  1) 

where  5'  +  r  +  «  +  ^  + =  /Lt. 

If  we  suppose  n  —  iJL=p,  we  may  write  the  general  term  in 
the  form 

l£lllfli •     .     .     a     4 

where  p  +  q  +  r  +  8  +  t  + ...  .  =n. 


ar^a'a'a.'a* a;f+«'+«.+«+.. 
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Thus  the  expansion  of  the  proposed  multinomial  consists  of  a 
series  of  terms  of  which  that  just  given  may  be  taken  as  the 
general  type. 

It  should  be  observed  that  q^  r,  Sj  t,  are  always  positive 

integers,  but  p  is  not  a  positive  integer  unless  n  he  a,  positive 
integer.  When  ^  is  a  positive  integer,  we  may,  by  multiplying 
both  numerator  and  denominator  by  [/>,  write  the  coefficient 

n{n-l){n-2) (jP  +  1) 

UlrliL* 

in  the  more  symmetrical  form 

[n 


[PiSlliiii 


529.     Suppose  we  require  the  coefficient  of  an  assigned  power 

of  X  in  the  expansion  of  (a^^  +  a^x  +  a^oc^ -h )",  for   example, 

that  of  aj"*.     We  have  then 

g'  +  2r+3«  +  4«4- =m, 

p-hq  +  r  +  8  +  t  + =w. 

We  must  find  by   trial   all  the  positive  integral  values  of 

y,  r,  s,  tj  which  satisfy  the  first  of  these  equations;    then 

from  the  second  equation  p  can  be  found.  The  required  coeffi- 
cient is  then  the  sum  of  the  corresponding  values  of  the  ex- 
pression 

n(n-l)(n^2) (p+l)     „    ,    ,    ,    , 

-^-^\£[^[tT,T:Z^--  <«i'<«a'< 

When  n  18  a.  positive  integer,  then  p  must  be  so  too,  and 
we  may  use  the  more  symmetrical  form 

1 — j — j — r'-Tz a/aMJa'aJ 

LSLiLlLfli. »    1    a    8    4 


530.     For  example,  find  the  coefficient  of  x^  in  the  expansion 
of{l  +  2x+3x'  +  4:xy. 
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1 

1 

0 

2 

1 

0 

T 

1 

0 

T 

T 

T 

IT 

r 

3 

T 

Begin  wiih  the  gretiteat  admissible  value  of 
a;  this  is  8  =  2,  with  which -we  Lave  )-  =  0,?=  I, 
p  =  1.  Next  try  s  =  1 ;  with  thia  we  may  have 
r-  2,  q^O,  p  =  l-f  also  we  may  have  r  =  1, 
y  =  2,  p  =  0.  Next  try  s  =  0 ;  with  thia  we  may 
hare  r  =  3,  5  =  1,  p  =  0.  These  are  all  the  si>- 
lutions ;  they  are  collected  ia  the  annexed  table. 
Also  a,=  l,    a,  =  2,    a,=  3,    o,=  4.      Thus    the    requii-ed   coeffi- 

U2..4-  +  |3-.4..|2-.3..4...}|2..3-; 
that  is,            384  +  432  +  576  +  216  j  that  ia,  1608. 
Again;  find  the  coefficient  of  a^  in  the  expauaion  of 
(l  +  2a!  +  3ie'+4a^+ )*. 


+  3s  + 


..=i. 


1 

"2 

0 

0 

I 

3 

2 

1 

1 

0 

6 

3 

(1 

(1 

All  the  aolutiona  are  given  in  the  annexed 
tabl^  and  the  required  coefficient  is 


thatia,  2-=  +  ^;  that  is,  1. 

In  this  case,  since 

l  +  2a!  +  3a!'+4»^+ =  {l-xy', 

the  proposed  expression  b  {(1  —  !c)~'}',  that  is,  (1— a;)"'.     And 

(l-a:)"'  =  l  +a!  +  fl!'+a^+ ■, 

T.A.  'i\ 
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thus  we  see  that  the  coeflficient  of  as'  ought  to  be  1  ;  and  t' 
student  may  exercise  himself  hj  applying  the  multinomial  the 
rem  to  find  the  coefficients  of  other  powers  of  x,  as,  for  e 
ample,  x\ 
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Find  the  coefficients  of  the  specified  powers  of  x  in  the  fo 

lowing  expansions  : 

1.  X*  in  (1  +x  +  a^\ 

2.  a;"  in  (1  +  a^x  +  a^x*  +  a^fny. 

3.  iB«  in  (l-2a;  +  3a;»-4»y. 

4.  a;'* in  {l-^x  +  a^ +  x'  + x* -^xTf. 

5.  x'  in  (2-3a;-4»y. 

6.  ««  in  {l^x  +  2afy\ 

7.  X*  in  {2-5x^7xy. 

8.  x'  in  (1  -  2x'  +  Ax*)-\ 

9.  X*  in  {l  +  x  +  xy\ 

10.  x'  in  (l  +  2x-af)-K 

11.  x'  in  (^1-|.  + J)    . 

12.  x'  in  (l  +  2a;-4a:»-2a;T*. 

13.  «•  in  (a*  -  2a'aj  +  a;*)*. 

14.  ic*  in  (l+a;*  +  a;*  +  aj^-a;^/. 
lo.  05*  in  (l+aj  +  ay. 

16.  a;'  in  (1  +  3a;  +  5a;»  +  7a;' +  9a;*  + f. 

17.  a;'  in  (l  +  a;  +  a;'+ )'. 

18.  a;"  in  (1  +  2a;  +  3a;*)". 

19.  x"  in  (l  +  2a;  +  3a;*  +  4a;'+ )"*. 

20.  a;*  in  (^o  +  a^x  +  a^x*y. 
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21.  «»  in  (l-aj'  +  aj"-ajy. 

22.  «•  in  (1  +  aaj  +  5«*)"*. 

23.  of  in  (1  +  a^aj  +  a^aj' +  a^' + )"•. 

24.  Find  the  coefficient  of  ahi?  in  (a+  6  +  c)*. 

25.  Find  the  coefficient  of  a'6V  in  (a  —  6  -  c)'. 

26.  Find  the  coefficient  of  a'6V  in  (a  +  6  +  c  +  6?)*. 

27.  Find  the  coefficient  of  a6Vrf*  in  (a  -  6  +  c  -  6?)''. 

28.  Write  down  those  terms  in  the  expansion  of  (a  +  6  +  cf 
rhich  involve  powers  of  h  and  c  as  high  as  the  third  power  in- 
lusive. 

29.  Write  down  all  the  terms  in  the  expansion  of 

^hich  contain  6?""*. 

30.  Find  the  greatest  coefficient  in  the  expansion  of 

(a  +  6+c  +  c^y*. 

31.  The  greatest  coefficient  in  the  expansion  of 

(«!  +  ».  + +0" 

•        L? 

^here  q  is  the  quotient,  and  r  the  remainder  when  n  is  divided 

« 

32.  Shew  that  the  coefficient  of  05***  in  the  expansion  of 

(a^,  +  ajflj  +  a,a*  + )* 

is  2  Ka^p+i  +  ^i^tf  +  a^a^-i  + +  «i.«p+i)- 

33.  Expand  (1  -  2/?aj  +  aj*)"4  as  far  as  a*. 

34.  Expand  (a  +  6aj  +  cic*)~*  as  far  as  a;*. 

35.  Expand  (1  -aj-aj*-aj'/ as  far  as  a*. 

36.  In  the  expansion  of  (1  +  a?  +  a;"+ +  aj')",  where  n  is 

positive  integer,  shew  that  (1)  the  coefficients  of  the  terms  eo^v- 
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thus  we  see  that  the  coeflficient  of  as'  ought  to  be  1  ;  and  t) 
student  may  exercise  himself  by  applying  the  multinomial  the 
rem  to  find  the  coefficients  of  other  powers  of  x,  as,  for  e: 
ample,  x\ 
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Find  the  coefficients  of  the  specified  powers  of  a?  in  the  fo 

lowing  expansions  : 

1.  X*  in  (1  +  a;  4-  a^\ 

2.  x^'  in  (1  +  a^x  +  a^x'  +  a^^xy. 

3.  x""  in  (1  -  2x -^  Sx' -  Axy. 

4.  (B^^in  {l+x  +  af  +  x^-hx^  +  ody. 

5.  aj«  in  (2-3aj-4ajy. 

6.  a:«  in  (l-a;  +  2a^y^ 

7.  x^  in  {2-5x-7xy. 

8.  x'  in  (1  -  2x'  +  4xy\ 

9.  a*  in  (1  +  a;  +  a?*)"*. 

10.  a;'  in  (l  +  2a:-a;»)-*. 

11.  ««in  ^1-|  +  |)    . 

12.  a:Mn  (l  +  2a;-4a;'-2a;T* 

13.  «•  in  (a* -2a'a; +  «*)*. 

14.  X*  in  (l+aj*4-a;*  +  a;^-a;^/. 

15.  05*  in  (l+oj  +  a^". 

16.  X*  in  (l  +  3a:  +  5ai»+7a;V9a;*+ )\ 

17.  a'  in  (l  +  x  +  x'+ )«. 

18.  a'  in  (1  +  2aj  +  3a*)". 

19.  a*  in  (1  +  2a;  +  3a"  +  4aj' + )-*. 

20.  a;*  in  (^o +  »,«  + »/»*)". 
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2L     «»  in  (l-«'  +  aJ»-ajy. 

22.  aj*  in  (1  +  aaj  +  6«*)"*. 

23.  of  in  (1  +  a^aj  +  a^aj' +  a^' + )•". 

24.  Find  the  coefficient  of  ah?  in  (a+  6  +  c)*. 

25.  Find  the  coefficient  of  a'&V  in  (a  —  6  —  c/. 

26.  Find  the  coefficient  of  a'6V  in  (a  +  6  +  c  +  6?)*. 

27.  Find  the  coefficient  of  a6Vrf*  in  (a  -  6  +  c  -  6?)''. 

28.  Write  down  those  terms  in  the  expansion  of  (a  +  6  +  cf 
7hich  involve  powers  of  h  and  c  as  high  as  the  third  power  in- 
lusive. 

29.  Write  down  all  the  terms  in  the  expansion  of 

(a  +  6  +  c  +  c^)" 
v^hich  contain  6?""*. 

30.  Find  the  greatest  coefficient  in  the  expansion  of 

31.  The  greatest  coefficient  in  the  expansion  of 

(«!  +  «.  + +0" 

.  \n 

^here  q  is  the  quotient,  and  r  the  remainder  when  n  is  divided 

32.  Shew  that  the  coefficient  of  a***  in  the  expansion  of 

(a^,  +  a^a;  +  ajjO*  + )' 

is  2  (aoa^p+i  +  ai»tf  +  a.a^-i  + +  «i.«p+i)- 

33.  Expand  (1  -  ^px  +  aj*)~4  as  far  as  a;*. 

34.  Expand  (a  +  6aj  +  ca:")"*  as  far  as  a;*. 

35.  Expand  (l-aj--aj*-a;')*  as  far  as  aj*. 

36.  In  the  expansion  of  (1  +  aj  +  «*+ +  a;')",  where  n  is 

positive  integer,  shew  that  (1)  the  coefficients  of  the  terms  eo^v- 
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distant  from  the  beginning  and  the  end  are  equal ;  (2)  the  coeffi- 
cient of  the  middle  term,  or  of  the  two  middle  terms,  according  as 
nr  is  even  or  odd,  is  greater  than  any  other  coefficient ;  (3)  the  co- 
efficients continually  increase  from  the  first  up  to  the  greatest. 

37.  If  a^  ttj,  a,,  a^,    ...  be  the  coefficients  in  order  of  the 
expansion  of  (1  +  a;  +  a;*  + +  af )",  prove  that 

(1)  ao +  »!  +  ««+ +^«r  =  (^+l)*' 

(2)  aj  +  2aj,  +  3a3+ -l-wm^^  =  ^wr(r+ 1)". 

38.  K  ffoj  ^i>  <*2>  %^  be  the  coefficients  in  order  of  the 

expansion  of  (1  +  a;  +  a?"*)",  prove  that 
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531.  Suppose  a'  =  w,  then  x  is  called  the  logarithm  of  n  to  the 
base  a;  thus  the  logarithm  of  a  number  to  a  given  base  is  the 
index  of  the  power  to  which  the  base  must  be  raised  to  be  equal 
to  the  number. 

The  logarithm  of  n  to  the  base  a  is  written  log^w;  thus 
log„7i  =  X  expresses  the  same  relation  as  a'  =  n. 

532.  For  example,  3*  =  81 ;  thus  4  is  the  logarithm  of  81  to 
the  base  3. 

If  we  wish  to  find  the  logarithms  of  the  numbers  1,  2,  3, 

to  a  given  base  10,  for  example,  we  have  to  solve  a  series  of  equa- 
tions 10'=1,  10'=2,  10'=3, We  shall  see  in  the  next 

chapter  that  this  can  be  done  approximately,  that  is,  for  example, 
although  we  cannot  find  such  a  value  of  a;  as  will  make  10*  =  2 
eosactlyy  yet  we  can  find  such  a  value  of  a;  as  will  make  10'  differ 
from  2  by  as  smaU  a  quantity  as  we  please. 

We  shall  now  prove  some  of  the  properties  of  logarithms. 

533.  The  logarithm  o/  1  is  0  tohatever  the  hose  may  be. 
For  a'  =  1  when  «  =  0. 
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53i.     The  ogarithm  of  the  hose  Usel/ia  unity. 
For  oT^a  when  «=  1. 

535.     The  logarithm  of  a  prodtict  is  eqiLol  to  tlie  sum  of  the 
loga/rithms  of  its  factors. 


For  let 

(c  =  log«m,    y  =  log„w; 

therefore 

m=a%    n~a^; 

therefore 

mn  =  aV  =  a'^^; 

therefore 

log. 

mn  =  a?  +  y  =  log,m  +  log^w. 

536.  The  loga/rithm  of  a  quotient  is  equal  to  t1i/e  logarithm  of 
tJte  dividend  diminished  by  the  logarithm  of  the  divisor. 

For  let  X  =  log^m,     y  =  log^  w ; 

therefore  m  =  a',     n  =  a^; 

therefore  —  =  —  =  of  "^ : 

n     d' 

therefore  log.  —  =  a?  —  y  =  log„  m  —  log.  n. 

n 

537.  The  logarithm,  of  any  poujer,  integral  or  fractional^  of  a 
number  is  equal  to  tlis  product  of  Hie  logarithmi  of  tlie  number  by  tlie 
index  of  the  power. 

For  let  m  =  af;  therefore  m'  =  {a'J  =  a'', 

therefore  log.  (m')  =  0Dr  =  r  log^  m, 

538.  To  fmd  the  rekUion  between  the  loga/rithms  of  the  sanie 
number  to  different  bases. 

Let  X  =  log^m,     y  =  log^m ; 

therefore  m^a'  and  =6*'; 

therefore  a'  =  6*' ; 

therefore  o? —  \  and  6'=  a; 

X  'il 

therefore  -  =log»&,  and-  =  log^a. 

y  25 
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X 


Hence  y  —  x  log^a,  and  = 


loga6 ' 

Hence  the  logarithm  of  a  number  to  the  base  h  maj  be  found 
\>Y  multiplyiDg  the  logarithm  of  the  number  to  the  base  a  bj 

We  may  notice  that  Ipg^a  x  log^ft  =  1. 

539.  In  practical  calculations  the  only  base  that  is  used  is 
10;  logarithms  to  the  base  10  are  called  common  logarithms.  We 
will  point  out  in  the  next  two  articles  some  peculiarities  whicli 
constitute  the  advantage  of  the  base  10.  We  shall  require  the  fol- 
lowing definition;  the  integral  part  of  any  logarithm  is  called  the 
cha/racteristiCf  and  the  decimal  part  the  mantiaaa. 

540.  In  the  common  system  of  logarithms,  if  the  logaritlim 
of  any  number  be  known  we  can  immediately  determine  the  loga- 
rithm of  the  product  or  quotient  of  that  number  by  any  power 
of  10. 

For      iog,,io-  X  ir=  iog,,ir+ log,  JO- = iog,,ir+ Ti, 

That  is,  if  we  know  the  logarithm  of  any  number  we  can 
determine  the  logarithm  of  any  number  which  has  the  same 
figures,  but  differs  merely  by  the  position  of  the  decimal  point. 

541.  In  the  common  system  of  logarithms  the  characteristic 
of  the  logarithm  of  any  number  can  be  determined  by  inspection. 

For  suppose  the  number  to  be  greater  than  unity  and  to  lie 
between  10*  and  10""*^^;  then  its  logarithm  must  be  greater  than 
n  and  less  than  9i  + 1 ;  hence  the  characteristic  of  the  logarithm 
is  n, 

Kext  suppose  the  number  to  be  less  than  unity,  and  to  lie 
l>etween  y^  and  T7wm>  t^*  ^  between  10~"  and  lO""*"*^'*;  then 
its  logarithm  will  be  some  negative  qusuitity  between  ~n  and 
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(n+1);    hence  if  we  agree  that  the  mantissa  shall  always  be 
osUive^  the  characteristic  will  be  —  (ti  +  1). 

Further  information  on  the  practical  use  of  logarithms  will  be 
>imd  in  works  on  Trigonometry  and  in  the  introductions  to 
'ables  of  Logarithms. 

EXAMPLES  OF  LOGARITHMS. 

1.  What  is  the  logarithm  of  144  to  the  base  2  ^3  ? 

2.  What  is  the  characteristic  of  the  logarithm  of  7  to  the 
ase2] 

3.  Find  the  characteristic  of  log3  £f. 

4.  Find  log,  3125. 

5.  Give  the  characteristic  of  log^^  1230,  and  of  log,^^  -0123. 

6.  Given  log  2  =  -301030  and  log  3  = -477121,  find  the  loga- 
Lthms  of  -05  and  of  5*4. 

7.  Given  log  2  and  log  3  (see  Ex.  6),  find  the  logarithm  of  -006. 

8.  Given  log  2  and  log  3,  find  the  logarithms  of  36,  27,  and  16. 

9.  Given  log  648  =  2-81 157501,  log  864  =  2  93651374,  find 
>g  3  and  log  5. 

10.  Given  log  2,  find  log  ^(1-25). 

11.  Given  log  2,  find  log  -0025. 

12.  Given  log  2,  find  log  4/(-0125). 

13.  Given  log  2  and  log  3,  find  log  1080  and  log  (-0025)* 

14.  Having  given  log,^  2  =  -301030  and  log,^  7  =  -845098,  find 

^&o  ^^  ^^'^  *^®  logarithm  of  (  oTq)    *o  the  base  1000. 

15.  Find  the  number  of  digits  in  2**,  having  given  log  2. 

16.  Given  log  2,  and  log  5*743491  =  7591760,  find  the  fifth 
oot  of  -0625. 

17.  If  P  be  the  number  of  the  integers  whose  logarithms 
.ave  the  characteristic  p^  and  Q  the  number  of  the  inte^^itSk  tkvi 
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logarithms  of  whose  reciprocals  have  the  characteristic  —  q,  shew 

that 

log  F-logQ=p-q-\-l. 

18.  If  y  =  e*"'*«'  and  z  =  e' "*"«*,  prove  that  x  =  e'"**«*. 

19.  If  a,  b,  c  be  in  G.P.,  then  log^w,  log^w,  log^  n  are  in  h.p. 

20.  If  the  number  of  persons  bom  in  any  year  be  —  th  of 

the  whole  population  at  the  commencement  of  the  year,  and  the 

1 
number  of  those  who  die  —  th  of  it,  find  in  how  many  years  the 

population  will  be  doubled;  having  given 

log2  =  -301030,  log  180  =  2-255272,  log  181  =2-257679. 


XXXIX.     EXPONENTIAL  AND   LOGARITHMIC 

SERIES. 

542.  To  eospand  a'  in  a  series  of  ascending  powers  oj  x;  that 
is,  to  expand  a  number  in  a  series  of  asc&nding  powers  of  Us 
logarithm  to  a  given  base. 

a'={l+(a-.l)}'=l+a:(a-l)  +  ^^^\a-l)» 

x(x-l){x-2)                 x(x-l){x-2)(x-S) 
■*■         17273         ^""^^  ■*■ 1.2.3.4 ("'"^^  ^•• 

=  l  +  a;{a-l-i(a-l)»  +  J(a--l)«-i(a-l)*+ } 

+  terms  involving  a?',  a;®,  &c. 

This  shews  that  a'  can  be  expanded  in  a  series  beginning 
with  1  and  proceeding  in  ascending  powers  of  jc;  we  may  there- 
fore suppose  that 

a'=l  +  c^x  +  c^  +  CgOf  +  c^*^  + 

where  c^,  c^,  Cg,  are  quantities  which  do  not  depend  on  o^ 

and    which    therefore    remain   unchanged    however    x   may  be 
changed;  also 

.c,  =  a~l-i(a-l)»  +  J(a-.l)»-i(a-l)*+ 
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while  c^,  c^,  are  at  present  unknown ;    we  proceed  to  find 

;lieir  values.     Changing  a?  into  a?  +  y  we  have 

Dut  a'**=a'a*'  =  a*{l  +c^x-\-c^x' +  c^a^  + }. 

Since  the  two  expressions  for  a'^*  are  identically  equal,  we 
nay  assume  that  the  coefficients  of  a;  in  the  two  expressions  are 
iqual,  thus 

c^-h2c^+3cy  +  4cy-\- =c^a^ 

=-c,{l+c^y  +  cy  +  cy+ }. 

In  this  identity  we  may  assume  that  the  coefficients  of  the 
lorresponding  powers  of  y  are  equal ;  thus 

2c ^  =  c,';  therefore  ^a=  ~ir  > 

3^3  =  ^i^ii >         therefore  c^= -^  =  172^ > 

4c,  =  c^c^;        therefore  c^=^'  =  f; fel ' 


rr.1  ,        1  <^,'«J'         C,V         C,V 

Thus  a'=l+Cjaj+-|2-  +  -^+  -|^4- 

Since  this  result  is  true  for  all  values  of  x,  take  x  such  that 
,a;  =  1,  then  a;  =  — ,  and 

i     -     ,       1        1        1 

his  series  is  usually  denoted  by  e;  thus  a^^  =  e,  therefore  a  =  ef^i 
nd  Cj  =  log, a;  hence 

a'=l+(}og,a)x+^    ^'^      +'    ""y      + 

This  result  is  called  the  Exponential  Theorem* 
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Put  e  for  a,  then  log«a  becomes  log^e,  that  is>  unity  (Art  534); 


,4 


thus  e-=l  +  a:+j2-*-[3-*-[4'- 

This  very  important  result  is  true  for  all  values  of  x ;  and  the 
student  should  render  himself  so  familiar  with  it  as  to  be  able  to 
apply  it  to  special  cases.     For  example,  suppose  05=  —  1 ;  thus 

-J       1       1        111 

Or  we  may  put  any  other  symbol  for  x ;  thus  putting  nz  for  x 
we  have 

„     -  wV     wV     wV 

««=i+^+^+__+_+ 

"We  shall  in  Art.  551  make  a  remark  on  one  part  of  the  pre- 
ceding investigation,  and  we  shall  recur  hereafter  to  the  assumption 
which  has  been  made  twice  in  the  course  of  the  present  article. 

543.  By  actual  calculation  we  may  find  approximately  the 
numerical  value  of  the  series  which  we  have  denoted  by  e ;  it  is 
2-718281828 

544.  To  expand  log,  (1  +  x)  in  a  series  of  ascending  powers 

of  IL. 

"We  have  seen  in  Art.  542,  that  c^  =  log,a;  that  is,  by  the 
same  article, 

log.a  =  a-.l-i(a-l)"+i(a-l)»-i(a-l)*+ 

For  a  put  1  +a;;  hence 

log.(l  +  aj)  =  a;--2 +  3  -  j+ 

This  series  may  be  applied  to  calculate  log«  (1  +  a?)  if  x  is 
a  proper  fraction;  but  unless  x  be  very  small,  the  teims  diminish 
so  slowly  that  we  shall  have  to  retain  a  large  number  of  them; 
if  a;  be  greater  than  unity,  the  series  is  altogether  unsuitable.  We 
shall  therefore  deduce  some  more  convenient  formulae. 

545.  We  have 

Qj         Ou         X 

log;(l+a;)  =  aj--2  +  3---J+ ' 
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therefore  log,(l-a;)  =  -aj-~ -~ -~- , 

by  subtraction  we  obtain  the  value  of  log,  (1  +  a?)  -  log,  (1  -  a:), 

that  is,  of  log, ; 

1  —a? 

therefore  log^^i =2-Ja?  +  -5-  +~+ >. 

1  —a;        [^       o      o  ) 

In  this  series  write for  aj,  and  therefore  —  for  = ; 

m  +  n  n  1  —a; 

thus 

log.-=2f!?i^  +  l(^'4('^V [ (1). 

Put  w  =  1,  then 
^"«.'"  =  2(^+l(^)Vl(5^)'+ } (2). 

Again,  in  (1)   put  m  =  w  +  1,  thus  we   obtain   the  value   of 
log, j  therefore  log,(n  +  1)  -  log,7i 


~^l2n+l"*'3(2n  +  l)»"*'5(2w  +  l)*'*' | ^^^' 

5^6.    The  series  (2)  of  the  preceding  article  will  enable  us  to 
find  log,  2;  put  m  =  2,  then  by  calculation  we  shall  find 

log,2  = -69314718 

From  the  series  (3)  we  can  calculate  the  logarithm  of  either  of 

two  consecutive  numbers  when  we  know  that  of  the  other.     Put 

n  =  2,  and  bj  making  use  of  the  known  value  of  log«2,  we  shall 

obtain 

log.3  =  1-09861229 

Put  w  =  9  in  (3);  then  log, w  =  log,  9=  log,  3' =  2  log,  3  and  is 
therefore  known;  hence  we  shall  find 

log.lO=  2-30258509 

547.  Logarithms  to  the  base  e  are  called  Napierian  loga- 
rithms, from  Napier  the  inventor  of  logarithms;  they  are  also 
called  ruUurtd  logarithms^  being  those  which  occwx  ^x«k\>  \\i  ^>iit 
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investigation  of  a  method  of  calculating  logarithms.  We  have 
said  that  the  base  10  is  the  only  base  used  in  the  practical  appli- 
cation of  logarithms,  but  logarithms  to  the  Napierian  base  occur 
frequently  in  theoretical  investigations. 

548.  From  Art.  538  we  see  that  the  logarithm  of  a  number 
to  the  base  10  can  be  found  by  multiplying  the  Napierian  loga- 

rithm  by  jJ.--,  that  is.  by  grsoaWoQ '  ""^  ""^  -^3429448;  tMs 
multiplier  is  called  the  Tnodidua  of  the  common  system. 

The  series  in  Art.  545  may  be  so  adjusted  as  to  give  common 
logarithms;  for  example,  take  the  series  (3),  multiply  tbroughout 
by  the  modulus  which  we  shall  denote  by  /a;  thus 

that  is, 

log.,(.  +  1)  -  log.,n  =  2;.{^+ 3^^^ 

549.  By  Art.  542  we  have 

/^     i\-     /      «^'      ^     a5*  V 

(e--l)-=(«,  +  ^  +  j3  +  .^+ ) 

=  05*  +  terms  containing  higher  powers  of  a? (1). 

Again,  by  the  binomial  theorem, 

(e'-l)-  =  e--W"-^^  +  ^?^^J^e«--«>'- (2). 

Expand  each  of  the  terms  e",  e^""*^, ;  thus  the  coefficient 

of  x'  in  (2)  will  be 

n'        (n-ly     n{n^l){n-2Y    n{n-l){n-2){n^^y 

L^-^-lr"'"    11    ir"~        U  \L   ^ 

Hence  from  (1),  by  the  same  principle  as  in  Art  542,  we  see 
that 


n(n-Vf ,       «,      w(n-l)(w-2),       «v, 
w'-7i(n-l)'+-!^2-^(n-2)' ^ ^ '-{n-Zy 

is  =ln  i£  r=nf  and  is  =  0  if  r  be  less  than  n. 
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It  is  easy  to  see  that  the  term  on  the  right-hand  side  of  (1) 

which  involves  fic""*"*  is  oiB*"*"*.     Thus  we  get,  by  the  same  principle 
as  before, 

^-+i-^(n-l)-"^»  +  !?^?:^^(n-2)-^*-. =  in\n  +  l. 

550.     "We  ^  will  give  another  method  of  arriving  at  the  expo- 
nential theorem.     By  the  Binomial  Theorem 

/-      1\"*    -  1     nxinx—l)  1       nx (nx—1)  (nx- 2)  1 

nx  {nx  —  1)  {nx—  2)  {nx—2)  1 
that  is, 

\       71/  \       n)\       n) 


X 


^ B ' 


Put  aj=l,  then  (1+-)" 
-      ^  n      \      n)\      n)      \      n)\      n)\      n) 

-"■'*-ir* E — + B * 

('4)"={(-3-}- 


X 


('^-S  '"(*-3('»-S 


hence  1  +  a?  +        .  ,        +  .0  + 

Lf  L2 


r,      T      w      \       nJ  \      nJ  Y 

=  r  +  i+-[r-^ [3 — + }• 


Now  this  being  true  however  large  n  may  be,  will  be  time 

when  n  is  made  infinite:  then  —  vanishes  and  we  obtain 

n 
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01?      a?      x'  r ,   .  ,       1       1        1 


=  {^^l-^[2  +  [I-^[4^ }' 


that  is,  =e'. 

"We  have  thus  obtained  the  expansion  of  e'  in  powers  of  x ; 
to  find  the  expansion  of  a'  suppose  a  =  ^  so  that  c  =  log,a9  thus 

«      «.     ,  <?^     cV     cV 

a'=^=i  +cx'¥-rjr  +  -Mr+~rr  + 

\±        \±       \± 
551.     The  student  will  notice  that  in  the  preceding  article  we 

have  used  the  binomial  theorem  to  expand  a  power  of  1  +  - ,  and 

if  -is  less  than  unity,  we  are  certain  that  the  expansion  gives  an 

arithmetically/  true  result  (Art.  519).  In  the  proof  given  of  the 
exponential  theorem  in  the  first  article  of  this  chapter,  if  a  —  1  is 
greater  than  unity,  the  expansion  by  the  binomial  theorem  with 
which  the  proof  commences  will  not  be  arithmetically  intelligible ; 
and  consequently  the  proof  can  only  be  considered  sound  pro- 
vided <t  is  less  than  2.  "With  this  restriction  the  proof  is  soimd, 
and  X  may  have  any  value.  In  order  to  complete  that  proof  we 
have  to  shew  that  the  theorem  is  true  for  any  value  of  a;  and  as 
e  is  greater  than  2  we  ought  not  to  change  a  into  e  until  we  have 
removed  this  restriction  as  to  the  value  of  a.  This  restriction 
can  be  easily  removed ;  for  in  the  theorem 

*     1     /I        N        Oog,a)V     (log,a)V 
a'=  1  +  (log.a)aj+  ^    '="   '      +^   ^      + 

put  a  =  A^,  and  by  taking  y  small  enough  A  may  be  made  as 
great  as  we  please,  while  a  is  less  than  2.     Then 

log.a  =  ylog,^; 
thus 

.«.!/!     .\       (iog.^)vv   aog,A)yx'' 

A^=l-\-(log,A)yx+^   ^'    '^      +v   ^-^y      + 

therefore,  putting  z  for  ya;, 

A'=l+(log.A)z+^   ^'^     +^   ^'^     + 

thus  the  exponential  theorem  is  proved  universally. 


Given  logj,,3  =  •47712  and  ,_  ,^^= -43429,  apply  the  above 
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552.     We  Iiave  found  in  Art.  550,  that  when  n  increases 

without  limit  f  l+-j     ultimately  becomes  c'j  in  the  same  way 

we   may  shew  that  when  n  increases  without  limit  [  1  +  -  j 
ultimately  becomes  e". 

EXAMFLl^   OF  LOGARITHIIIC  SERIES. 

1.  Prove  that  log,  (a;  +  1)  =  2  log,  x  -  log,  («  —  1 ) 

~^{2srn'^ 3(2^31)  -^ }• 

log.  10 

series  to  calculate  logj^,  11. 

2.  Shew  that  log,  {x  +  2A)  =  2  log,  (x-hh)  —  log,  x 

./     h'  1      h'         1      y  1 

\{x+hy  '^  2  {x+ hy  "^  3  {x-hhy'^ /* 

3.  If  a,  6,  c  be  three  consecutive  numbers, 
log.c  =  21og,6-log,a 

gT       1  1  1  \ 

l2ac+l  ■*'3(2ac  +  l)'"^5(2ac+l)*"*' )' 

4.  If  \  and  fi  be  the  roots  of  oo;'  +  hx  +  c  =  Oy  shew  that 

log  (a~-hx  +  cx^)  =  log  a+  {\  +  fi)x ^r-^  x'-\- 

5.  Log,{l  +  1  +05+  (1  +  a;)*}  =  3  log,  (1  +  a;) -log,  a; 

f      1  1_J 1 \ 

1(1 +a;/"^  2(1 +«)*''*■  3  (1+a;/"*" J* 

6.  Log,(a;+l)  =  ^-log,«-^|r_.iog,^ 

2     r    1  2        3_  _^        I 
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...      -B«        a!«        ^ 


7.     Log.(l+a.)'(l-a:r=j:^+£j+£g  + 


501 

8.  Find  the  Napierian  logarithm   of  j^r^.     To  how  many 

decimal  places  is  your  result  corrects 

9.  Assuming  the  series  for  log,  (1  +  x)  and  e',  shew  that 

nearly  when  n  is  large ;  and  find  the  next  term  of  the  series  of 
which  the  expression  on  the  second  side  is  the  commencement. 

10.  Find  the  coefficient  of  as"  in  the  development  of 

a-\-hx  +  cot? 


11.     Shew  that 


2  2  2 

lo2r,4  =  1  +  .    ^   ^  +  ^    .    ^  + 


^*  1.2.3     3.4.5     5.6.7  

12.     Shew  that 


7i"+« 


XL.     CONVERGENCY  AND  DIVERGENCY  OF  SERIES. 
553.     The  expression 

in  which  the  successive  terms  are  formed  by  some  regular  law, 
and  the  number  of  the  terms  is  unlimited,  is  called  an  injmk 
series. 
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554.  An  infinite  series  is  said  to  be  convergent  when  the  sum 
>f  the  first  n  terms  cannot  numerically  exceed  some  finite  quan- 
itj  however  great  n  may  be. 

555.  An  infinite  series  is  said  to  be  divergent  when  the  sum 
>f  the  first  n  terms  can  be  made  numerically  greater  than  any 
inite  quantity,  by  taking  n  large  enough. 

556.  By  the  sum  of  an  infinite  series  is  meant  the  limit 
owards  which  we  approximate  by  continually  adding  more  and 
nore  of  its  terms. 

For  example^  consider  the  infinite  series 

1  +»  +  »*+ , 

.nd  suppose  x  a  positive  quantity* 
"We  know  that 

-f ajj-ic  + -^x*  *  =  i . 

1  -x 

Hence  if  a?  be  less  than  1,  however  great  n  may  be,  the  sum 
»f  the  first  n  terms  of  the  series  is  less  than ;  the  series  is 

1  —X 

herefore  convergent.     And  as  by  taking  n  large  enough,  the  sum 
f  the  first  n  terms  can  be  made  to  differ  from by  as  small 

1—03 

quantity  as  we  please,  ^ is  the  sum  of  the  infinite  series. 

x  ——  X 

If  X  =  1,  the  series  is  divergent;  for  the  sum  of  the  first  n 
3rms  is  n,  and  by  taking  sufficient  terms  this  may  be  made 
reater  than  any  finite  quantity. 

If  05  is  greater  than  1,  the  series  is  divergent;  for  the  sum 

a?"—  1 
f  the  first  n  terms  is  ^  >  which  may  be  made  greater  than 

ay  finite  quantity  by  taking  n  large  enough, 

557.  An  infinite  series  in  which  all  the  terms  are  of  the  same 
\gn  is  divergent  if  each  term  is  greater  than  some  assigned  finite 
uantiti/y  however  small* 

T.  A.  TI 
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For  if  each  term  is  greater  than  the  quantity  c,  the  sum  of  the 
first  n  terms  is  greater  than  nc,  and  this  can  be  made  greater  than 
any  finite  quantity  by  taking  n  large  enough. 

558,  An  infinite  series  of  terms^  the  signs  of  which  a/re  dter- 
natdy  positive  and  negative,  is  convergent  if  each  term  be  numeri- 
colli/  less  than  the  preceding  term. 

Let  the  series  be  Wj  —  w^  +  Wg  —  w^  +  . . .. ;  this  may  be  written 

and  also  thus, 

From  the  first  mode  of  writing  the  series  we  see  that  the  sum 
of  any  number  of  terms  is  a 'positive  quantity,  and  firom  the 
second  mode  of  writing  the  series  we  see  that  the  sum  of  anj 
number  of  terms  is  less  than  u^ ;  hence  the  series  is  convergent. 

It  is  necessary  to  shew  in  this  case  that  the  sum  of  any 
number  of  terms  is  positive;  because  if  we  only  know  that  the 
sum  is  less  than  u^,  we  are  not  certain  that  it  is  not  a  negative 
quantity  of  unlimited  magnitude. 

559.  An  infinite  series  is  convergent  if  from  and  afi&r  any 
fixed  term  the  ratio  of  each  term  to  the  preceding  term  is  numen- 

cally  less  than  some  quantity  which  is  itself  numerically  less  than 
unity. 

Let  the  series  beginning  at  the  fixed  term  be 


u^  +  u^  +  u^  + 


and  let  S  denote  the  sum  of  the  first  n  of  these  terms.     Then 

S=u^+u^-hu^+ +u^ 


f-     u„     u^  u^     u.  u.^  u,  1 

'•  I       «*,      w,  u^     ^3  u^  u^  J 


Now  first  let  all  the  terms  be  positive,  and  suppose 
-^  less  than  h,       -^  less  than  h,       -^  less  than  h, 

W,  '  U^  ^8 
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Then  S  is  less  than  u^  {l  +  k  +  ^+ +  ^"~*};  that  is,  less 

than  «*,  .j — T-.      Hence  if  i  be  less  than  unity,  S  is  less  than 

= — ^-T ;   thus  the  sum  of  as  many  terms  as  we  please  beginning 

with  Wj  is  less  than  a  certain  finite  quantity,  and  therefore  the 
series  beginning  with  u^  is  convergent. 

Secondly,  suppose  the  terms  not  all  positive;  then  if  they  are 
all  negative,  the  numerical  value  of  the  sum  of  any  number  of 
them  is  the  same  as  if  they  were  all  positive;  if  some  are  positive 
and  some  n^ative,  the  sum  is  numerically  less  than  if  they  were 
all  positive.     Hence  the  infinite  series  is  still  convergent. 

Since  the  infinite  series  beginning  with  w,  is  convergent,  the 
infinite  series  which  begins  with  any  fixed  term  before  u^  will  be 
also  convergent;  for  we  shall  thus  only  have  to  add  a  Jinite 
number  o£ finite  teims  to  the  series  beginning  with  u^, 

560.  An  infinity  series  is  divergent  if  from  and  after  a/ny 
fixed  term  the  ratio  of  each  term  to  the  preceding  term  is  greater 
than  unity,  or  equal  to  unity,  and  the  terms  are  all  of  the  same  sign. 

Let  the  series  beginning  at  the  fixed  term  be 

and  let  S  denote  the  sum  of  the  first  n  of  these  terms.     Then 

<S»  =  w,  +w«  +  w,  + +u 

1  jf  o  n 

f-       U.       U.  U^       W4  U.  W-  1 

H  Wj        M,  U^       W3  U^  U^  ) 

Now,  first  suppose 

-^  greater  than  1,      -^  greater  than  1,      -^  greater  than  1, 

Then  S  is  numerically  greater  than  ^^{1+1  + +1}, 

that  is,  numerically  greater  than  nu^.  Hence  S  may  be  made 
numerically  greater  than  any  finite  quantity  by  taking  n  large 
enough,  and  therefore  the  series  beginning  with  u^  is  divergent. 
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Next,  suppose  the  ratio  of  each  term  to  the  preceding  to  be 
unity;  then  S=nu^,  and  this  may  be  made  greater  than  any  finite 
quantity  by  taking  n  large  enough. 

And  if  we  begin  with  any  fixed  term  before  w^  the  series  will 
obviously  still  be  divergent. 

561.  The  rules  in.  the  preceding  articles  will  determine  in 
many  cases  whether  an  infinite  series  is  convergent  or  divergent. 
There  is  one  case  in  which  they  do  not  apply  which  it  is  desirable 
to  notice,  namely,  when  the  ratio  of  each  term  to  the  preceding  is 
less  than  unity,  but  continually  approaching  unity,  so  that  we 
cannot  name  any  finite  quantity  k  which  is  less  than  unity,  and 
yet  always  greater  than  this  ratio.  In  such  a  case,  as  will  appear 
from  the  example  in  the  following  article,  the  series  may  be  con- 
vergent or  divergent. 

562.  Consider  the  infinite  series 

1111 

— I —  ^ —  ^ 1- 

F     2^     S**     4^ 


Here  the  ratio   of  the  n^   term  to   the  (n—l)^   term  is 

( j  ;  if  ^  be  positive,  this  is  less  than  unity,  but  continnallj 

approaches  to  unity  as  n  increases.  This  case  then  cannot  be 
tested  by  any  of  the  rules  already  given ;  we  shall  however  prove 
that  the  series  is  convergent  if  p  be  greater  than  unity,  and 
divergent  if  p  be  unity,  or  less  than  unity. 

I.     Suppose  p  greater  than  unity. 

The  first  term  of  the  series  is  1,  the  next  two  terms  are  toge- 
2 
ther  less  than.  ^,   the   following  four  terms  are  together  less 

4  .         .  8 

than  -7^,   the  following  eight  terms  are  together  less  than  ^y 

and  so  on.     Hence  the  whole  series  is  less  than 

-      2      4      8 

1H 1 4- 1- 

2'     4'     8^     
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that  is^  less  than 


l+aj  +  aj"  +  a5"  + 


2 
where  a;  =  — .     Since  p  is  greater  than  unity,  x  is  less  than 

unity;  hence  the  series  is  convergent. 

II.  Suppose  p  equal  to  unity. 

The  series  is  now  1+k+o  +  t  +  ^+ 

2      o     4     o 

The  first  term  is  1,  the  second  term  is  ^ ,  the  next  two  terms 

2       1 
are  together  greater  than  j  or  ;r,  the  following  four  terms  are 

4       1 
together  greater  than  ^  or  ^,  and  so  on.     Hence  by  taking  a 

sufficient  number  of  terms  we  can  obtain  a  sum  greater  than 

any  finite  multiple  of  ^ ;  the  series  is  therefore  divergent. 

III.  Suppose  p  less  than  unity  or  negative. 

Each  term  is  now  greater  than  the  corresponding  term  in  II. ; 
the  series  is  therefore  a  fortiori  divergent. 

563.  We  will  now  give  a  general  theorem  which  can  be 
proved  in  the  manner  exemplified  in  the  preceding  article.  If 
(^  {x)  be  positive  for  all  positive  integral  values  of  x,  and  continually 
diminish  as  x  increases,  and  m  be  any  positive  integer,  then  the 
two  infinite  series 

<^(l)  +  ^(2)  +  ^(3)  +  <^(4)  +  <^(5)+ 

and  <^(l)  +  m<^(m)  +  m'<^(m*)  +  m'<^(m')  + 

are  both  convergent  or  both  divergent 

Consider  all  the  terms  of  the  first  series  comprised  between 
<^  (m*)  and  <^(m**^),  includiog  the  last  and  excluding  the  first,  k 
being  any  positive  integer;  the  number  of  these  terms  ism*"*^^— m*, 
and  their  sum  is  therefore  greater  than  m*  (m  —  1)  <^  (m*"^^).  Thus 
all  the  first  series  beginning  with  the  term  4>kP^*^^^  ^'^^  ^'^ 
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7W  —  1 

greater  than  - — - —  times  tlie  second  series  beginning  with  the 

term  m'"''*  <^  (m*^*).     Thus  if  the  second  series  be  divergent,  so  also 
is  the  first.  , 

Again,  the  terms  selected  from  the  first  series  are  less  than 
rw*  (m  —  1)  ^  (m*).  Thus  all  the  first  series,  beginning  with  the 
term  <^  (tw*  +1)  will  be  less  than  m  —  1  times  the  second  series 
beginning  with  w*'<^  (m*).  Thus  if  the  second  series  be  con- 
rergent,  so  also  is  the  first. 

As  an  example  of  the  use  of  this  theorem  we  may  take  the 
following;  the  series  of  which  tlie  general  term  is  — ^= r-  is  con- 
vergent if  p  he  greater  than  unity,  and  divergent  if  ^  be  equal  to 
unity  or  less  than  unity.  By  the  theorem  the  proposed  series  is 
convergent  or   divergent  according   as  the  series  of  which  the 


m" 


general  term  is  —;rf\ ;i^is  convergent  or  divergent;  the  latter 

general  term  is  -=. r— -r,  so  that  it  bears  a  constant  ratio  to  the 

general  term  —  for  all  values  of  n.  Hence  the  required  result 
follows  by  Art.  562. 

564.     The  series  obtained  by  expanding  (1  +a?)*  by  the  bino- 
mial theorem  is  convergent  if  a;  be  less  than  unity. 

For  the  ratio  of  the  (r  + 1)*^  term  to  the  r*^  is x;  now 

Ti^^r •\-\    , 
when  r  is  greater  than  n,  the  fiictor   is  numerically 

less  than  unity,  though  it  continually  approaches  to  unity.    If 

then  X  be  less  than  unity,  the  product x  will,  when  r  is 

greater  than  n,  be  always  numerically  less  than  a  quantity  which 
is  itself  numerically  less  than  unity.  Hence  the  series  is  (xni" 
vergent.     (Art.  559.) 
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565.  The  series  obtained  by  expanding  log(l  +05)  in  powers 
of  a;  is  convergent  if  a;  be  less  than  nnitj. 

For  the  ratio  of  the  (r  + 1)*^  t^rm  to  the  r^  is =-.    If  then 

X  be  less  than  unity,  this  ratio  is  always  numerically  less  than  a 
quantity  which  is  itself  numerically  less  than  unity.  Hence  the 
series  is  oonyergent.     (Art.  559.) 

566.  The  series  obtained  by  expanding  of  in  powers  of  x 
is  always  convergent. 

For  the  ratio  of  the  (r  + 1)*^  term  to  the  r^  is  ^-5^ .     What- 

ever  be  the  value  of  x^  we  can  take  r  so  large  that  this  ratio  shall 
be  less  than  unity,  and  the  ratio  will  diminish  as  r  increases. 
Hence  the  series  is  always  convergent.     (Art.  559.) 


EXAMPLES   OF  CONVEBGENCY  AND  DIVEBGENCY  OF  SEBIES. 

Examine  whether  the  following  ten  series  are  convergent  or 
divergent : 

-  a  d'  a* 

1.     + 0-+ «-+ 

m-hp     m-¥  2p     TTh-hop 

nil  1 

x{x  +  a)     (a;  +  2a)  (05  +  3a)      (as  +  4a)  (a;  +  5a) 

2         5       10      17  w*+l 

m  +  »     m  +  2o     m+3o 

4.    ^+ 5-^+ 3-^+ 

a  a  a 

5.  (a+l)«  +  (a  +  2)»a;  +  (a  +  3)»a;*+ 

6.  l*  +  2'a;  +  3V+ 

1          1               1               1 
^'     2'*"l  +  v'2"*"  1  +  ^/3  ■*"l  +  v'4'*" 
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^         X  a?  a? 

g, 4- I- + 

1111 

10.  r  +  ^"a;+3V+ 

1 1 .  Suppose  that  in  tlie  series  u^+u^  +  u^+u^-^- each  term 

is  less  than  the  preceding;  then  shew  that  this  series  and  the  series 

Wq  +  2Wj  +  2 Vg  +  2^Wy  +  2*Wjg  + are  convergent  and  divergent 

together. 

12.  Shew  that  the  series 

12      3 

is  convergent  if  9^  be  greater  than  2^  and  divergent  if  7»  be  less 
than  2  or  equal  to  2. 


XLI.     INTEREST. 

567.  Interest  is  money  paid  for  the  use  of  money.  The  snm 
lent  is  called  the  Principal,  The  ATOOunt  is  the  sum  of  the 
Principal  and  Interest  at  the  end  of  any  time. 

568.  Interact  is  of  .two  kinds,  simple  and  compound.  When 
interest  of  the  Principal  alone  is  taken  it  is  called  simple  interest; 
but  if  the  interest  as  soon  as  it  becomes  due  is  added  to  the 
principal  and  interest  charged  upon  the  whole,  it  is  called  com- 
pound interest. 

569.  The  rate  of  interest  is  the  money  paid  for  the  use  of  a 
certain  sum  for  a  certain  time.  In  practice  the  sum  is  usnallj 
£100  and  the  time  one  year;  and  when  we  say  that  the  rate  of 
interest  is  £4.  6s.  8d.  per  cent.,  we  mean  that  £4.  6s,  Sd.,  that  is, 
£4 J,  is  due  for  the  use  of  £100  for  one  year.  In  theory  it  is 
convenient,  as  we  shall  see^  to  use  a  symbol  to  denote  the  interest 
of  one  pound  for  one  year. 
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570.  To  find  the  amount  of  a  given  sum  in  any  time  at  simple 
nterest. 

Let    P  be  the  principal  in  pounds. 

n  the  number  of  years  for  which  interest  is  taken, 
r  the  interest  of  one  pound  for  one  year. 
M  the  amount. 

Since  r  is  the  interest  of  one  pound  for  one  year,  Pr  is  the 
aterest  of  P  pounds  for  one  year,  and.therefore  nPr  the  interest 
f  P  pounds  for  n  years; 
heref ore  M=sP-^  Pnr, 

From  this  equation  if  any  three  of  the  four  quantities  My  P, 
,  r  are  given,  the  fourth  can  be  found;  thus 

M  _M-P  M-P 

1  +  nr'         ^^     Pr    '         ^ "     Pn    ' 

571.  To  find  the  amouTU  of  a  given  sum  in  any  time  at  com- 
ound  interest. 

Let  P  denote  the  amount  of  one  pound  in  one  year,  so  that 
?  =  1  +  r,  then  PP  is  the  amount  of  P  in  one  year ;  the  amount 
f  PP  in  one  year  is  PPE  or  PP',  which  is  therefore  the  amount 
f  P  in  tu^  years  at  compound  interest.  Similarly  the  amount 
f  PP'  in  one  year  is  PP^,  which  is  therefore  the  amount  of  P 
1  three  years.  Proceeding  thus  we  find  that  the  amount  of  P  in 
years  is  PP'; 

lerefore  M=PP'. 

Hence  P-^  logM-logP      j._fMx\ 

±lence  ^_^,     n^        j^        ,     P-[j)' 

The  interest  gained  in  n  years  is  M—P  or  P  {E"  —  1). 

572.     Next  suppose  interest  is  due  more  frequently  than  once 
year;  for  example,  suppose  interest  to  be  due  every  quarter, 

id  let  J  be  the  interest  of  one  pound  for  one  quarter.     Then,  at 
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compound  interest,  the  amount  of  -P  in  w  years  is  P  (I+7)  \ 
for  the  amount  is  obviously  the  same  as  if  the  number  of  years 

T 

were  4»,  and  j  the  interest  of  one  pound  for  one  year.  Simi- 
larly, at  compound  interest,  if  interest  be  due  g  times  a  year,  and 
the  interest  of  one  pound  be  -  for  each  interval,  the  amount  of 

-P  in  w  years  is  P  ( 1  +  -j  • 

At  simple  interest  the  amount  will  be  the  same  in  the  cases 
supposed  as  if  the  interest  were  payable  yearly,  r  being  the  inter- 
est of  one  pound  for  one  year, 

573.  The  formulas  of  the  preceding  articles  have  been  ob- 
tained on  the  supposition  that  n  is  an  integer;  we  may  therefore 
ask  whether  they  are  true  when  n  is  not  an  integer.     Suppose 

n  =s  m  +  -,  where  m  is  an  integer  and  -  a  proper  fraction.    At 

simple  interest  the  interest  of  P  for  m  years  is  Pmr;  and  if  the 
borrower  has  agreed  to  pay  for  any  fraction  of  a  year  the  9am 

Pt  .  .  t>  r 

fraction  of  the  annual  interest^  then  —  is  the  interest  of  r  for 

of  a  year;   hence  the  whole  interest  is  Pttvr  4-  — ,  that  is, 

Pnty  and  the  formula  for  the  amount  holds  when  n  is  not  an 
integer.  Next  consider  the  case  of  compound  interest;  the 
amount  of  -P  in  m  years  will  be  PPT;  if  for  the  fraction  of  a  year 
interest  is  due  in  the  same  way  as  before,  the  interest  of  PBT  for 

(l\th                      PPTr  fi    ^\ 

-)  of  a  year  is ,  and  the  whole  amount  is  PPT  (1  +-l. 

On  this  supposition  then  the  formula  is  not  true  when  n  is  not 
an  integer.     To  make  the  formula  true  the  agreement  most  be 

that  the  amount  of  one  pound  at  the  end  of  l-j  of  a  year 
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ball  be  (1  +»*)'*,  and  therefore  tlie  interest  for  f-j  of  a  year 

[  +  r)i^  _  1.  This  supposition  though  not  made  in  practice  is 
ften  made  in  theory,  in  order  that  the  formulae  may  hold  uni- 
ersally. 

Similarly  if  interest  is  payable  q  times  a  yeai*  the  amount  of 

*  in  n  years  is-P(l+-j  ,by  Art  672,  if  w  be  an  integer;  and 

is  assumed  in  theory  that  this  result  holds  if  n  be  not  an 
iteger. 

574.     The  amount  of  P  in  w  years  when  the  interest  is  paid 

times  a  year  is  P  fl  +-j  ,  by  Art.  572;  if  we  suppose  q  to 

Lcrease  without  limit,  this  becomes  Pe"*"  (Art.  652),  which  will 
lerefore  be  the  amoimt  when  the  interest  is  due  every  moment. 

675.  The  Present  value  of  an  amount  due  at  the  end  of  a 
Lven  time  is  that  sum  which  with  its  interest  for  the  given  time 
ill  be  equal  to  the  amount.  That  is,  (Art.  567),  the  Principal  is 
le  present  vaZue  of  the  amount. 

576.  Discount  is  an  allowance  made  for  the  payment  of  a 
un  of  money  before  it  is  due. 

From  the  definition  of  present  vcdue^  it  follows  that  a  debt  due 
;  some  future  period  is  equitably  discharged  by  paying  the 
resent  value  at  once;  hence  the  discount  will  be  equal  to  the 
nount  due  diminished  by  its  pnesent  value. 

677.     To  find  the  present  value  of  a  sum  due  at  tJie  end  of 
given  time  and  the  discount, 

Let  P  be  the  present  value,  M  the  amount,  D  the  discount, 
tbe  interest  of  one  pound  for  one  year,  n  the  number  of  years, 
tbe  amount  of  one  pound  in  one  year. 

At  simple  interest : 

if=P(l  +  nr),  (Art.  570)-, 
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M 


therefore  F  = 


Mnr 


B^M-'F^ 


At  compound  interest : 

M^FBT,  (Art.  571); 

therefore  jT  =  -^, , 

578.     In  practice  it  is  very  common  to  allow  the  interest  of  a 
sum  of  money  paid  before  it  is  due,  instead  of  the  discount  as  here 

defined.     Thus  at   simple  interest,  instead  of  z the  payer 

^  '  1+wr  ^"^ 

would  be  allowed  Mnr  for  immediate  payment. 


EXAMPLES   OP   INTEREST. 

1.  Shew  that  the  discount  is  half  the  harmonic  mean  between 
the  sum  due  and  the  interest  on  it. 

2.  The  interest  on  a  certain  sum  of  money  is  £180,  and  the 
discount  on  the  same  sum  for  the  same  time  and  at  the  same  rate 
is  £150;  find  the  sum. 

3.  If  the  interest  on  £,A  for  a  year  be  equal  to  the  discount 
on  £jB  for  the  same  time,  find  the  rate  of  interest. 

4.  If  a  sum  of  money  doubles  itself  in  40  years  at  simple 
interest,  what  is  the  rate  of  interest? 

5.  A  tradesman  marks  his  goods  with  two  prices,  one  for 
ready  money,  and  the  other  for  a  credit  of  6  months ;  what  ratio 
ought  the  two  prices  to  bear  to  each  other,  allowing  5  per  cent 
simple  interest? 
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6.  Find  in  how  many  years  JCIOO   will  become  £1050   at 
per  cent,  compound  interest;  having  given 

log  14  =  1-14613,     log  15  =  1-17609,    log  16  =  1-20412. 

7.  Find  how  many  years  will  elapse  before  a  sum  of  money 
ebles  itself  at  3^  per  cent,  compound  interest;  having  given 

log  10350  =  401494,  log  3  =  -47712. 

8.  If  a  sum  of  money  at  a  given  rate  of  compound  interest 
;cuniulate  to  p  times  its  original  value  in  m  years,  and  to  q 
mes  its  original  value  in  n  years,  prove  that 

n  =  m  logy  q, 

XLII.     EQUATION  OF  PAYMENTS. 

579.  When  different  sums  of  money  are  due  from  one  person 
3  another  at  different  times,  we  may  be  required  to  find  the  time 
t  which  they  may  all  be  paid  together,  so  that  neither  lender 
lor  borrower  may  lose.  The  time  so  found  is  called  the  equaled 
Ime, 

580.  To  find  the  equated  time  of  payment  of  two  sums  due  aJt 
lifferent  tirnes  supposing  simple  interest. 

Let  jPj,  P,  be  the  two  sums  due  at  the  end  of  times  <,,  t^ 
respectively;  suppose  t^  greater  than  t^;  let  r  be  the  interest  of 
one  pound  for  one  year,  x  the  equated  time. 

The  condition  of  fairness  to  both  parties  may  be  secured  by 

supposing  that  the  discount  allowed  for  the  sum  paid  before  it  is 

due  is  equal  to  the  interest  charged  on  the  sum  not  paid  until 

%fter  it  is  due. 

P  (t  —x)r 

The  discoimt  on  P,  for  t^-x  years  is  -  "\' hr-  ; 

'         '        -^  l  +  {t^-x)r 

the  interest  on  P,  for  x-t^  years  is  P,  (a;  -t^)r; 
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This  will  give  a  quadratic  equation  in  x,  namely, 
P,«b'  -  {P^r  («.  + 1,)  +  P.  +  P.}  a;  +  P^rt^t^  +  i>,<.  +  P/^  =  0 ; 
that  root  must  be  taken  which  lies  between  t^  and  t^. 

581.     Another  method  of  solving  the  question  of  the  preced- 
ing article  is  as  follows : 

P 

The  present  value  of  Pj  due  at  the  end  of  ^^  years  is  - — ^— ; 

p 
the  present  value  of  P^  due  at  the  end  of  t^  years  is  ^j — ^— ; 

P  +F 

the  present  value  of  P  +P  due  at  the  end  of  x  years  is  -^ . 

1  -hxr 

Hence  we  may  propose  to  find  the  equated  time  of  payment, 
a?,  from  the  equation 

P  P  P   4-P 


l-^t^r     l-ht^r       1  +  ar  ' 

582.  If  such  a  question  did  occur  in  practice  however  the 
method  would  probably  be  to  proceed  as  in  the  first  solution,  with 
this  exception,  that  the  lender  would  allow  interest  instead  of  dis- 
count on  the  sum  paid  before  it  was  due;  thus  we  should  find  a; 
from 

F,{t,-x)r=P^{x-t;)r; 

therefore  (P^  -^F^x^  P^t^  +  P,^,. 

In  this  case  the  interest  on  P^  +  P^  for  x  years  is  equal  to  the 
sum  of  the  interests  of  P^  and  P^  for  the  times  t^  and  t^  respect- 
ively; this  follows  if  we  multiply  both  sides  of  the  last  equation 
by  r.  This  rule  is  more  advantageous  to  the  borrower  than  that 
in  Art.  580,  for  the  interest  on  a  given  amount  is  greater  than  the 
discount.     See  Art.  577. 

583.  Suppose  there  are  several  sums  P^,  P^,  P3, due  at 

the  end  of  times  t^y  t^,  t^,  , respectively,  and  the  equated  titM 

of  payment  is  required. 
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The  first  method  of  solution  (Art.  580)  becomes  very  compli- 
cated in  this  case,  and  we  shall  therefore  omit  it. 

The  second  method  (Art.  581)  gives  for  determining  the 
equated  time  Xy 

P,  P,  P.  ^i  +  ^,  +  Pa+ 

1  J.  9     .      I     3 I  j^         I 2 8 

If  we  denote  the  sum  of  the  terms 

^1  P.  P.  V,     ^     P 


l-htjT     l  +  t^r     l  +  t^r     ^       l  +  <r' 

and  the  sum  of  the  terms 

P^  +  P,+  P^+ bySP, 

•we  may  write  the  above  result  thus, 

\l+tr/      1  +  ar 
The  third  method  (Art.  582),  gives 

«^(^x+A+A+ )=A^  +  A«-+^A+ ; 

which  may  be  written  x^P  =  %PL 

584.  Equation  of  'payments  is  a  subject  of  no  practical  im- 
portance, and  seems  retained  in  books  chiefly  on  account  of  the 
apparent  paradox  of  different  methods  occurring  which  may 
appear  equally  fair,  but  which  lead  to  different  results.  We 
refer  the  student  for  more  information  on  the  question  to  the 
article  Discount  in  the  English  Cyclopcedia.  We  may  observe, 
however,  that  the  difficulty,  if  such  it  be,  arises  from  the  fact  that 
simple  interest  is  almost  a  fiction ;  the  moment  any  sum  of  money 
is  due,  it  matters  not  whether  it  is  called  principal  or  interest,  it 
is  of  equal  value  to  the  owner;  and  thus  if  the  interest  on  bor- 
rowed money  is  retained  by  the  borrower,  it  ought  in  justice  to 
the  lender,  to  be  united  to  the  principal,  and  charged  with  in- 
terest afterwards. 

585.  If  compound  interest  be  allowed,  the  solutions  in 
Arts.  580  and  581  will  give  the  same  result. 
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For  the  solution  according  to  Art.  580  will  be  as  follows : 

the  discount  on  P^  for  t^  —  x  years  is  P^  ( 1  —  -p^zx ) , 

the  interest  on  P^  for  x  —  t^  years  is  P^  {I^'*^  —  ^)> 

therefore  P^  (l  -  ^^  =  P,  (iT"*!  -  1). 

From  this  equation  x  must  be  found;  by  transposition  we 
shall  see  that  this  is  the  same  equation  as  would  be  obtained  by 
the  method  of  Art.  581 ;  for  we  obtain 

P 

P  4.  P —?—  4-  P  P'-h  • 

therefore  '  ^^   ^  =  »r  +  ^  > 

which  shews  that  x  is  such  that  the  present  value  of  Pj  +  i^^ 
due  at  the  end  of  x  years  is  equal  to  the  sum  of  the  present 
values  of  P^  and  P^  due  at  the  end  of  t^  and  t^  years  respectively. 

586.     If  there  be  different  sums  P^,  P^,  P3, due  at  the 

end  of  <,,  t^j  <3, years   respectively,  the  equated   time  of 

payment,  a?,  allowing  compound  interest,  may  be  found  from 

P  +P  +P  + P       P       P 

■wHcli  may  be  written 


nr 


<^- 


587.  We  have  said  in  Art.  580,  that  we  must  take  that  root 
of  the  quadratic  equation  which  lies  between  t^  and  t^\  we  will 
now  prove  that  there  will  in  fact  be  always  one  root^  and  only 
one,  between  t^  and  t^. 

We  have  to  shew  that  the  equation 
has  one  root,  and  only  one,  lying  between  t^  and  t^ 
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The  expremon 

is  obviously  pofUive  when  a;  =  <^.  If  this  eoopression  is  arranged 
in  the  form  ao^  +  hx-h  c/  the  coefficient*  a  is  negative,  being  —  F^r; 
hence  t^  must  lie  between  the  roots  of  the  equation  hy  Art.  339 ; 
that  is,  one  root  is  greater  than  t^  and  one  root  less  than  t^  It  is 
obvious  too  that  no  value  of  x  less  than  t^  can  make  the  expression 
vanish,  so  there  cannot  be  a  root  of  the  equation  less  than  t^ ; 
there  must  then  be  one  root  between  t^  and  ^,,  and  one  root  greater 
than  t^ 

It  may  be  remarked  that  the  value  x  =  t,  +  -  also  makes  the 

*    r 

expression  positive,  and  so  the  root  which  is  greater  than  t^  must 
by  Art  339  be  greater  than  ^g+  -. 


MISCELLANEOUS   EXAMPLES. 

1.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
£400  due  two  years  hence,  the  other  of  £2100  due  eight  years 
hence,  at  5  per  cent.    (Art.  580.) 

2.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
X20  due  at  the  present  date,  the  other  of  £16.  5s,  due  270  days 
hence,  the  rate  of  interest  being  twopence-halfpenny  per  hundred 
pounds  per  day.     (Art.  580.) 

3.  Find  the  equated  time  of  paying  two  sums  of  money  due 
at  different  epochs,  interest  being  supposed  due  every  moment. 

4.  A  sum  of  money  is  left  by  will  to  be  divided  into  three 
parts  such  that  their  amounts  at  compound  interest,  in,  a,h,  c 
years  respectively,  shall  be  equal;  determine  the  parts. 

6.  If  a  and  n  be  positive  integers,  the  integral  part  of 
{a  +  s/{cb'- 1)}"  is  odd. 

6.  If  a  and  n  be  positive  integers,  the  integral  part  of 
{^(a*  +  1)  +  a}"  is  odd  when  n  is  even,  and  even  when  n  ia  odd. 

T.A.  ^^ 
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7.  Shew  that  the  remainder  after  n  terms  of  the  expansion  of 
( )  in  a  series  of  ascending  powers  of  a;  is 

{-  l)*g*     {n+l)a  +  nx 
a"-'      •        (»  +  «)»      • 

8.  If  \l/ (w, r)  =  n{n  —  l) (n—  2)  ...  (n  — r  + 1),  shew  that 
^(w>r)  =  ^(w-2,  r)  +  2in^(n-2,  r-l)+r (r-l)^(w-2,  r-2). 

9.  If  fj}  (w,  r)  =  — ^ iL_  _v ^z  ^  shew  that 

<l>{n,  m)  =  ^ (?i—  »2  +  1, 1)  +  <^ (m  —  1,  1)  ^ (t*  —  m  + 1,  2) 

+  ^(w-l,  2)  ^(r&-m  +  l,  3)+ 

10.  With  the  same  notation  shew  that 

a-{a+l3)<t>{n,  l)  +  (a  +  2)S)  <^.(?i,  2) -  (a  +  3jS)  ^  (ti^  3)  + 

+(-l)"(a  +  w)S)«^(w,  n)=0. 

11.  If  «  be  the  sum  of  n  terms  of  a  geometric  progression 
whose  first  term  is  a  and  common  ratio  1  +03,  where  x  is  yery 
small,  shew  that 


n 


12.     If  a  quantity  change  continuously  in  value  from  a  to  6 

in  a  given  time  t^,  the  increase  at  any  instant  bearing  a  constant 

ratio  to  its  value  at  that  instant,  prove  that  its  value  at  any  time 

t 


<  wiU  be  a  ^|V\     (Ai-t.  574.) 


XLIII.    ANNUITIES. 

588.  To  find  the  amount  of  a/rt  annuity  left  unpaid  for  any 
nmnher  of  years,  allowing  simple  interest  upon  each  sum  from  the 
time  it  becomes  due. 

Let  A  be  the  annuity,  n  the  number  of  years,  r  the  interest  of 
one  pound  for  one  year,  M  the  amount. 
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At  the  end  of  the  first  year  A  becomes  due,  and  at  the  end  of 
the  second  year  the  interest  of  the  first  annuity  is  r^l;  at  the  end 
of  this  year  the  principal  becomes  2-4,  therefore  the  interest  due 
at  the  end  of  the  third  year  is  2rA;  in  the  same  way  the  interest 
due  at  the  end  of  the  fourth  year  is  ^A;  and  so  on;  hence  the 
whole  interest  is 

rA+2rA  +  3rA+ +{n-l)rA; 

that  is,  n{n-l)rA  ^  ^^  ^^^^^ 

and  the  sum  of  the  annuities  is  nA ; 
therefore  M=nA  +  — ^^ — -  rA. 

689.  To  Jvnd  the  present  value  of  an.cmnuity,  to  continue  for 
a  certain  number  of  years,  allomng  simple  interest. 

Let  F  denote  the  present  value;  then  P  with  its  interest  for 
n  years  should  be  equal  to  the  amount  of  the  annuity  in  the  same 
time;  that  is, 

F+Pnr  =  nA+  -^^ — -rA; 

therefore  p^nA^\n{n-\)TA  ^ 

1  +7ir 

590.  Another  method  has  been  proposed  for  solving  the 
question  in  the  preceding  article. 

The  present  value  of  A  due  at  the  end  of  1  year  is , 

(Art.  577);  the  present  value  of  A  due  at  the  end  of  2  years  is 

A  A 

- — -zr-  ;  the  present  value  of  A  due  at  the  end  of  3  years  is  = — — , 
1 4-  2r  '^  "^  1  +  3r' 

and  so  on ;  the  present  value  of  the  annuity  for  n  years  should 

be  equal  to  the  simi  of  the  present  values  of  the  different  payments : 

hence 


j,_A    1            1            1  1    \ 

U+r'^l  +  2}-"*".l  +  3r'^ ■^'l^Tirr 


^^— ^ 
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591.  Some  writers  on  Algebra  have  adopted  the  solution 
giyen  in  Art.  589,  and  others  that  in  Art.  590 ;  we  have  abeady 
intimated  in  a  similar  case  (Art.  584),  that  the  solution  of  sucli 
questions  by  simple  interest  must  be  unsatisfactory.  The  student 
may  consult  on  this  point  "Wood's  Algebra,  the  Treatise  on  Arith- 
metic  and  Algebra  in  the  Library  of  Useful  Knowledge,  p.  102; 
Jones  on  the  Vcdue  of  Annuities  a/nd  Reversionary  Paymefnis^ 
YoL  I.  p.  9  j  and  the  article  Discount  in  the  English  Cydopcedia, 

592.  The  formulae  in  Aii».  589  and  590  make  the  value  of  a 

perpetual  annuity  injlnite.     For  the  value  of  F  in  Art  589  may 

be  written 

A  +  i(n-l)rA 

1  ' 

~  +  r 

n 

when  n  is  infinite  the  denominator  of  this  expression  becomes  r, 
and  the  numerator  becomes  infinite;  thus  P  is  infinite.  The 
series  given  for  F  in  Art.  590  also  becomes  infinite  when  n 
is  infinite. 

This  result  is  another  indication  that  the  value  of  annuities 
should  be  estimated  in  a  different  way.  We  proceed  to  the 
supposition  of  compound  interest. 

593.  To  find  the  am<ywnt  of  am,  annuity  left  unpaid  for  any 
number  ofyewrsy  allowing  compound  interest. 

Let  A  be  the  annuity,  n  the  number  of  years,  R  the  amoant 
of  one  pound  in  one  year,  M  the  required  amount. 

At  the  end  of  the  first  year  A  is  due;  at  the  end  of  the 
second  year  RA  is  the  amount  of  the  first  annuity,  hence  the 
whole  sum  due  at  the  end  of  the  second  year  is  RA  +  A^  that  is, 
(J?  +  l)ii;  similarly  at  the  end  of  the  third  year  the  whole  sum  dae 
is  R(R-\-\)A-\-Aj  that  is,  (IP+R-\-\)A]  and  so  on;  hence  the 
whole  sum  due  at  the  end  of  n  years  is 

(ir-'  +  it"-»+ +l)i!; 

thus  i/  =  -5 r-^. 
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594,  To  find  the  'present  valtie  of  cm  annuity,  to  continue  for 
\  certain  number  of  years,  allowing  compound  interest 

Let  P  denote  the  present  value;  then  the  amount  of  P  in 
I  years  should  be  equal  to  the  amount  of  the  annuity  in  the 
ame  time;  that  is, 

herefore  P  =    -7    ..    ^= ^ —  A, 

M—  1  r 

595.  "We  may  also  solve  the  question  of  the  preceding  article 
►y  supposing  P  equal  to  the  sum  of  the  present  values  of  the 
Lifferent  payments. 

The  present  value  of  A  due  at  the  end  of  1  year  is  -^ , 

■ 

the  present  value  of  ii  due  at  the  end  of  2  years  is  -^ ; 

the  present  value  of  A  due  at  the  end  of  3  years  is  -p  j 

and  so  on; 

,        .                 ^    A      A       A  A 

herefore  ^^'r'^I^^^'^ "^  ^ 


R\     pr) 


A  (1  -i^-) 


1 —    i?-i 

If  the  present  value  of  an  annuity  A  for  any  number  of  years 
e  mAy  the  annuity  is  said  to  be  worth  m  yeari  purchase. 

596.     Tofmd  the  present  value  of  a  perpetual  annuity. 
Suppose  n  =  infinity  in  the  formula 

bus  ^=:b3i  =  7- 
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597.     To  find  the  present  valus  of  an  annuity^  to  commence  at ' 
the  end  of^  yea/rsj  and  then  to  continue  q  years. 

The  present  value  of  an  annuity  to  commence  at  the  end  of 
p  years,  and  then  to  continue  q  years,  is  found  by  subtracting  the 
present  value  of  the  annuity  for  p  years  from  the  present  value  of 
the  annuity  for  p  -^q  years ;  thus  we  obtain 

If  the  annuity  is  to  commence  at  the  end  of  p  years,  and  then 
to  continue  for  ever,  we  must  suppose  q  infinite,  and  the  present 

value  becomes  -tt — =-.     This  may  be  obtained  directly;  for  the 

H—  1 

present  value  is  the  sum  of  the  following  infinite  series, 

AAA 


J^^l  J^^2         J^ 


+  ..• 


598.  The  preceding  article  may  be  applied  to  calculate  the 
fine  which  must  be  paid  for  the  renewal  of  a  lease.     Suppose  an 

estate  to  be  worth  £A  per  annum,  and  that  a  lease  of  the  estate 
is  granted  for  p-hq  years  for  a  certain  sum  of  money  paid  down; 
and  suppose  that  when  q  years  have  elapsed,  the  lessee  wishes  to 
obtain  a  new  lease  for  p  +  q  years ;  he  must  therefore  pay  a 
sum  equivalent  to  the  value  of  an  annuity  of  £A  to  begin  at  the 
end  of  p  years,  and  to  continue  for  q  years.  This  sum  is  called 
the  fine  to  be  paid  for  renewing  q  years  of  the  lease. 

599.  We  have  hitherto  in  the  present  chapter  confined 
ourselves  to  the  case  in  which  the  interest  and  the  annuity  are 
due  only  once  a  year.  We  will  now  give  a  more  general  pro- 
position. 

To  find  the  amount  of  an  annuity  left  unpaid  for  n  yea/rs^  (U 
compound  interest,  supposing  interest  due  q  tim^s  a  year,  and  the 
annuity  payable  m  times  a  yea/r, 

r  /l\^ 

Let  -  be  the  interest  of  one  pound  for  (-j     of  a  year; 

then  by  Art.    573,   the    amount  of  one  pound  in  s  years  in 


( 
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1  +  —  J    whether  8  be  an  integer  or  not;  thus  the  amount  of  one 

pound  for  f— j  of  a  year  is  n+-j    ;  we    shall  denote  this 

by  p.  Let  a  be  the  instalment  of  the  annuity  that  shouI4  be 
paid  each  time;  then  the  amount  of  the  annuity  at  the  end  of  n 
years  is  the  sum  of  the  following  mn  terms  : 

alp-^-^+p-^-'  +  p""- + +P+1}, 

p*""-  1 


that  is,  a 


that  is,  a  ^ 


1 


EXAMPLES   OF  ANNUITIES. 

In  the  examples  the  interest  is  supposed  compound  unless 
otherwise  stated. 

1.  A  person  borrows  £600.  58.]  how  much  must  he  pay 
annually  that  the  whole  debt  may  be  discharged  in  35  years, 
allowing  simple  interest  at  4  per  cent.  1 

2.  Determine  what  the  rate  of  interest  must  be  in  order  that 
the  present  value  of  an  annuity  for  a  given  number  of  years,  at 
simple  interest,  may  be  equal  to  half  the  sum  of  the  annuities. 

3.  A  freehold  estate  of  £100  a  year  is  sold  for  £2500;  at 
w^hat  rate  is  the  interest  calculated  ? 

4.  The  reversion,  after  2  years,  of  a  freehold  worth  £168.  2s. 
a  year  is  to  be  sold;  what  is  its  present  value,  supposing  interest 
at  2  J  per  cent.  1 

5.  If  20  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue a  certain  number  of  years,  and  26  years'  purchase  for  an 
annuity  to  continue  twice  as  long;  what  is  the  rate  i^^t  c«v>Ai,\ 
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6.  When  3^  per  cent,  is  the  rate  of  interest,  find  what  sum 
must  be  paid  now  to  receive  a  freehold  estate  of  X320  a  year 
10  years  hence;  having  given 

log  1-032=  -0136797,  log  7-29798  =  -8632030. 

7.  Supposing  an  annuity  to  continue  for  ever  to  be  worth 
25  years'  purchase,  find  the  annuity  to  continue  for  3  years  which 
can  be  purchased  for  £625, 

8.  A  sum  of  jSIOOO  is  lent  to  be  repaid  with  interest  at  4 
per  cent,  by  annual  instalments,  beginning  with  X40  at  the  end 
of  the  first  year,  and  increasing  30  per  cent,  each  year  on  the 
last  preceding  instalment.  Find  when  the  debt  will  be  paid  off; 
having  given 

log  2  =  -30103,         log  3  =  -47712. 

9.  What  is  the  present  value  of  an  annuity  which  is  to  com- 
mence at  the  end  of  p  years,  and  to  continue  for  ever,  each  pay- 
ment being  m  times  the  preceding  ?  What  limitation  is  there 
as  to  ml 

10.  What  sum  will  amount  to  £1  in  20  years,  at  5  per  cent, 
the  interest  being  supposed  to  be  payable  every  instant  ? 

11.  If  interest  be  payable  every  instant,  and  the  interest  for 

/1\* 
one  year  be  (  —  )    of  the  principal,  find  the  amount  in  n  years. 

12.  A  person  borrows  a  sum  of  money,  and  pays  off  at  the 
end  of  each  year  as  much  of  the  principal  ais  he  pays  interest  for 
that  year;  find  how  much  he  owes  at  the  end  of  n  years. 

13.  An  estate,  the  clear  annual  value  of  which  is  £A  is  let 
on  a  lease  of  20  years,  renewable  every  7  years  on  payment  of  a 
fine ;  calculate  the  fine  to  be  paid  on  renewing  interest  being 
allowed  at  six  per  cent. ;  having  given 

log  106  =  2-0253059,  log  4-688385  =  -6710233, 

log  3-118042  =  -4938820. 
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14.  A  person  with  a  capital  of  £a,  for  which  he  receives 
iterest  at  r  per  cent.,  spends  every  year  £h,  which  is  more  than 
is  original  income.     In  how  many  years  will  he  be  ruined? 

Ex.  If  a  =1000,  r  =  ^y  6=90,  shew  that  he  will  be  mined 
efore  the  end  of  the  17th  year;  having  given 

log  2  =  -3010300,        log  3  =  4771213,        log  7  =  -8450980. 


XLIY.     CONTINUED  FRACTIONS. 


600.    Every  expression  of  the  form  a± -j-  is  called 

a 

c± -r- 

e  sfe&c. 
carUirmed  fraction. 

We  shall  confine  our  attention  to  contiaued  fractions  of  the 

1 
3rm  a+ = — ,  where  ct,  h,  c, are  all  positive  integers. 

C  +  &C. 

For  the  sake  of  abbreviation  the  continued  fraction  is  some- 
imes  written  thus :  a  +  r — 


6  +  c  +  &c. ' 

When  the  number  of  the  terms  a,  h,  c, is  finite,  the  con- 

[nued  fraction  is  said  to  be  terminating;  such  a  continued  frac- 
Lon  may  be  reduced  to  an  ordinary  fraction  by  effecting  the 
perations  indicated. 

601.     To  convert  a/ay  ^ven  fraction  into  a  continued  fraction. 

Let  —  be  the  given  fraction;  divide  m  by  n,   let  a  be  the 
aotient  and  p  the  remainder;  thus 

m  «  1 

—  =a+-c  =  a+  -! 

n  n  n 


362  CONTINUED  FEACTIONS. 

diyide  n  hj  p,  let  b  be  the  quotient  and  q  the  remainder;  thus 


n     ,      q     y      1 
P           P          P 

9 

Similarly, 

p           r           1 
91           9           2 

and  so  on. 

T 

Thus 

m                  1 

-—  —  nr  4- 

C*  T                     _         ■ 

n            _         1 

^4- 

c  +  &c. 

If  m  be  less  than  n,  the  first  quotient  a  is  zero. 

"We  see  then  that  to  convert  a  given  jfraction  into  a  continued 
fraction,  we  have  to  proceed  as  if  we  were  finding  the  greatest 
common  measure  of  the  numerator  and  denominator,  and  we 
must  therefore  at  last  arrive  at  a  point  where  the  remainder  is 
zero  and  the  operation  terminates;  hence  every  fraction  can  be 
converted  into  a  terminating  continued  fraction. 

602,  The  fractions  formed  by  taking  one,  two,  three,  &c.  of 

the  quotients  of  the  continued  fraction  a  +  t -, —  are  called 

converging  fractions  or  convergents.   Thus  the  first  convergent  is  a; 

the  second  is  formed  from  a  +  r  i  it  is  therefore  — 7 — :  the  third 

0  0 

1  c 

is    formed    from    a  + =  ,     that    is,    from    a  +  £ r- ,    it  is 

,     1 '  '  oc  +  1 ' 

6  +  - 
c 

. ,       ^       ahc  +  a  +  c 

tnerelore  — z = — :  and  so  on, 

6c +  1     ' 

603.  The  convergents  taken  in  order  a/re  altemoitely  less  and 
greater  tha/n  the  continued  fraction. 

The  first  convergent  a  is  too  small  because  the  part  7 — -j--  '^ 
omitted;  a  +  v  is  too  great  because  the  denominator  5  is  too 
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small;  a  + r-  is  too  small  because  6  +  -  is  too  great;  and 

e 
so  on. 

604.     To  prove  the  Icmjo  of  formcUion  of  the  successive  con- 
vergents, 

rni       /.    .    .1                         ,           a     ah  +  1     ahc+a+c      .. 
The   first  three  oonvergents  are  •=-,   — 7 — ,   — r ^ — j   the 

numerator  of  the  third  is  c  (ah  + 1)  +  a,  that  is,  it  may  be  formed 
by  multiplying  the  numerator  of  the  second  by  the  third  quotient, 
and  adding  the  numerator  of  the  first ;  the  denominator  of  the 
third  fraction  may  be  formed  in  a  similar  manner  by  multiplying 
the  denominator  of  the  second  by  the  third  quotient,  and  adding 
the  denominator  of  the  first.  "We  shall  now  shew  by  induction 
that  such  a  law  holds  universally. 

Let  - ,  — > ,   -77 ,  be  three  consecutive  convergents,  m,  m',  m", 
the  corresponding  quotients;  and  suppose  that 

Let  m'"  be  the  next  quotient;   then   the  next   convergent 

/'  ...  .  .    ' 

differs  from  "^  only  in  taking  in   the   additional  quotient  m'", 

so  that  "we  have  to  write  w!'  -^f—TTi  instead  of  m";  thus  the  next 

m 

convergent 

('^''"^^7^''*"^     7n!^my+p)+p'     mV  +  y 

If  therefore  we  suppose 

P   =m  p  +p   ana  q   =m  q  +qy 


jr  „"/ 


the  next  convergent  to  -p  will  be  equal  to  S??  j  thus  the  converg- 
ent^  may  be  formed  by  the  same  law  that  was  supposed  to 
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P 
hold  for  "^7]  but  the  law  has  been  proved  to  be  applicable  for 

the  third  convergent,   and  therefore  it  is  applicable  for  every 
subsequent  convergent. 

"We  have  thus  shewn  that  the  successive  convergents  vn/iy  be 
formed  according  to  a  certain  law;  as  yet  we  have  not  proved 
that  when  they  are  so  formed  each  convergent  is  in  its  lowest 
terms,  but  this  will  be  proved  in  Art.  606. 

605.  The  difference  between  any  two  consecutive  convergents 
is  a  fraction  whose  numerator  is  unity,  and  denominator  the  pro- 
duct of  the  denominators  of  the  convergents. 

This  is  obvious  with  respect  to  the  first  and  second  converg- 

^     ah  +  1     a     1 
ents,  for  — =■ t  =  r  • 

0  I       0 

Suppose  the  law  to  hold  for  any  two  consecutive  convergents 
- ,  ^ ;  that  is,  suppose  p'q  -pq'  =  ±  1,  so  that 

then,      pc[  -  p'(i'  =  {m'y  -hp)  (( -p'  {m''q'  +  2')  =  pS''  -  g/  =  =f  1, 
sothat  X?7-'^  =  =F-77-7; 

thus  the  law  holds  for  the  next  convergent.     Hence  it  is  univer- 
sally true. 

606.  All  convergents  an*e  in  their  lowest  terms. 

For  if  the  numerator  and  denominator  of  -  had  any  common 
measure  it  would  divide  j^'g  -  je)^''  or  unity,  which  is  impossibla 

607.  Every  convergent  is  nearer  to   the  continued  fraction 
than  any  of  the  preceding  convergents. 

We  shall  prove  this  by  shewing  that   every  convergent  is 
nearer  to  the  continued  fraction  than  the  preceding  convergent 
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P     P'     P" 


I^t  -,  -7>  '^  be  consecutive  convergents  to  a  continued 

fraction  x\  then  ^,  =  — ^A — -  .     Now  x  differs  from  ^,  only  in 
'  <i      m"q  +  g  i 

taking  instead  of  rri'  the  complete  quotient  m'%  —7?? — -r—  ;  this  will 

be  some  quantity  greater  than  unity,  which  we  shall  denote  by  ft ; 


thus 


therefore  g-«^=g-j<±^=^^f^"^y=     ^^    ,, 

^^p'^f^p+p    p'^p^j-p'q         'fal 
*"9''    ;*</'+ s'    ^^qim'+q)    q(j^q'+q)' 

Now  1  is  less  than  fi  and  ^  is  greater  than  qf  hence  on  both 
accounts  the  difference  between  x  and  '—  is  less  than  the  differ- 

q 

ence  between  x  and  —  :  that  is,  ^  is  nearer  to  x  than  -  is. 

q  i  q 

608.  ^0  determine  limits  to  the  error  made  in  taking  any 
convergent  for  the  continued  fraction. 

P 
By  the  preceding  article  the  difference  between  x  and  -  is 

,     . r ,  or  ^  :  this  is  less  than  — 7  and  greater  than 

; r-.     Since  q'  is  greater   than  q^  the   error  a  fortiori  is 

q(q-^q)  ®  ^ 

less  than  -3  and  greater  than  --^^  ;  these  limits  are  simpler  than 
those  first  given,  though  of  course  not  bo  close. 

609.  In  order  that  the  error  made  may  be  less  than  a  given 
quantity  -r }  we  have  therefore  only  to  form  the  consecutive  con- 
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yergents  until  we  arrive  at  one  -  ^   such  that   g'  is  not  less 
than  Jc 

610.  Any  convergent  is  nearer  to  the  covdinued  fraction  than 
way  other  fraction  which  has  a  smaller  denominator  than  the 
convergent  has. 

t/  r  , 

Let  ^  be  the  convergent,  and  -   a  fraction,   such  that  s  is 
q  8 

less  than  q\     Let  x  be  the  continued  fraction,  and  -  the  converg- 

ent  immediately  preceding  ^.     Then  -,   x,  —,  are   either  in 

ascending  or  descending  order  of  magnitude  by  Art.  603.     Now  - 

p         p'  .  r         p 

cannot  lie  between  -  and  ^  :  for  then  the  difference  of  -  and  - 

q  q'  8  q 

would  be  less  than  the  difference  of  ^  and*^,  that  is,  less  than 

9        q 

— /,  and  therefore  the  difference  of  ps  and  qr  would  be  less  than 
qq>  i'  ^ 

g 

1 ,  that  is,  an  integer  less  than  a  proper  fraction,  which  is  im- 

p         '0      r         r     p         p 
possible.     Thus  either  - ,  x,  -, ,   - ,  or  - ,  — ,  a?,  -,  must  be  in 

q         q      8         8     q         q 

r 
order  of  magnitude.     In  the  former  case  -  differs  more  from  x 

p  ,  r  D 

than  ^  does :  in  the  latter  case  -  differs  more  from  x  than  -  does, 

q  8  q 

P 
and  therefore  a  fortiori  more  than  -/  does. 

„  PP. 

611.  Suppose  -,   — ,  two  consecutive  convergents  to  a  con- 

pp^ 
tinned  fraction  Xy  then  ^  is  greater  or  less  than  «•  according  as 

P  P 

-  is  greater  or  less  than  ^ .     IV)r  as  in  Art  607 
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therefore  Z^^^lM^ 

qx    p     q(fj^p+p)    piH'q+q) 

Heduce  the  fractions  on  the  right-hand  side  to  a  common  de- 
nominator; we  have  then  in  the  numerator 

or  /x*  (ppY'  -  qqp'"^  ^pp<t  -  qqp^ 

that  is,  (ft W  -  pq)  (p^  -  p'q)' 

The  factor    V^p'q—pq    is    necessarily  positive;    the    factor 
pq  —p'q  is  positive  or  negative,  according  as  -  is  greater  or  less 

than  -^ :  hence  —    is  greater  or  less  than  -~ ,   that  is,  — ,  is 
q  '  go;  .  '  P  qq 

greater  or  less  than  a;*,  according  as  -  is  greater  or  less  than  ~ . 


EXAMPLES   OF  CONTDnJED   FRACTIONS. 

Convert  the  following  four  fractions  into  continued  fractions : 

^      1380  o     445  19763  743 

•     1051*        ^*     612"        "^^     44126'        *'     6ll ' 

5.  Find  three  fractions  converging  to  3*141 6. 

6.  Find  a  series  of  fractions  converging  to  the  ratio  of 
5  hours  48  minutes  51  seconds  to  24  hours. 

7.  If  — ,   — ,    —  be  three   consecutive  convergents,   shew 

qx    q^   q^ 
that  {p^-p,)q2=(q3-qi)p»' 

8.  Prove  that  the  numerators  of  any  two  consecutive  con- 
vergents have  no  common  measure  greater  than  \inity,  and 
similarly  for  the  denominators. 
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9.  If  — ,   —  ,   -', be  saccessive  convergents  to  a  con- 

^x     %     %  ^ 

tinued  fraction  greater  than  unity,  prove  that 

10.  Shew  that  'the  difference  between  the  first  conyergent 
and  the  v!^  convergent  is  numerically  equal  to 


1      1      1            (-1)- 

^X%        Mz        m<                            9[n-l% 

11. 

Shew  that 

(E^    \\U    P.A     (1>*,    ^\(^ 

12.  If  fi^  be  the  v!^  quotient  in  a  continued  fraction  greater 
than  unity,  shew  that 

13.  If  ^^^^=^,  ^^^^,    be  successive  convergents  to  the 

continued  firaction  -^  -^  -^ shew  that 

and  hence  that 

m 

14.  If  ^  denote  the  w***  convergent  to  a  fraction  -77,  and 

9ln  ^  Q 

R^  denote  the  rfi^  remainder  which  occurs  in  the  process  of 

P 
converting  the  fraction  7?  to  a  continued  fraction,    shew  that 

P  v%  It 

15.  Shew  that  the  difference  of  77  and  ^  is  —^ . 

16.  In  converting  a  fraction  in  its  lowest  terms  to  a  con- 
tinued fraction,  shew  that  any  two  consecutive  remainders  have 
no  common  measure  greater  than  unity. 
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XLV.    REDUCTION  OP  A  QUADRATIC  SURD  TO  A 

CONTINUED  FRACTION. 

612.  A  quadratic  surd  cannot  be  reduced  to  a  terminoHng 
continued  fraction,  because  the  surd  would  then  be  equal  to  a 
rational  fraction,  that  is,  would  be  commensurable;  we  shall  see, 
Loweyer,  that  a  quadratic  surd  can  be  I'educed  to  a  continued 
fraction  which  does  not  terminate;  we  will  first  give  an  example, 
and  then  the  general  theory.     Take  the  square  root  of  6; 


•■s/(6)  +  2_     y(6)-2  1       _  1 

2      "    "^       2       ~     V(6)  +  2~    ■^7(6)  +  2  ' 


s/(6)-^2     i,J(6)-2  2  1 

1  *^  .    1  *V(6)+2    *^^^+2' 

2 
the  steps  now  recur ;  thus  we  have 

In  the  above  process  the  expression,  which  occurs  at  the  beginning 
of  any  line  is  separated  into  two  parts,  the  first  part  being  the 
greatest  integer  which  the  expression  contains,  and  the  second  part 
the  remainder;  thus  the  greatest  integer  in  J 6  is  2,  we  therefore 
write 

^(6)  =  2  +  {V(6)-2}; 
again,  the  greatest  integer  in  ^^ is  2,  we  therefore  write 

T.  A.  1^. 
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and  so  on;  the  remainder  is  then  made  to  have  its  numerator 
rational,  and  expressed  as  a  fraction  with  unity  for  numerator;  we 
then  begin  another  line  of  the  process. 

We  may  notice  in  the  example  that  the  quotients  begin  to 
recur  as  soon  as  we  arrive  at  a  quotient  which  is  double  of  the 
first.     This  we  shall  presently  shew  is  always  the  case. 

613.  Let  N  be  any  integer  which  is  not  an  exact  square;  let 
a  be  the  greatest  integer  contained  in  JN"]  write  JN"  in  the  form 

'    ^   ^ for  symmetry,  and  proceed  as  follows: 

1  "  1  J(N)  +  a'       ^'■^     **' 


if  a'  =  rb  —  a,  and  /  = ; 


r 


J(N)^  +  <*'  ^  j,^  J{N)  +  a;~r'h'  ^  j,^ 


r" 


J(N)  +  d 


//» 


N-a" 
if  a"=r'6'-a',and/'=  • 


r'     ' 


m±^^,.^m±Czj!:E^i^ 


T  T 


In  this  process  we  suppose  6,  V,  V\  ...  to  be,  like  a,  the  greaUd 
integers  contained  in  the  expressions  from  which  they  respectivelj 
spring;  hence  it  follows  that  r,  /,  /',  r'\  ...  are  all  positiye.  For 
a*  is  less  than  i\r,  hence  r  is  positive,  and  b  is  the  greatest  integer 

in  — — ,  so  that  b  is  of  course  less  than  ^ — :  hence  o^ 

r  r       ' 

is  less  than  N,  and  so  /  is  positive;  and  so  on.     We  have  noticed 

this  fact,  because  it  follows  very  obviously  from  the  process;  it  ia, 

however,  included  in  the  proposition  of  the  following  article. 
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614.     In  the  expressions  which  occur  at  the  beginning  of  the 
lines  in  Art.  613,  we  have  the  following  series  of  quantities : 

0,  a,  a\  a',  a",  <J5C (1), 

l,r,  /,/>'",  &c (2),    - 

and  the  corresponding  series  of  quotients  is 

a,  6,  6',  6",  r,  <fec (3). 

We  shall  now  shew  that  the  terms  in  (1)  and  (2)  are  all  posi- 
tive integers;  those  in  (3)  are  known  to  be  such. 

Let  o,  oVa"  be  any  three  consecutive  terms  of  (1);  p,  p',  p" 
the  corresponding  terms  of  (2);  j8,  ^,  j8"  those  of  (3).     Let  the 


/       ff 


Vi         V)  V) 

corresponding    convergents    to    J{N)    be    -,  "^j  '^j    so  that 

o"     B^'p'  +  p 

-CI.  =  ^j-f- — f-  ;  these  convergents  can  all  be  formed  in  the  usual 

way,  since  all  the  terms  in  (3)  are  positive  integers. 

Since  the  complete  quotient  corresponding  to  ^'  is  — — j, , 

we  have,  by  Art.  607, 

9 

Multiply  up,  and  then  equate  the  rational  and  irrational 
parts  (Art.  299) ;  thus 

therefore  a  {pq  -  p'q)  =pp'  -  qqN^ 

'Now p^—p'q  =  ^l,  hence  a"  and  p'  are  integers.  And  it  is 
proved  in  Art.  611  that  pq^-p'q,  pp'  -q^^,  and  ((^N-p^^  have 
the  BO/PM  sign;  hence  a'  and  p'  are  positive  integers. 

This  investigation  may  be  applied  to  cmy  corresponding  pair 
of  quantities  in  (1)  and  (2)  except  the  ^sst  two  pairs;  it  cannot  be 
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P  p' 

applied  to  these  because  two  convergents  -  and  ^  are  assumed  to 

precede  the  convergent  ^ .     But  the  first  two  pairs  of  quantities 

in  (1)  and  (2),  namely  0  and  1,  and  a  and  r,  ai*e  known  to  be 
positive  integers.  Thus  cUl  the  quantities  in  (1)  and  (2)  are 
positive  integers. 

615.  The  greatest  term  in  (1)  is  a.  For  by  the  mode  of 
formation  of  the  series,  pp  ^N—a*)  since  p  and  p  are  positive,  0** 
is  less  than  iT,  and  therefore  a  is  not  greater  than  a, 

616.  No  term  in  (2)  or  (3)  can  be  greater  than  2a.  For  by 
the  mode  of  formation  of  the  series,  a  +  a"  =  p'jS'j  and  since  neither 
a!  nor  a"  can  be  greater  than  a,  neither  p'  nor  )3'  can  be  greater 
than  2a, 

617.  If  f)"=l,  then  a"  =  a. 

For,  by  Art.  614,  o"  +  p''%=.%,  therefore  if  p"  =  1, 

p 
a '  +  a  fraction  =  ^ . 


/.. 


Now  "^  is  a  nearer  approximation  to  JN  than  a  is,  and  a 

p' 
is  less  than  JN-^  therefore  ^  is  greater  than  a;  hence 


a  =a. 


618.  If  any  term  in  (1),  excluding  the  first,  be  subtracted 
from  a,  the  remainder  is  less  than  the  corresponding  term  in  (2). 
For,  by  Art.  614, 


therefore  %^\(l^^Ai 

p' 
therefore  —,  -  a"  is  less  than  p" : 

therefore,  a  fortiori^        a  -  a"  is  less  than  p\ 
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This  demonstration  will  only  apply  to  the  third  or  any  fol- 
lowing  term,  because  in  Art.  614  it  is  supposed  that  two  terms 
a,  a  precede  a\  The  theorem,  however,  holds  for  the  second 
term,  as  is  obTious  by  inspection,  for  a  —  a  or  zero  is  less 
than  r. 

619.  It  is  shewn  in  Arts.  615  and  616  that  the  values  of  the 
terms  in  (1)  and  (2)  cannot  exceed  a  and  2a  respectively;  hence 
the  same  values  must  recur  in  the  two  series  simultaneously,  and 
there  cannot  be  more  than  2a'  terms  in  each  series  before  this 
takes  place. 

620.  Let  the  series  (1)  be  denoted  by 

^i»  *aJ  <*a»  ««-i>  »-»  «-+i>  «-i»  «•>  ^.+19 

and  let  a  similar  notation  be  used  for  (2)  and  (3).  We  have 
proved  that  a  recurrence  must  take  place,  suppose  then  that  the 
terms  from  the  m^  to  the  {n  —  1)*^  inclusive  recur,  so  that 

»«  =  »m»  »«+i=»-+l>  »«+«  =  «m+a> 

We  shall  shew  that 

We  have  r    ,r^  =  ^-a\        r    .r^-^N-aK 
but  ^-  =  ^-.>       and       «.  =  <*-> 

therefore  ''.-i  =  »*.-,• 

Again,    o._, +  ««=»-..,&«_„        ».-,  +  «,  =  »-.-A-iJ 
therefore  o._.  -  a,_,  =  (J._,  -  6._,)  r^_,  j 

therefore   -'^ =i  =  6    ,  —  6    ,  =  zero  or  an  inteirer. 

'm-l 

But,  by  Art.  618, 

a  -  a^_^  is  less  than  r^_j , 

a  —  a    -  is  less  than  r. , 

that  is,  .  isless  thanr^.^; 
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therefore  a.  —  a    ,  is  less  than  r    , : 

therefore  -'^=^ =^^  is  less  than  1. 

r 

'm-l 

Comparing  this  with  the  former  result,  we  see  that  —'^^ =^ 

must  be  zero; 

therefore  ^•-i  =  ^m-i»      ^^^    ^«-i"^«-i" 

Hence,  knowing  that  the  m^  term  recurs,  we  can  infer  that 
the  (m  —  l)^  term  also  recurs.  This  demonstration  holds  as 
long  as  97»  is  not  less  than  3;  for  it  depends  on  the  theorem 
established  in  Art  618.     Hence  the  terms  recur  beginning  with 

the  complete  quotient  ^.-     ^ —  , 

621.     The  last  quotient  will  always  be  2a. 

For  let  the  last  complete  quotient  be  — — ; -,   then  the 


«'« 


„extis^^m±?,tence 

but  r^N—a^i        therefore  »',  =  1; 

therefore,  by  Art.  617,  ^»  =  <*> 

therefore  6^  =  2a. 

622.     Every  periodic  corvtinued  fraction  is  equal  to  one  of  the 
roots  of  a  quadratic  equation  unth  rational  coefficients. 

1111 
l<et  aj  =  a  + 


where  y  =  r  + 


6  + h-h  k+  y' 

1         1     2.  1 
«  + u+  i;+  y ' 


so  that  a,  5, h,  k  are  quotients  -which  do  not  recur,   and 

r,  8, u,  V  those  which  recur  perpetually. 
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p' 
Let  ^,  be  the  conTergent  formed  from  the  quotients  a,  6, ... 

down  to  h  inclusiTe;  and  let  -  be  the  conTergent  immediately 

preceding  -, ;  then,  as  in  Art.  607, 

fi^y  +  g \  f' 

P 

Let  —  be  the  convergent  formed  from  the  quotients  r,  «, ... 

V 

P 
down  to  V  inclusive ;  and  let  -q  be  the  convergent  immediately 

p 

preceding  ^ ;  then 

P'V  +  P 

^=WTQ (2> 

From  (1)  and  (2)  by  eliminating  y  we  obtain  a  quadratic 
equation  in  x  with  rational  coefficients.  To  find  x  under  an 
irrational  form  we  shoidd  take  the  positive  value  of  y  found 
from  (2),  that  is,  from 

and  substitute  it  in  (1). 
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Express  the  following  fourteen  surds  as  continued  fractions, 
and  find  the  first  four  convergents  to  each : 

1.  J%.  2.    J(10).            3.    J{U).  4.     J{\1). 

5.  V(19).  6.    V(26)v           "^^    V(27).  8.     V(46). 

9.  V(53).                     10.     J{\()\),  11.     V(a*+1). 

12.  V(a'-l).                 13.     JiaJ'  +  a).  U.     Jia'-^a). 

15.  Find  the  8*^  convergent  to  ^(13). 

16.  Find  the  8"*  convergent  to  ^(31). 
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17.  Shew  that  the  9"*  convergent  to  V(33)  will  give  the  true 
value  to  at  least  6  places  of  decimals. 

211 

18.  Find  limits  of  the  error  when  -jj  is  taken  for  ij{23), 

916 

19.  Shew  that  ^^   differs  from  ^(23)  by  a  quantity  less 

than  r^  and  greater  than  2j2ioy ' 

1151 

20.  Find  limits  of  the  error  when  -^Tq  is  taken  for  J{23). 

21.  Find  limits  of  the  error  when  the  8*  convergent  is  taken 
for  J(3l). 

22.  Shewthatl^3l-^l-^±- ^^Q. 

23.  Shew  that 

/         1    1_    1    J_         \/l     1      1     1  \_<* 

I   W   *T"    <■  7  ••••••III  ■»"'       "~^     ••••••    I   't". 

24.  Shew  that 

1111 

a+4a+a+4a+  ^^  '' 

shew  that  the  second  convergent  differs  from  the  true  value  by  a 

quantity  less  than  l-ra(4a'+l)j   and  thence  by  making  a  =  7, 

99  1 

shew  that  y^  differs  from  ^^(2)  by  a  quantity  less  than  ■  ^^      . 

25.  Shew  that  the  3**  convergent  to  ^/(a'+  a  + 1)  is  J  (2a  + 1). 

a73  13 

26.  Find  convergents  to  ^  ;  shew  that  -^  exceeds  the  true 

1 
value  by  a  quantity  less  than  oqTa  • 

27.  Find  the  6*^  convergent  to  . /(o)  • 

28.  Find  the  6^  convergent  to  the  positive  root  of 

2a;'- 3a- 6  =  0. 
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29.  Find  the  6^  convergent  to  each  root  of 

30.  Find  the  7^  convergent  to  the  greater  root  of 

2aj'-7«  +  4  =  0. 

31.  Find  the  5^  convergent  to 


n/(^5)  • 


1      1 

32.     Find  the  value  of  1  +^5—  ^r- 

2+2  + 


33.     Find  the  value  of 


34.     Find  the  value  of  1  + 


1+2+1+2+ 

111111 


2+3+1+  2+  3+  1  + 


35.  Find  the  value  of  ^—  „—  .i —  x —  2?—  ; —  — 

3+2+1+3+2+1+ 

36.  Find  the  value  of  2  +  ^      ^      ^      1      1      ^ 


1+  3+  5+  1+5+1  + 


XLYI.    INDETERMINATE  EQUATIONS  OF  THE 

FIRST  DEGREE 

623.  When  only  one  equation  is  given  involving  more  than 
one  variable,  we  can  generally  solve  the  equation  in  an  infinite 
number  of  ways;  for  example,  if  oo?  +  5y  =  c,  we  may  ascribe  any 
value  we  please  to  x,  and  then  determine  the  corresponding  value 
of  y. 

Similarly,  if  there  be  any  number  of  equations  involving  more 
than  the  same  number  of  variables,  there  will  be  an  infinite 
number  of  systems  of  solutions.  Such  equations  are  called  in- 
determinate equations. 

624.  In  some  cases,  however,  the  nature  of  the  problem  may 
be  such,  that  we  only  want  those  solutions  in  which  the  variables 
have  positive  integral  values.  In  this  case  the  number  of  solutions 
may  be  limited,  as  we  shall  see.     We  shall  proceed  then  to  somA 
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propositions  respecting  the  solution  of  indeterminate  equatioiis  in 
positive  integers.  The  coefficients  and  constant  terms  in  these 
equations  will  be  assumed  to  be  integers. 

625.  Neither  of  the  equations  ax  +  hy  =  Cy  ax—hy  =  c  can  be 
solved  in  integers  if  a  and  h  have  a  divisor  which  does  not 
divide  c. 

For,  if  possible,  suppose  that  either  of  the  equations  has  such 
a  solution ;  then  divide  both  sides  of  the  equation  by  the  common 
divisor;  thus  the  left-hand  member  is  integral  and  the  right-hand 
member  fractional,  which  is  impossible. 

If  a,  6,  c  have  any  common  divisor,  it  may  be  removed  by 
division,  so  that  we  shall  in  future  suppose  that  a  and  h  have  no 
common  divisor. 

626.  Given  one  eoliUion  o/*  ax  —  by  =  c  tn  positive  integers,  to 
find  the  general  solution. 

Suppose  x  =  a,  y^/B  is  one  solution  of  ttx  —  by  =  c,  so  that 
aa  —  6j8  =  c.     By  subtraction 

a(x-a)-b(y-B)'=0;    therefore  ^  =  ?^^  . 

'  0      x  —  a 

«•         fit  .     , 

Smce  ^  IS  in  its  lowest  terms,   and  x  and  y  are  to  have 

integral  values,  we  must  have  (as  will  be  shewn  in  the  chapter  on 
the  Theory  of  Numbers), 

x-a  =  bt,        y''P  =  aity 

where  ^  is  an  integer;  therefore 

a;  =  o  +  ^,        y  =  IB  +  cU. 

Hence  if  one  solution  is  known,  we  may  by  ascribing  to  <  dif- 
ferent positive  integral  values,  obtain  as  many  solutions  as  we 
please.  We  may  also  give  to  t  such  negative  integral  values  as 
make  bt  and  at  numerically  less  than  a  and  ^  respectively. 

We  shall  now  shew  that  one  solution  can  always  be  found. 

627.  A  solution  of  the  equation  ax  —  by  =  c  m  positive  integers 
can  always  be  found, 

a 

Let  T-  be  converted  into  a  continued  fraction,  and  the  succes- 
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P 
sive  convergents  formed;  let   -  be  the  convergent  immediately 

preceding  j- ;  th^i  03^  —  6p  =  ±  1. 

First  suppose  aq-'hp  =  l,  therefore  aqc  —  bpc  =  c.  Hence 
x  =  qc,  y=pc  is  a  solution  of  omc  —  6y  =  c. 

Next  suppose  05'  —  5p  =  —  1,  then  a  {h  —  q)  —  h  {a  —  p)  =  1 ;  there- 
fore a{b  —  q)c  —  b{a  —p) c  =  c.  Hence  x=(fi  —  q)c,  y={a '-p)c 
is  a  solution  oi  ax—hy^c. 

If  a  =  \,  the  preceding  method  is  inapplicable;  in  this  case 
the  equation  becomes  03  — 6y  =  c;  we  can  obtain  solutions  ob- 
viously by  giving  to  y  any  positive  integral  value,  and  then 
making  x=^c  +  hy.     Similarly  if  6  =  1. 

« 

628.  Given  one  solution  of  tJie  equation  ax  +  by  =  c  iti  positive 
integers,  to  find  the  general  solution. 

Suppose  that  03  =  0,  y  =  P  is  one  solution  of  ax-¥hy  =  c,  so 
that  aa-¥hp  =  c.     By  subtraction, 

a(a;-a)+6(y-/3)  =  0;    therefore  g  =  ^^ . 

Since  T^  is  in  its  lowest  terms  and  x  and  y  are  to  have  inte- 
gral values,  we  must  have 

x  —  a  =  hty  P  —  y  =  atf 

where  ^  is  an  integer;  therefore 

x  =  a+bt,  y^/B—at, 

629.  It  may  hap})en  that  there  is  no  such  solution  of  the 
equation  ax  +  hy  =  c.  For  example,  if  c  is  less  than  a  +  6,  it  is 
impossible  that  c^ax  +  hy  for  positive  integral  values  of  x  and  y, 
excluding  zero  values. 

By  the  following  method  we  can  find  a  solution  when   one 

exists.     Let  t  be  converted  into  a  continued  fraction,  and  let  - 
b  q 

be  the  convergent  immediately  preceding  t*  ;  then  aj  -  6/?  =  ±  1. 
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First  suppose  aq  —  hp^ly  then  aqc  —  hpc  =  c ;  combine  this 
with  ax-¥hy  =  c',  therefore  a(g'c  — a;)  — 6(jO(?  +  y)  =  0  ;  therefore 
qc-^x  =  ht,  pc  +  y  =  €U,  where  t  is  some  integer.     Hence 

x  =  qc''bt,  y  —  at  -pc. 

Solutions  will  be  found  bj  giving  to  ^,   if  possiblei  positive 

integral  values  greater  than  ^  and  less  than  j-  • 

Next  suppose  ag'  —  5p  =  —  1,  then  ciqc  —  hpc  =  —  c ;  combine  this 
with  aa?  +  6y  =  c,  therefore  a{X'hqc)'-b  {pc  —  y)  =  0.     Hence 

x  =  bt  —  qc,  y  =ipc  -  at. 

Solutions  will  be  found  by  giving  to  ty   if  possible,  positive 

integral  values  greater  than  ^  and  less  than  ^ . 

630.  To  find  the  number  qfsoliUions  in  positive  integers  of  the 
equation  ax  +  by  =  c. 

Let  -r  l>o  converted   into  a  continued  fraction,   and  let  - 
b  q 

be  the  convergent  immediately  preceding  j- ;  then  ag  —  6/>  =  «*=  1. 
Suppose  aq  —  bp  =  l. 

Then  by  the  preceding  Article, 

x^qc  —  btf       y  =  at  —pc. 

I.     Suppose  —  and  t  not  to  be  integers. 

Let  ^  =  m+/,        %-=n+g, 

a  0 

where  m  and  n  are  integers,  and /  and  g  are  proper  fractions. 

Then  the  least  admissible  value  of  ^  is  m  +  1,  and  the  greatest 

oc     tiC 

is  n :  thus  the  number  of  solutions  is  w  —  «i,  that  is,  t-  —  ~  "^/^fft 
'  '  b      a 

that  is,  -7-  +/-  g.     And  as  this  result  must  be  an  integer  it  must 
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be  the  nearest  integer  to  -t  >  superior  or  inferior  according  as 
/  or  y  is  the  greater. 

II.  Suppose  -  an  integer. 

Then  /  =  0 ;  thus  when  ^  =  w  the  value  of  y  is  isero.     If  we 
inclvde  this  solution  the  number  of  solutions  is  equal  to  the 

greatest  integer  in  -7  +  1 ;  if  we  exclttde  this  solution  the  number 
of  solutions  is  equal  to  the  greatest  integer  in  --7  • 

III.  Suppose  J-  an  integer. 

Then  g  =  0 ;  thus  when  t  =  n  the  value  of  a;  is  zero.  If  we 
indude  this  solution  the  number  of  solutions  is  equal  to  the 

greatest  integer  in  -r  +  1 ;  if  we  exclude  this  solution  the  number 
of  solutions  is  equal  to  the  greatest  integer  in  -7  • 

__  c         c 

lY.     Suppose  -  and  r  to  be  integers. 

Then/=  0,  and  g  =  0 ;  thus  when  t  =  m  the  value  of  y  is  zeroy 
and  when  t  =  n  the  value  of  a?  is  zero,     J£  we  include  these  solu- 

tions  the  number  of  solutions  is  equal  to  -^  + 1 ;   if  we  exclude 

these  solutions  the  number  of  solutions  is  -5  —  1. 

Thus  the  number  of  solutions  is  determined  in  every  case. 

Similar  results  will  be  obtained  on  the  supposition  that 
a^  —  5p  =  -  1. 

631.  To  solve  the  equation  ax  +  by  ■\-cz  =  d  in  positive  inte- 
gers we  may  proceed  thus :  write  it  in  the  form  ax  +  by^d—cz, 
then  ascribe  to  z  in  succession  the  values  1,  2,  3, and  de- 
termine in  each  case  the  values  of  x  and  y  by  the  preceding 
articles. 
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632.     Suppose  we  have  the  simultaneous  equations 
ax  +  h^/  +  cz  =  d,  ax  +  Vy  +  c'z  =  d' ; 

eliminate  one  of  the  variables,  z  for  example,  we  thus  obtain  an 
equation  connecting  the  other  two  variables,  Ax-\-  By  —  (7,  sap- 
pose.  Now  if  A  and  B  contain  no  common  factors  except  such  as 
are  also  contained  in  C,  by  proceeding  as  in  the  previous  articles, 
we  may  obtain 

x  —  a-vBt^  y  =  P-'At. 

Substitute  these  values  in  one  of  the  given  equations,  we  thus 
obtain  an  equation  connecting  t  and  z,  which  we  may  write 
A't  +  B'z  ~C\  From  this,  if  A'  and  B^  contain  no  common  fiictors 
except  such  as  are  also  contained  in  G\  we  may  obtain 

t  =  a!-\-B^i,  z^P^A'i. 

Substitute  the  value  of  t  in  the  expressions  found  for  x  and  y ; 
thuB 

oj  =  a + (o'  +  ^^O  ^»         y  =  P-{p^'  +  B^t')A; 

or  x^a  +  Ba'  +  BB't',  y^/B-a'A-AB't^. 

Hence  we  obtain  for  each  of  the  variables  aj,  y,  an  expression 
of  the  same  form  as  that  already  obtained  for  z. 

EXAMPLES   OP  INDETERMINATE  LIQUATIONS. 

Solve  the  following  six  equations  in  positive  integers  : 
1.       Sx  +  65y  =  Sl.  2.     17a;  +  23y  =  183. 

3.     19a;  +    %  =  119.  4.       7a;+10y  =  297. 

5.      3a;  +   7y  =  250.  6.     13a;  +  19y  =  1170. 

Find  the  general  integral  values  in  each  of  the  following  four 
equations,  and  the  least  values  of  x  and  y  which  satisfy  each : 

7.       7a;-9y  =  29.  8.       9a;-lly  =  8. 

9.     19a;-5y  =  119.  10.     17a;-.49y +  8  =  0. 

11.  In  how  many  ways  can  £500  be  paid  in  guineas  and 
five-pound  notes  ? 

12.  In  how  many  ways  can  £100  be  paid  in  guineas  and 
crowns  1 
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13.  In  Low  many  ways  can  £100  be  paid  in  half-guineas 
and  sovereigns? 

14.  In  how  many  ways  can  £22.  Zs,  6d.  be  paid  with  French 
five^franc  pieces  (value  is.  each),  and  Turkish  dollars  (value 
3^.  6d.  each)? 

15.  In  how  many  ways  can  19«.  6d,  be  paid  in  florins  and 
half-crowns  ? 

16.  K  there  were  coins  of  7  shillings  and  of  17  shillings,  in 
how  many  ways  could  £30  be  paid  by  means  of  them  1 

17.  What  is  the  simplest  way  for  a  person  who  has  only 
guineas  to  pay  10^.  6d.  to  another  who  has  only  half-crowns  ? 

18.  Supposing  a  sovereign  equal  to  25  francs,  how  can  a 
debt  of  44  shillings  be  most  simply  paid  by  giving  sovereigns 
and  receiving  francs? 

19.  Divide  200  into  two  parts,  such  that  if  one  of  them  be 
divided  by  6  and  the  other  by  11,  the  respective  remainders  may 
be  5  and  4. 

20.  How  many  crowns  and  half-crowns,  whose  diameters 
are  respectively  '81  and  '666  of  an  inch,  may  be  placed  in  a 
row  together,  so  as  to  make  a  yard  in  length  ? 

21.  Find  n  positive  integers  in  arithmetical  progression  whose 
sum  shall  be  n' ;  shew  that  there  are  two  solutions  when  n 
is  odd. 

22.  "What  is  the  least  number  which  divided  by  28  leaves  a 
remainder  21,  and  divided  by  19  leaves  a  remainder  17  ? 

23.  Find  the  general  form  of  the  numbera  which  divided  by 
3,  5,  7,  have  remainders  2,  4,  6,  respectively. 

24.  What  is  the  least  number  which  being  divided  by  28,  19 
and  15,  leaves  remainders  13,  2  and  7  ? 

25.  Solve  in  positive  integers  17aj  +  23y  +  3«  =  200. 

26.  Find  all  the  positive  integral  solutions  of  the  simul- 
taneous equations 

5a;  +  4y  +  «  =  272,  So?  +  9y  +  3«  =  656. 
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27.  In  how  many  ways  can  a  person  pay  a  sum  of  £15  in 
half-crowns,  shiUings,  and  sixpences,  so  that  the  number  of  shil. 
lings  and  sixpences  together  shall  equal  the  number  of  half- 
crowns  ? 

28.  Find  in  how  many  different  ways  the  sum  of  X4.  16«. 
can  be  paid  in  guineas,  crowns,  and  shillings,  so  that  the  number 
of  coins  used  shall  be  exactly  16. 

29.  How  can  £2.  4«.  be  paid  in  crowns,  half-crowns,  and 
florins,  if  there  be  as  many  crowns  used  as  half-crowns  and  florins 
together  1 

30.  What  is  the  greatest  sum  of  money  that  can  be  paid  in 
10  diflerent  ways  and  no  more,  in  half-crowns  and  shillings  ? 

31.  The  diflerence  between  a  certain  multiple  of  ten  and  the 
sum  of  its  digits  is  99  ;  find  it. 

32.  The  same  number  is  represented  in  the  undenary  and 
septenary  scales  by  the  same  three  digits,  the  order  in  the  scales 
being  reversed  and  the  middle  digit  being  zero ;  find  the  number. 

33.  A  number  consists  of  three  digits  which  together  make 
up  20;  if  16  be  taken  from  it  and  the  remainder  divided  by  2 
the  digits  will  be  inverted ;  find  the  number. 

34.  Find  a  number  of  four  digits  in  the  denary  scale,  sudi 
that  if  the  first  and  last  digits  be  interchanged,  the  result  is  the 
same  number  expressed  in  the  nonary  scale.  Shew  that  there  is 
only  one  solution. 

35.  A  farmer  buys  oxen,  sheep,  and  ducks.  The  whole  number 
bought  is  100,  and  the  whole  sum  paid  =  £100.  Supposing  the 
oxen  to  cost  £5,  the  sheep  £1,  and  the  ducks  Is.  per  head;  find 
what  number  he  bought  of  each*  Of  how  many  solutions  does 
the  problem  admit  ? 

36.  Find  three  proper  fractions  in  Arithmetical  Progression 
whose  denominators  shall  be  6,  9,  18,  and  whose  sum  shall  be  2|. 

37.  Three  bells  commenced  tolling  simultaneously,  and  tolled 
at  intervals  of  25,  29,  33  seconds  respectively.     In  less  than  half 
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an  hour  the  first  ceased,  and  the  second  and  third  tolled  18 
seconds  and  21  seconds  respectively  after  the  cessation  of  the 
first  and  then  ceased ;  how  manj  times  did  each  bell  toll  1 

38.  Two  rods  each  c  inches  long,  and  divided  into  m,  n  equal 

parts  r88|>ectivel7,  where  m  and  n  are  prime  to  each  other^  are 

placed  in  longitudinal  contact  with  their  ends  coincident.     Prove 

c 
that  no  two  divisions  are  at  a  less  distance  than  —  inches,  and 

mn 

that  two  pairs  of  divisions  are  at  this  distance.     If  m  =  250  and 

n  =  243,  find  those  divisions  which  are  at  the  least  distance. 

39.  There  are  three  bookshelves  each  of  which  will  carry 
20  books;  when  books  are  composed  of  3  sets  of  S  volumes  each, 
6  of  4,  and  7  of  3,  how  must  they  be  distributed,  so  that  no  set 
is  divided  1 


XLYII.    IJTDETERMINATE  EQtTATlONS  O'F  A 
DEGREE  HIGHER  THAN  THE  FIRST. 

633.  The  solution  in  positive  integers  of  indeterminate  equa- 
tions of  a  degree  higher  than  the  first  is  a  subject  of  some  com- 
plexity and  of  little  practical  importance ;  we  ^hall  therelbre  only 
give  a  few  miscellaneous  propositions. 

634.  To  solve  in  positive  integers  the  equation 

mxy  +  nx'  +px  +  qi/  =  r. 

This  equation  contains  only  one  of  the  squares  of  the  variables,  and 
it  can  always  be  solved  in  the  manner  indicated  in  the  following 
example.     Required  to  solve  in  positive  integers  the  equation 

3x1/  +  2x'  =  5y  +  4a;  +  5. 

Here  y  (3a;  -  5)  =  -  205"  +  4a;  +  5 ; 

-  20;"  +  4a;  +  5 
therefore  y  = 3^5-5       ' 

T.  A,  "^^ 
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let  dx  =  z:  therefore  9y= = =  -2z-^2  +  — =: 

«— o  «-5 

55 
therefore  9y  =  -  6a;  +  2  + . 

ox  —  0 

Since  x  and  y  are  to  have  integral  values  So?  —  5  must  be  a 
divisor  of  55,  and  from  this  condition  we  can  find  by  trial  the 
values  of  x,  and  then  deduce  those  of  y.  The  only  cases  for 
examination  are  the  following : 

3aj-5  =  =fc55,  3a;-5  =  ±ll, 

3aj-5  =  =fc5,  3aj-5  =  ±lj 

out  of  these  cases  onlj  the  following  give  a  positive  integral 

value  to  Xy 

3a;  —  5  =  55,  therefore  a;  =  20 ; 

3a;  —  5  =  1,     therefore  x  =  2. 

When  a;  =  20  we  do  not  obtain  a  positive  integral  value 
for  y ;  when  a;  =  2  we  have  y  =  5;  this  is  therefore  the  only 
solution  of  the  proposed  equation  in  positive  integers. 

635.  The  equation  x*  —  Ny^  =  1  can  always  be  solved  in 
integers  when  iV  is  a  whole  number  and  not  a  perfect  square. 
For  in  the  process  of  converting  JN  into  a  continued  fraction 
we  arrive  at  the  following  equation  (see  Art.  614), 

p"{j>q'-p'q)  =  q"N-p"; 

and   at  the   end  of   any   complete  period   of   quotients  ^"  =  1 
(Art.  621);  thus 

Suppose  now  that  the  number  of  the  i*ecurring  quotients  is  m^ 
then   7  is  always  an  even  convergent,  and  therefore  greater  than 

JN,  and  so  greater  than  - .     Hence  pq  -'qp  =  ^^  and  we  haw 

-l^q'^N-p* ]   so  that  p*-ir5'"=  1.     Hence   we   obtain  solu- 
tions of  the  proposed  equation  by  putting  x  =  p  and  y  =  q^  where 
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/ 


^  is  any  convergent  just  preceding  that  formed  with  the  quo- 
tient 2(1, 

Next  suppose  that  the  number  of  the  recurring  quotients  is  odd; 

then  when  first  p"  =  1  the  conyergent  -,  is  an  odd  convergent, 

when  next  /)''=1  the  convergent  ^  is  an  even  convergent,  and 

80  on.  Hence  solutions  can  be  obtained  bj  restricting  ourselves 
to  even  convergents  occurring  just  before  those  formed  with  the 
quotient  2a, 

636.  If  the  number  of  recurriug  quotients  obtained  from 

JN  be  oddj  then^  as  appears  in  the  preceding  Article,  if  '^  be 

any  odd  convergent  immediately  preceding  that  formed  with 
the  quotient  2a,  we  have 

pq  —p'q  =  S^'-^-i?'*!  and  pq'  —p'q  =  1  j 
thus  we  obtain  in  this  case  solutions  in  integers  of  the  equation 

637.  The  equation  fic*  —  i\ry*  =  ±  a*  by  putting  x  =  ax  and 
y  =  ay  becomes  a?'*  —  Ny^  =  =*=!>  which  we  have  considered  in 
the  preceding  Articles. 

638.  The  relation 

p"(pq-p'q)  =  q''N^p'*,  that  is,  ^  p'' =.(/*N -p'\ 

will  give  solutions  of  the  equation  a:^  —  Ny'  =  ^c  in  some  cases 
in  which  c  is  different  from  unity.  The  method  will  be  similar 
to  that  given  in  Arts.  635  and  636. 

639.  If  one  solution  in  integers  of  the  equation  a^  —  Ny'  =  1 
be  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For  suppose  x=p  and  y  =  q  to  be  such  a  solution,  so  that 
p«  -  iyr^  =  1 ;  then 


388  INDETERMINATE  EQUATIONS, 

therefore 

by  supposition.     Put  then 

x  +  yJF={p+qJN)', 
thus  '>  =  \[{p  +  qJ^'+{p-q^N)'^, 

it  is  obvious  that  if  n  be  anj  positive  integer,  these  values  of 
X  and  y  will  be  positive  integers. 

640.  Similarly,  if  one  solution  in  integers  of  the  equation 
a;*  — iVy*  =  —  1  be  known,  we  may  obtain  an  unlimited  number 
of  such  solutions.  For  suppose  x  =  p  and  y  =  q  to  be  such  a 
solution,  then 

{i>-qjm{p  +  qJN)=-i. 

Now  take  n  any  odd  integer ;  then 

by  supposition. 

Then  we  proceed  as  in  Art.  639. 

641.  If  one  solution  in  integers  of  the  equation  sc*— •i?\ry*=a 
be  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For  suppose  x=p  and  y  =  g  to  be  such  a  solution,  and  let  aj  =  « 
and  y  =  n  be  a  solution  of  a^  —  iVy"  =  1 ;  then  the  equation 
«•  —  Ky^  =  a  may  be  written 

«"-%«=  (f  -  Nq')  (w*  -  JSTn^) 

=  p  W  +  iV^y ri"  -  N  (p  V  +  j'w') 

=  {pm  ±  NqrCf  —  N{j>n  =»=  qrnf ; 

we  may  therefore  take 

x=pm^^qny        y=pn^qm. 


EXAMPLES.        CHAPTER  XLYIl.  389 


EXAMPLES  OF   INDETERMINATE  EQUATIONS. 

1.  Solve  in  positive  integers  3a?y  —  4y  +  3a;  =  14. 

2.  Solve  in  positive  integers  (cy  +  a*  =  2a5  +  3y  +  29. 

3.  Find  a  solution  in  positive  integers  of  a;*  —  1 3y'  =  —  1 . 

4.  Find  a  solution  in  positive  integers  of  a?"  —  lOly"  =  —  1. 

5.  Shew  how  to  find  series  of  numbers  which  shall  be  at  the 
ame  time  of  the  two  forms  n*  —  1  and  10m*,  and  find  the  value 
»f  the  smallest. 

6.  A  gentleman  being  asked  the  size  of  his  paddock  an- 
wered,  "between  one  and  two  roods;  also  were  it  smaller  by 
I  square  yards,  it  would  be  a  square  number  of  square  yards,  and 
f  my  brother  s  paddock,  which  is  a  square  number  of  square 
ards,  were  larger  by  one  square  yard,  it  would  be  exactly  half 
s  large  as  mine."     What  was  the  size  of  his  paddock  ? 

7.  Find  a  whole  number  which  is  greater  than  three  times 
he  integral  part  ot  its  square  root  by  unity ;  shew  that  there  are 
wo  solutions  of  the  problem  and  no  more. 

8.  Shew  that  the  number  of  solutions  in  positive  integers  of 
^  +  aa^  =  6  is  limited  when  a  is  positive. 

9.  Find  all  the  solutions  in  positive  integers  of 

3y'  -  2x1/  +  7x'  =  27. 

10.  Find  all  the  solutions  in  positive  integers  of 

2aj'-9a;y+7/=38. 

11.  Find  a  general  form  for  solutions  in  positive  integers 
fa;*  —  23y"  =  1,  having  given  the  solution  a?  =  24  and  y  =  5. 

12.  Find  a  general  form  for  solutions  in  positive  integers 
:  a?'—  2^*  =  7,  having  given  the  solution  a?  =  3  and  y  =  1. 
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XLYIII.      PARTIAL    FRACTIONS   AND    INDETERMI- 
NATE  COEFFICIENTS. 

642.  An  algebraical  fraction  may  be  sometimes  decomposed 
into  the  sum  of  two  or  m«re  simpler  fractions  j  for  example, 

2a;- 3     _     1  1 

oci'-dx  +  2~  x-l     x-2' 

The  general  theory  of  the  decomposition  of  a  fraction  into 
simpler  fractions,  called  partial  fractional  is  given  in  treatises  on 
the  Theory  of  Equations  and  on  the  Integral  Calculus.  (See 
Theory  of  JEquations,  Chap,  xxiv.,  Integral  GalcyluSy  Chap,  il) 
We  shall  here  only  consider  a  simple  case. 

643.  Let  -; r-: Vrr: r  be  a  fraction,  the  denominator 

{X'-a)(X"li)(x-y) 

of  which  is  composed  of  three  different  factors  of  the  first  d^ree 
with  respect  to  a;,  and  the  numerator  is  of  a  degree  not  higher 
than  the  second  with  respect  to  x ;  this  fraction  can  be  decom- 
posed into  three  simple  fractions,  which  have  for  their  denomioa- 
tors  respectively  the  factors  of  the  denominator  of  the  proposed 
fmction,  and  for  their  numerators  certain  quantities  independent 
of  X,     To  prove  this,  assume 

OM*  +  hx+c  A  B  C 

{x  —  a){x-P)(x  —  y)      OJ-a      x-^      x  —  y^ 

where  A,  B,  0  are  at  present  undetermined ;  we  have  then  to 
shew  that  such  constant  values  can  be  found  for  A,  B  and  C,  as 
will  make  the  above  equation  an  identity,  that  is,  true  whatever 
may  be  the  value  of  x.  Multiply  by  (x  -  a)  (a;  —  j8)  (a;  —  y);  then 
all  that  we  require  is  that  the  following  shall  be  an  identity, 

ax'  -^hx  +  c  =  A{x- 13)  (x-y)  +  B (x -  a) (x-y)  +  C (x-  a)  {x- Pj', 

this  will  be  secured  if  we  arrange  the  terms  on  the  right  hand 
according  to  powers  of  x,  and  equate  the  coefficient  of  each  power 
to  the  corresponding  coefficient  on  the  left  hand;  we  shall  thus 
obtain  three  simple  equations  for  determining  -4,  B  and  C. 
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644.  The  method  of  the  preceding  Article  may  be  applied  to 
any  fraction,  the  denominator  of  which  is  the  product  of  different 
simple  &ctors,  and  the  numerator  of  lower  dimensions  than  the 
denominator. 

The  preceding  Article  however  is  not  quite  satisfactory,  because 
we  do  not  shew  that  the  final  equations  which  we  obtain  are  in- 
deperident  and  consistent.  But  as  we  shall  only  have  to  apply  the 
method  to  simple  examples,  where  the  residts  may  be  easily 
verified,  we  shall  not  devote  any  more  space  to  the  subject,  but 
refer  the  student  to  the  Theory  of  Equations  and  the  Integral 
Calculus. 

645.  Suppose  we  have  to  develop   -^ — in  a  series 

proceeding  according  to  ascending  powers  of  x ;  there  are  various 
methods  which  may  be  adopted.  We  may  proceed  by  ordinary 
algebraical  division,  writing  the  divisor  in  the  order  2  —  3x  +  x' 
and  the  dividend  in  the  oi-der  —  3  +  2a;.     Or  we  may  develop 

-| — ^  by  writing  it  in  the  form  («*-  3x  +  2)"*,  and  finding 

the  coefficients  of  the  successive  powers  of  x  by  the  multinomial 
theorem ;  we  must  then  multiply  the  result  by  2x  —  3.  It  is 
however  more  convenient  to  decompose  the  fraction  into  partial 
fractions  and  then  to  develop  each  of  these.     Thus 

2x^3     ^     1  1 


term 


T=-i =-(l-aj)  *  =  -il+a5  +  a;*+a5'+...  +  aj"+...>, 

aj-1        l-x  I  J 

x-2       2-as       2\      2) 

=  -2V^2*V^-^'' ^T^ /• 

Hence  the  required  series  for  -^ — ^ ^  ^^  ^^^  ^^  general 
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646.  Without  actually  developing  such  an  expression  as  the 
above,  we  may  shew  that  the  successive  coefficients  will  be  con- 
nected by  a  certain  relation;  before  we  can  shew  this  it  will  be 
necessary  to  establish  a  general  property  of  series. 

647.  If  the  series 

is  always  equal  to  zero  whatever  may  be  the  value  of  x,  the 

coefficients  a^,  a^,  a^, must  each  separately  be  equal  to  zero. 

For  since  the  series  is  to  be  zero  whatever  may  he  the  value  of  x^ 
we  may  put  a;  =  0;  thus  the  series  reduces  to  a^,  which  miut 
therefore  itself  be  zero.     Hence  removing  this  term  we  have 

a,x  +  ajc'  +  ajc'  + 

always  aera;  divide  by  x,  then 

a^^-h  a^x  +  ttj^x' + 

is  always  zero.  Hence,  as  before,  we  infer  that  0^  =  0.  Pro- 
ceeding in  this  way,  the  theorem  is  established. 

If  the  series        a^  +  a^x  +  a^x'  +  a^  +...... 

and  A^-k-A^x^A^^-A^-'f 

are  always  equal  whatever  may  be  the  value  of  a,  then 

«o-^o  +  K-^i)«  +  K-A)«^+ 

is  always  zero  whatever  may  be  the  value  of  a:;  hence  we  infer  that 

that  is,  the  coefficients  of  like  powers  of  a;  in  the  two  series 
are  equal. 

The  theorem  here  given  is  sometimes  quoted  as  the  Frindpie 
of  Indeterminate  Coefficients;  we  assumed  its  truth  in  Art.  54S. 
With  respect  to  the  difficulties  of  the  demonstration  of  the 
Principle,  the  advanced  student  may  consult  the  Chapter  on  this 
subject  in  De  Morgan's  Algebra. 
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648.     Suppose  that  the  series 


U^  +  WjOJ  +  U^X'  +  WgOj'  + 


Tepresents  the  deyelopment  of  ^ -« ;  then 

1  ^px  —  qjxr 

a+  6a;=  (1  -px-qxT)  (u^  +  u^x  +  u^x*  +  u^x'  + .). 

If  w  be  greater  than  1,  the  coefficient  of  a"  on  the  right-hand 
side  is  u  ^pu^_^'-qu^_^;  hence  since  there  is  no  power  of  x 
higher  than  the  first  on  the  left-hand  side,  we  must  hare  by 
Art.  647,  for  every  value  of  w  greater  than  1, 

And  by  comparing  the  first  and  second  terms  on  each  side, 
we  have 

^0  =  ^9        «^x-i>«*o  =  ^; 

the  last  two  equations  determine  Uq  and  u^ ,  and  then  the  previous 

equation  will  determine  «^,  u^,  u^, by  making  successively 

«  =  2,  3,  4, 
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COEFFICIENTS. 

Expand  each  of  the  following  seven  expressions  in  ascending 
powers  of  a;,  and  give  the  general  term : 

T  1  rt        5-lOa:  q  3a;- 2 


3-2a;*  *     2-a;-3a;»*  (a;- l)(a~2)  (a;- 3)  * 

A  ^  n  1  ^       5  +  6x 

^'     {l-^x){l-pxy  ^'     l-2x  +  x''  ^'     (TISS)'' 

^      1  4-  4aj  +  a;" 

^-     {i-xy  ' 

Expand  each  of  the  following  five  expressions  in  ascending 
powers  of  a;  as  far  as  five  terms,  and  write  down  the  relation 
which  connects  the  coefficients  of  consecutive  terms : 

8       '     ^  9  1  10  l-"^ 


394  EXAMPLES.        CHAPTER  XLVIII. 


11.      -i r.  12. 


1 3.  Sum  the  following  series  to  n  terms  by  separating  eacli 
term  into  partial  fractions : 

X  ax  a'x 

.  + .J _^ 

(l+a;)(l  +  aa;)     (I  +  ax)  (I -^  a'x)     (1  +  a'ic)  (1  +  a'oj)     

14.  Sum  in  a  similar  manner  the  following  series  to  n  terms: 

x({-ax) ax  (1  -  a'x) 

(1  +a;)  (1  +  ax)  (1  +  a'x)  "*"  (l+ax)  {l-^a'x) (1  +  a'x)'^ 

15.  Determine   a,   6,  c,  c?,  e,  so  that  the   n^  term  in  the 

jy  a  +  bx  +  cx'  +  dx^  +  ex*  .       .  ._, 

expansion  of jz r^ may  be  nx     . 

16.  Shew  how  to  decompose  -; --; rn ^^ —  iiito  pwr- 

^        {x  —  a)  (x  —  0)  (x  —  c) ... 

tial  fractions,  supposing  that  n  is  the  number  of  factors  in  the 
denominator,  and  that  p  is  an  integer  less  than  n. 

Ifp  be  less  than  n  —  1,  shew  that 

a'  1/  (f 


{a'-b)(a  —  c).,,      (b  —  a)(b'-c)..,      (c— a)(c  — 6)  ... 


+  ...  =  0. 


XLIX.     RECURRING  SERIES. 

6^9.  A  series  is  called  a  recurring  series,  when  from  and 
after  some  fixed  term  each  term  is  equal  to  the  sum  of  a  fixed 
number  of  the  preceding  terms  multiplied  respectively  by  certain 
constants.  By  constants  here  we  mean  quantities  which  remain 
unchanged  whatever  term  of  the  series  we  consider. 

650.     A  geometrical  progression  is  a  simple  example  of  a 

recurring  series;    for  in  the  series  a  +  ar  +  a^'+a^+ each 

term  after  the  first  is  r  times  the  preceding  term.     If  u^_^  and  », 
denote  respectively  the   (n  — 1)*^  term  and  the  n^  term,  then 
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u^  — rw^_j  =  0;  the  sum  of  the  coefficients  of  u^  and  u^^  with 
their  proper  signs,  that  is,  1  —  r,  is  called  the  sccUe  of  relation, 

"  Again,  in  the  series  2  +  4a;  +  14aj*  +  4:6x*  +  152x^  + the 

law  connecting  consecutive  terms  is  u^  —  ^xu^_^  —  ^*^«-«  =  ^  >  *^^ 
law  holds  for  values  of  n  greater  than  1,  so  that  every  teiin  after 
the  second  can  be  obtained  from  the  two  terms  immediately  pre- 
ceding.    The  8cale  o/ relation  is  1  —  3a;  —  a;*. 

651.     To  find  the  sum  ofn  terms  of  a  recurring  series. 

Let  the  series  be  u^  +  u^x  +  u^oi^  +  u^x^  + ,  and  let  the  scale 

of  relation  be  1  —  pa;  —  qx^j  so  that  for  every  value  of  n  greater 
than  unity  w^— it>w^_j  — 5'w^_,  =  0.  Denote  the  first  n  terms  of 
the  series  by  8,  then 

S=u^  +  u^x  +  u^dt?  +  u^a?  + +  u^_^x*~^y 

pxS=  uj)x  +  u^px*  +  u^paf  + +  u^.gPx""^  +  u^^^px*y 

qx'S=  u^qa? -¥  u^qtx?  + +w«-aS'«""*  +  Wn-,S'^+^n-i2^«"'^'i 

hence 

S—pxS  —  qpt^S = Mq  +  u^x  —  u^px  -  u^^^po^  —  ^n-^T"^  —  '^n-i'i^*^  S 

for  all  the  other  terms  on  the  right-hand  side  disappear  by  virtue 
of  the  relation  which  holds  between  any  three  consecutive  terms 
of  the  given  series;  therefore 

g^u^'^x{u^-pu^'-  a;"  {pu,_^  +  qu^^^  -f-  ym,,  J  ^ 

1  —px  —  5'x* 

If  as  7»  increases  without  limit  the  term 

diminishes  without  limit,  we  may  say  that  the  sum  of  an  infinite 
number  of  terms  of  the  recurring  series  is 

l—px  —  qoc^ 

It  is  obvious,  that  if  this  expression  be  developed  in  a  series 
according  to  powers  of  a;,  we  shall  recover  the  given  recurring 
series.     (See  Art.  648.) 
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652.  If  the  recurring  series  be  w^  +  t*j  +  w,  +  w^  + ,  and 

the  scale  of  relation  1  —  /?  —  g,  we  have  only  to  make  a?  =  1  in  the 
results  of  the  preceding  Article,  in  order  to  find  the  sum  of  n 
terms,  of  of  an  infinite  number  of  terms. 

653.  The  expression  -A: ^— ^ — ^-=-^  niay  sometimes  be  de- 

^  l—px  —  qx 

composed  into  partial  fractions,  each  having  for  its  denominator  an 
expression  containing  only  the  first  power  of  x  (see  Art.  643). 
When  this  can  be  done,  since  each  partial  fraction  can  be  de- 
veloped into  a  geometrical  progression,  we  can  obtain  an  expres- 
sion for  the  general  term  of  the  recurring  series.  "We  have  thus 
also  another  method  of  obtaining  the  sum  of  n  terms,  since  the 
sum  of  n  terms  of  each  of  the  geometrical  progressions  is  known. 
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Find  the  expressions  from  which  the  foUowiog  three  seriea 
are  derivable;  resolve  the  expressions  into  partial  fractions,  and 
give  the  general  term  of  each  series. 

1.  4  +  9aj  +  21a;*  +  51a;'-i- 

2.  1 +  lla;  + 89a;"  +  659a;' + 

3.  l  +  3a;+lla;'  +  43a;*  + 

4.  Find  how  small  x  must  be  in  order  that  the  series  in 
Example  3  may  be  convergent. 

5.  Find  the  general  term  of  the  series 

34-H  +  32  +  84+ 

6.  Sum  the  following  series  to  n  terms, 

1  +  5  +  17  +  53  +  161  +  485  + 

7.  Find  the  general  term  of  the  series  10  +  14  +  10  +  6  +  ... 
and  the  sum  to  infinity. 

8.  Find  the  expression  from  which  the  following  series  is 
derivable,  and  obtain  the  general  term 

2_a  +  2a"-5a*  +  10a*-17a'+ 
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654.  Series  of  particular  kinds  have  been  summed  ia  the 
Chapters  on  arithmetical  progression^  geometrical  progression,  and 
recurring  series;  we  shall  here  give  some  miscellaneous  examples 
which  do  not  fall  under  the  preceding  Chapters. 

655.  To  find  the  sum  of  the  series  1'+  2'+  3'+ +n\ 

We  have  already  found  this  sum  in  Art.  482 ;  the  following 
method  is  however  usually  given.     Assume 

l*  +  2'  +  3*+ +w"  =  ui+^n  +  (7/i'  +  i>/i'  +  J^w*+ , 

where  A^  By  d  Dy  Ey are  constants  at  present  undetermined. 

Change  n  into  n  + 1 ;  thus 

l«  +  2»+3«+ +n*  +  (w+l)'  =  ^  +  J?(w  +  l) 

+  (7(»  +  l)Vi>(n  +  l)»  +  ^(n  +  l)*+ 

By  subtraction, 
»»  + 27^  + 1  =  5+ (?(2n+ 1) +i>  (3»"  +  3rn- 1) 

+  ^(4ri"  +  67i"+4w  +  l)  + 

Equate  the  coefficients  of  the  respective  powers  of  n;  thus 
JB  =  0,  and  so  any  other  term  after  JS  would  =  0 ; 

3J9=1;    3D  +  2G  =  2;  i>  +  (7  +  ^  =  l; 
hence  "^"3'      ^~2'      ^~6' 

9  S 

Thus  P  +  2*  +  3*+ +w»  =  ii  +  ^  +  -jr-  +^. 

6      2       3 

To  determine  A  we  observe  that  since  this  equation  is  to  hold 
for  all  positive  integral  values  of  w,  we  may  put  »  =  1;  thus 
-4  =  0.     Hence  the  required  sum  is 

^w(»  +  l)(2n  +  l). 

The  same  method  may  be  applied  to  find  the  sum  of  the  cubes 
of  the  first  n  natural  numbers,  or  the  sum  of  their  fourth  powers, 
and  so  on.     See  also  Art.  6Q6. 
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656.     Suppose  the  n^  term  of  a  series  to  be 
{an  +  6}  {a{n+  l)+h}  {a{n  +  2)  +  5} {a(n  +  m  -  1)  +  5}, 

where  m  is  a  fixed  positive  integer,  and  a  and  b  known  constonts; 
then  the  sum  of  the  first  n  terms  of  this  series  will  be 

{cm  \-h} {a{n+l) -k-b} {a{n  +  m -  I)  +b} {a{n-h m)  +  h}    ^ 

(m  +  1)  a  ' 

where  C  is  some  constant. 

Let  u^  denote  the  n^  term  of  the  proposed  series,  S^  the  sun 
of  w  terms;  then  we  have  to  prove  that 

^        an  +  b  ^ 

"     (m  +  l)a    "+* 

Assume  that  the  formula  is  true  for  an  assigned  value  of  fi; 
add  the  (71+  1)^  term  of  the  series  to  both  sides;  then 

cf  an  +  b  ^ 

*       ■+*    (m  +  l)a    "+*       ^* 

.       .         «         a(n  +  m+l)  +  b  ^    a(n  +  l)  +  b  ^ 

that  IS,      Sn+i  =  -^-7 T^ ^,+1  +  <? = -7 T\ ^H+.  +  ^i 

'  +*  (m  +  l).a  "^*  (m  +  l)a      "*» 

thus  the  same  formula  will  hold  for  the  sum  of  n  + 1  terms, 
which  was  assumed  to  hold  for  the  sum  of  n  teims.  Hence  if  the 
formula  be  true  for  any  number  of  terms  it  is  true  for  the  next 
greater  number;  and  so  on.  But  the  formula  vnll  be  true  when 
w  =  1  if  we  take  C  such  that 

^         a  +  b            •V.I..                a  +  b  ^ 

Sy=i TT-u^-^Cy  that  IS,  u=. rr-**5i+^i 

thus  G  is  determined  and  the  truth  of  the  theorem  established. 

Since  w,  =  — ^ ; —  w,,  we  have 

*  a  +  b         ^^ 


^  a(m  +  \)  +  b 


bu. 


a{m+l)  a  (m  +  1) ' 

TT  fy        an  +  b  bu. 

Hence  /S„  =  --. r-—  u..-  -, \-^ . 

"     {vi+l)a    "**     {m  +  l)a 

Thus  the  sum  of  the  first  n  terms  of  the  proposed  series  is  ob- 
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tained  by  subtraoting  the  constant  quantity jr-    from   a 

certain  expression  which  depends  on  n.      This  expression  is 

/^^  i\    ^«i+i>   ^®  ™*y  ^^  P^*  *^  expression  into  the  equi- 

a(n  +  m)  +  h  .  ^         .  ^  xi. 

valent  form  —j ^(  —  u^j  and  to  assist  the  memory  we  may 

observe  that  it  can  be  formed  by  tntrodttcing  an  additional  factor 
cU  the  end  of  u^,  and  dividing  by  the  product  of  the  number  of 
facUyrs  thus  increased  and  the  coefficient  qfn. 

657.     We  may  obtain  the  result  of  the  preceding  Article  in 
another  way.     As  before,  let  u^  denote 

{an  +  b}  {a{n  +l)  +  b}  {a{n  +  2)  +  6} {a(n  +  m- 1)  +  b}, 

and  let  S^  denote  the  sum  of  the  first  n  terms  of  the  series  of 
which  u^  is  the  n^  term. 

We  have 

a  (w  +  w)  +  6  amu^ 

'+*  an  +  b        "       *     an  +  b^ 

let  an  +  h=p;  thus 
change  n  into  n  —  l,  thus 

similarly, 

{p  -  2a]  (u^_,  -  w...)  =  amw„_„ 

{p  -  3a}  {u,_,  -  w^s)  =  »^^„-3» 

{/}  -  (ti  - 1)  a]  {u^  -  u^)  =  amu^. 

Hencci  by  addition, 
p{u^^,-u,)-a{u^  +  u^^^+u^_^+,..+u^-{n-l)u^}-^amS^; 

therefore  p  (w„+i  -  u^)  +  nau^  =  amS^  +  aS^ ; 

an+b  bu^ 

therefore  S^  =  ^^^^j^  «...  -  ■^^;;-p[^  • 


«. 
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658.  Suppose  the  w*^  term  of  a  series  to  be  — ,  where  u^  is 
the  same  as  in  the  preoediDg  Article;  then  the  sum  of  the  first  n 
terms  of  this  series  wiU  be  - ,   '^^.^      +  C. 

Assume,  as  before, 

"        (m  —  1)  au^ 
add to  both  sides,  then 


ii+i 


1  an  +  b      ^^ 

_    1        a{w  +  w)  +  5     ^ 

a  (n  + 1)  +  6      ^ 

Hence,  as  before,  the  truth  of  the  theorem  is  established,  pro- 
vided C  be  such  that 

1  a  +  h         ^ 


Thus  C  = 


am  +  h 


am  +  6  an  +  6 


and  »S,  =  7 ^— ; — — -  • 

[7n,-\)  aui     {m  —  1)  au^ 

This  result  may  also  be  obtained  in  the  manner  of  Art.  657. 

659.  A  series  may  occur  which  is  not  directly  included  in 
the  general  form  of  the  preceding  Article,  but  may  be  decomposed 
into  two  or  more  which  are.  For  example,  required  the  sum  of 
n  terms  of  the  series 


1,2.4.5     2.3.5.6     3.4.6.7 
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[ere  the  w*h  term 

_  w  +  2 (n  +  2)* 

""  w  (w  +  1)  (w  +  3)  (n  +  4)  ~  w  (w  + 1)  (w  +  2)  {n  +  3)  (w  +  4)      , 

Now  (to  +  2)'  =  n (w  +  1)  +  3to+  4 j  thus  the  w*^  term 

n{n-hl)  +  3n  +  4: 1 

n  (n  + 1 )  (to  +  2)  (n  +  3)  (n  +  4)  "  (n  +  2)  (w  +  3)  (w  +  4) 

3 4 

■*'(to  +  1)(to  +  2)(to  +  3)(to  +  4)'^to(to+1)(to  +  2)(to  +  3)(to  +  4)* 

If  each  term  of  the  proposed  series  be  decomposed  in  this 
lanner  we  obtain  three  series,  each  of  which  may  be  summed 
y  the  method  of  the  preceding  Article ;  thus  the  proposed  series 
an  be  summed.     In  the  present  case  the  required  sum  is 

C  1 3 

2(to  +  3)(to  +  4)     3(to  +  2)(to+3)(to  +  4) 

4 

4(to  +  1)(to+2)(to  +  3)(to  +  4)' 

660.  Polygonal  Numbers,  The  expression  to  +  Jto(to—  l)6is 
he  sum  of  to  terms  of  an  arithmetical  progression,  of  which  the 
irst  term  is  unity  and  the  common  difference  h.  If  we  make 
>  =  0,  1,  2,  3,  ...  we  obtain  expressions  which  are  called  the  gene- 

•al  terms  of  the  2nd,  3rd,  4th, order  of  polygonal  numbers 

•espectively.    ThQ  first  order  is  that  in  which  every  term  is  unity. 
Chus  we  have 

1st  order,  to*^  term  1;  series  1,  1,  1,  

2nd  order,  to*^  term  to;  series  1,  2,  3,  4,  5, 

3rd  order,  n^  term  J  to  (to  + 1) ;  series  1,  3,  6,  10,  

4th  order,  to*^  term  to';  series  1,  4,  &,  16,  

5th  order,    to""  term  Jto(3to-  1);  series  1,  5,  12,  22^  

ind  so  on. 

die  numbers  in  the  2nd,  3rd,  4th,  5th, series  have  been 

sailed  respectively  linear^  triangular,  squa/re,  pentagonal^  

T.  A.  ^^ 
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C61.     The  7i*^  term  of  the  r*^  order  of  polygonal  numbers  is 

w  +  ^n  (w-l)(r-2); 

the  sum  of  n  terms  of  this  series  is  (Art.  656) 

n{n-\-\)     t-2   {n-\)n{n-\-\) 
2        "^"l"*  3  ' 

or  \n{n+\)  {{r--^)  {n^  1)  +  3}. 

Hence  for  triangular  numbers 

^.  =  iw(7*  +  l)(n  +  2), 

for  square  numbers 

/S,=  in(n+l)(2w+l), 
and  so  on. 

662.     To  find  the  number  of  cannon-balls  in  a  pj/ramidcU  heap. 

(1)  Suppose  the  base  of  the  pyramid  an  equilateral  triangle, 
let  there  be  n  balls  in  a  side  of  the  base;  then  the  number  of 
balls  in  the  lowest  layer  is 

W4-  (w-l)  +  (w-2)  + +1, 

that  is,  the  triangular  number  ^n{n+l);  the  number  in  the 
next  layer  will  be  found  by  chaDging  n  into  w  —  1 ;  and  so  on. 
Hence,  by  Art.  660,  the  number  of  all  the  balls  is 

ln(n  +  l)(n  +  2), 

(2)  Suppose  the  base  of  the  pyramid  a  square ;  let  there  be 
n  balls  in  a  side  of  the  base;  then  the  number  of  balls  in  the 
lowest  layer  is  n',  in  the  next  layer  (n  —  1)',  and  so  on.  The 
number  of  all  the  balls  is 

in{n  +  l){2n+l). 

Similarly  we  may  proceed  for  any  other  form  of  pyramid. 

We  may  see  from  this  proposition  a  reason  for  the  terms 
triangular  number^  square  number^  

If  the  pile  of  -eannon-balls  be  incomplete,  we  must  first  find 
the  number  in  the  pile  supposed  complete,  then  the  number  in 
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the  lesser  pile  which  is  deficient,  and  the  difference  will  be  the 
number  in  the  incomplete  pile. 

663.  A  question  analogous  to  that  in  Art.  662  arises  when 
we  have  to  sum  the  balls  in  a  pile  of  which  the  base  is  rectcmgvlar 
but  not  square.  In  this  case  the  pile  will  terminate  in  a  single 
row  at  the  top;  suppose  p  the  number  of  balls  in  this  row;  then 
the  n^  layer  reckoned  from  the  top  has  p  +  n—\  balls  in  its 
length  and  n  in  its  breadth,  and  therefore  contains  nij^-k-n—l) 
balls.     Hence  the  number  of  balls  in  n  layers  is 

-^ — 'p  +  ' '-^ y    or  j7i(n  +  l)(3p  +  2w-2). 

If  n  be  the  number  in  the  length  of  the  lowest  row,  w' =p  +  w  —  1, 
and  the  sum  may  be  written 

as  n  is  the  number  in  the  breadth  of  the  lowest  row,  the  sum  is 
thus  expressed  in  terms  of  the  numbers  in  the  length  and  breadth 
of  the  base. 

664.  FigurcUe  Nurnhera.     The  following  series  form  what  are 
called  the  different  orders  of  figurate  numbers, 

1st  order,     1,  1,  1,  1,  1, 

2nd  order,    1,  2,  3,  4,  5, 

3rd  order,     1,  3,  6,  10,  15, 


the  general  law  is,  that  the  n^  term  of  any  order  is  the  sum  of 
n  terms  of  the  preceding  order.     Thus  the  n^  term  of  the  second 

order  is  w,  of  the  third  order  is  -\ — --^,  of  the  fourth  order  is 
w(w+l)jw4j)^  and  generally  the  »">  term  of  the  r*  order  is 

w(«  +  l)...(n  +  r-2)      ^^  ^^  ^y  ^^^^  ^y  induction.     For, 
It*—  1 
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assuming  this  expression  for  the  w*^  term  of  the  r^  order,  we 
may  find  the  sum  of  the  first  n  terms  of  the  r^  order  hy  the 
formula  of  Art.  656.  We  have  only  to  put  1  for  a,  0  for  6,  and 
r  —  1  for  m.     Hence  we  obtain  for  the  sum 

w(n  +  l)(7i+2) (n  +  r-l) 

H  ' 

and  then,  by  definition,  this  is  the  expression  for  the  w*  term 
of  the  (»•  +  1)     order. 

665.  "We  have  already  shewn  that  the  Binomial  Theorem 
may  be  sometimes  applied  to  find  the  sum  of  a  series  (see  Art.  527); 
we  give  another  example.     Find  the  sum  of  the  series 

-P>e. +Pfi.+P»Q.+ +  -P.-. «... . 

where     Q^  =  r{r-\-  l)(r+2) (^  +  5'-l)> 

and        F^  =  {^-r){n-r-¥  l)(w-r  +  2) (w-r +^-1). 

We  can  see  that 

Qr-  Li  ^  *^®  coefficient  of  af~^  in  the  series  for  (1  -  a;)'^'*^ 
and  P^=  Ip  X  the  coefficient  of  a;"""*'"^  in  the  series  for  (1  —  «)"**''• 

Hence  we  have  so  far  as  terms  not  higher  than  a;""', 

(1  _a,)-«*'>=  M<2,  +  Qjc  +  Q^x'  +  Q^a?+ J, 

(l-a;)-<'-)=^|p_.+P_.a;  +  P_3«'  +  P;_^«+ j. 

Therefore  the  series  which  we  have  to  sum  is  equal  to  the 
product  of  [^  [5'  into  the  coefficient  of  a;""'  in  the  expansion  of 
the  product  of  (Ir-a)"^'"''^  and  (1  -a?)"^-"'^;  that  is,  the  series  is 
equal  to  the  product  of  [^  I5'  into  the  coefficient  of  af~'  in  the 

expansion  of  (1  —  3?)"^"^'^*^     Hence  the  series  is  equal  to 

Lg[g  \n-\+p  +  q  ^ 

666.  By  the  method  of  Art.  655  we  may  investigate  an  ex- 
pression for  the  sum  1'  +  2'  +  3'  + +  w',  where  r  is  any  poa- 
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re  integer.     Denote  this  sum  hy  S ;  then  it  may  be  shewn,  as 

Arts.  460  and  461,  that  S  can  b^)ut  in  the  form  of  a  series 

descending  powers  of  n,  beginning  with  n""*^,  and  all  we  have 

do  is  to  determine  correctly  the  coefficients  of  the  various 

)'wers  of  n.     Assume  that  S  = 

„-^^^A  ^r,r  .    >-i  ,  r(r-l)  r(r-l)(r-2)  3 

It  is  convenient  to  represent  the  coefficients  in  the  manner 
ere  exhibited  j  thus  instead  of  a  single  letter  for  the  coefficient 

T 

f  rC~^  we  use  the  symbol  q-^u  ^^'^  so  on.     We  shall  now  pro- 

3ed  to  determine  the  values  of  -4^,  A^,  A^j ;  and  it  will  be 

>und  that  these  quantities  are  independent  of  r  as  well  as  of  n. 

In  the  assumed  identity  change  n  into  n-^1;  thus 
JS  +  {n-^iy=C{n  +  iy'"  +  A^{n+iy  +  '^A^{n+iy-' 

r(r-l)  .  ,       _.^_, 

Therefore,  by  subtraction, 
n  +  iy=C{{n-^iy'''-n''''}  +  A^{{n+iy-nr} 

+|^,{(n+ir-7.'-}+^i^>^,{(n+ir»-..'-}+ 

Expand  all  the  expressions  {n  4-  l/^S  (n  +  1)',  {n  +  1)'""^ 

)y  the  Binomial  Theorem ;  and  then  equate  the  coefficients  of 
he  various  powers  of  n.  Thus,  by  equating  the  coefficients  of  n", 
ve  have  

hen,  by  equating  the  coefficients  of  w'"*,  we  have 

Gir+l)r     , 

hus  -         ^=V^'     "^0  =  5- 
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Equate  the  coefficients  of  w*""',  putting  for  C  and  A^  their 
values  j  thus  we  shall  obtain  generally 

11  1  A^  A^       ^       A^ 


|£      |jp  +  l      2\p     [2|p-l      [3[/?-2      \±\v-^ 

where  the  series  on  the  right-hand  side  extends  as  far  as  the  term 
involving  u4y_^  inclusive;  and  by  putting  for  p  in  succession  the 

values  2,  3,  4, we  determine  in  succession  -4^,  -4^^,  ^3, ; 

and  we  see  that  these  quantities  are  independent  of  n  and  r. 

We  shall  obtain  ^j  =  g,  ^,=  0,  A=-  —  ,  ^^=0,  A=  42' 

It  is  remarkable  that  all  the  coefficients  with  eoen  sufi&xes 
A^^  A^y  A^^  are  zero;  this  can  be  proved  as  follows. 

In  the  original  assumed  identity  change  n  into  n—\,  and 
subtract;  thus 

n'  =  (7K^^~(n-l)''-^»}  +  ^,{w''-(7i-l)'}  +  ^^,{7i'"*-(n-in 


2.3 


Equate  the  coefficients  of  tC  **,  putting  for  G  and  A^  their 
values;  thus 

1  1  ^1  ^  ^ 


jp+1      2[p      |2y9-2      |j|y~2      [4|j9~3 
The  result  formerly  obtained  may  be  expressed  thua^ 

0=   1^    1  .^.  ^-^^.-A_ 


[p+l      2[p      [2[j>-l      [3|p-2      [4[p-a 
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Hence,  by  subtracting  and  putting  for  p  in  succession  the 
alues  3,  5,  7, we  shew  in  succession  that  zero  is  the  value 

f -^i>  ■^4>  -^«>  


EXAMPLES   OP  THE   SUMMATION   OF  SERIES. 

1.  Shew  that  the  sum  of  the  first  n  terms  of  the  series  of 

rhich  the  n^^  term  is  w (w  + 1) (»»+  2) (w  +  m  —  1)  is  obtained 

y  placing  one  more  factor  at  the  end  of  this  expression,  and 
ividing  by  the  number  of  factors  so  increased. 

2.  Give  the  rule  for  summing  the  series  of  which  the  ri^ 
enn  is  the  reciprocal  of  » (»  +  1)  {n  +  2) (ti  +  m  —  1). 

Sum  the  following  five  series  to  n  terms,  and  also  to  infinity. 
1111 


3. 


1.2      2.3      3.4     4.5 


1  1  1  1 

1.3.5"^2.4.6**'3.5.7  ■*'4.6.8 

1111 

••  n"*'2r5^3T6"*'4T7"*' 


6. 


7. 


1  1  1 


2.4.6     4.6.8     6.8.10     8.10.12 
4  7  10  13 


2.3.4     3.4.5      4.5.6     6.6.7 

8.  Sum  to  w  terms  1  +  3  +  6  +  10+ 

9.  If  w  be  even,  shew  that 

7i  +  2(7i-l)  +  3(7i-3)  + 4-^^^  +  ^;  =  -^ 12 • 

10.  Sum  to  7i  terms  a'+ (a+ 1)'+ (a  +  2)*+ 

11.  Sum  ton  terms  1*+ 2*05+ 3V  + 4V+ 

12.  If  the  terms  of  the  expansion  of  (a  +  h)*  be  multiplied 

r'   "P"'   ^i^ 
nd  the  sum  of  the  resulting  series. 


,.--7iW— Iw  — 2  ,.  •x««x 

espectively  by  - ,   —j- ,        ^    > >  w  bemg  a  positive  integer. 
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13.  Expand  -jz r, in  a  series  of  ascending  powers  of  «, 

and  shew  that  the  coefficient  of  a;'  is  •       • 

14.  Find  the  coefficient  of  afy"  in  the  expansion  of 

35  (1  —  ax) 
(1  — a;)  (i  —  ax  —  by) ' 

15.  Shew  that 

2n     2n  {2n  +  2)     2n  (2n  +  2)  (2n  +  4) 

T"*"      37d      "^         37679         ■*■ 

=  ^  r'"3'""376"  "^        37679         ^ /• 


•  «  .     -  • 


16.  If  p^  denote  the  coefficient  of  x'  in  the  expansion  of 
(1  +  a?)",  where  w  is  a  positive  integer,  shew  that 

Pi     .    ^P,    .^Pb,  .    ^Pn   _  ^(^+^)  . 

i*.      i»i       i»,  •      .       P.-1         1-2 

^*     2       3  7i  2     3  n 

/I  \"        «■ 

17.  Prove  by  developing  the  identity  f  r— 1  j  =  tt^-t- 

that 

n{n-hl) (71  +  ;?  — 1)     n    (n-1) (n+p  —  2) 

n{n-l)     (n-2) (n+p-3) 

is  zero  when  n  and  p  are  positive  integers  and  n  greater  than  j?. 

18.  If  shot  be  piled  on  a  triangular  base,  each  side  of  which 
exhibits  9  shots,  find  the  whole>number  contained  in  the  pile. 
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19.  What  number  of  shot  is  contained  in  5  courses  of  an 
nfinished  triacgular  pile,  the  number  in  one  side  of  the  base 
eiiig  15? 

20.  The  number  of  balls  contained  in  a  truncated  pile  of 
rhich  the  top  and  bottom  are  rectangular,  is 

^  {2p'  +3{m  +  n-l)p+  6mn  -  3w  -  3/1+  1 }, 

^-here  m  and  n  represent  the  number  of  balls  in  the  two  sides  of 
he  top,  and  p  the  number  of  balls  in  each  of  the  slanting  edges. 

21.  Shew  that  l*  +  2*+3*+ 4-7i* 

=  5"'2"^3"30  =  30('*^^)(^''^^^(^''•'^''~^)• 
22.     Prove  that 

(1  +  aw)  (1  +  a?v)  (1  +  a^v) (14-  oifv) 

1  —  OJ  (1  -  OJ)  (1  —  x) 

(l-af)(l-af-)(l-a^-) 
^     {\-x){\-a^{\-x'T  

23.  The  coefficient  of  of  in  the  expansion  of 

(1  +  ar)(l  +  cx){l  +  c"a;)(l  4-  ^x) 

he  number  of  factors  being  infinite  and  c  less  than  unity,  is 

M''^ 

(l-c)(l-c*)(l-c») {l-cr 

24.  If  A^  be  the  coefficient  of  of  in  the  expansion  of 

(l  +  iB)'^l+|j  (l+^)  0"^^) ad  infinitum, 

2'  1072 

rove  that        -4,  =  ^irjj  (-4^_i  +  A^_^),  and  that  A^  =  -^j^ . 

25.  If  n  be  any  multiple  of  3,  prove  that 

.       ,,.(n-2)(n-3)      (n-3)(n-4)(n-5),  _ 

-(n-l)  + j-^ j3 + -(-1). 


410  INEQUALITIES. 

LI.     INEQUALITIES. 

667.  It  is  often  useful  to  know  whicli  is  tlie  greater  of  two 
given  expressions;  propositions  relating  to  such  questions  are 
usually  collected  under  the  head  Inequalities* 

We  say  that  a  is  greater  than  b  when  a  — 6  is  a  positive 
quantity.     See  Art  95. 

668.  An  inequality  will  still  hold  after  the  same  qtuintiif/  has 
been  added  to  each  member  or  taken  from  eaxih  Tnember, 

For  suppose  a  >  5, 

therefore   a  —  6  is  positive, 

therefore  a  db  c  —  (6  ±  c)  is  positive, 

therefore   a^ob^c. 

Hence  we  may  infer  that  a  term  may  be  removed  from  one 
member  of  an  inequality  and  affixed  to  the  other  with  Us  sign 
cJianged. 

669.  If  the  signs  of  all  the  terms  of  an  inequality  be  changed 
the  sign  of  inequality  must  be  reversed. 

For  to  change  all  the  signs  is  equivalent  to  removing  each 
term  of  the  first  member  to  the  second,  and  each  term  of  the 
second  member  to  the  first. 

670.  An  inequality  will  stiU  hold  after  each  member  has  been 
multiplied  or  divided  by  the  sams  positive  qu>antity. 

For  suppose  a  >  6,  therefore  a  —  5  is  positive,  therefore  if  w  be 
positive  w(a  — 5)  is  positive,  therefore  ma>mb;  and  similarly 

—  (a  —  6)  is  positive,  and  —  >  — . 
m^        '       ^  mm 

In  like  manner  we  can  shew  that  if  each  member  of  an  ine- 
quality be  multiplied  or  divided  by  the  same  negative  quantity, 
the  sign  of  inequality  must  be  reversed. 
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671.  If  a>5,  a'>y,  a">6", then 

a  +  a'  +  a"+ >6  +  y  +  6"+ 

For  by  supposition,  a-bj  a -h\  a'' —  V\ are  all  positive ; 

berefore  a  —  6  +  a'  —  6'  +  a"  —  6"  + is  positive ;  therefore 

a  +  a+a'+ >6  +  6'  +  6"+ 

672.  If  a>6,  a'>  6',  a">6", and  all  the  quantities  are 

K>sitive,  then  it  is  obvious  that  aa!a' >  hb'l/' 


673.  If  a  >  6,  and  a  and  h  are  positive,  then  a"  >  5",  where  n 
3  any  positive  quantity. 

This  follows  from  the  preceding  Article  if  w  be  an  integer.    If  n 
>e  fractional  suppose  it  =  -j  let  aF  =  h  and  6**  =  ^;  then  h  is>^', 

md  we  have  to  prove  that  Ji?->¥  *,  this  we  can  prove  indirectly; 

11  11 

■or  if  h^  =  ¥;  then  h  =  h,  and  if  h'  <h\    then   h<^k',    both    of 

I       1^ 

ihese  results  are  false;  hence  we  must  have  7i*  >  h''. 

If  n  be  a  negative  quantity,  let  w  =  —  m,  so  that  m  is  positive ; 
then    -;j  <  rij; ;  that  is,  a"  <  h\ 

674.  Let  r-i,   r-'i   T^,...'r  be  fractions  of  which  the  de- 

\      0^     K         K 

nominators  are  all  of  the  same  sign,  then  the  fraction 

a^  +  a^  +  a^-h +  a^ 

^  +  ^8+A+ +^* 

ies  in  magnitude  between  the  least  and  greatest  of  the  fractions 

Oj      Og      5i         2" 

For  suppose  P,   p,    Py...p  to  be  in  ascending  order  of 

6j      6,     ^         *» 

nagnitude,  and  suppose  that  aU  the  denominators  are  positive; 
hen 
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jf^j^f  therefore  a^^h^xj^  ; 
and  so  on; 

•  •  *  <     ■ 

therefore,  by  addition, 

a^  +  a^  +  a^+ +a^>(6j+6,+ 63+ +*«)l*^ 

therefore 

a^  +  a^  +  a^+ +a^     a^ 

\-¥h^  +  \-¥ +6«^^* 

Similarly  -we  may  prove  that 

a^  +  a^  +  a^+ +  a,     a^ 

^  +  ^>  +  ^+ +  ^«  ^^-' 

In  like  manner  the  theorem  may  be  established  when  all  the 
denominators  are  supposed  negative. 

•-«  d      d      (I 

If  r    =  T-  =  T^=  ....  then  each  of  these  fractions  is  egwd  to 
K      K      K  ^ 

the  fraction  whose  numerator  is  the  sum  of  the  numerators  and 

denominator  the  sum  of  the  denominators. 

675.     Since  {x  —  yf  or  a;*  — 2ajy  +  y'  is  a  positive  quantity  or 
zero,  according  as  x  and  y  are  unequal  or  equal,  we  have 

the  inequality  becoming  an  equality  when  aj  =  y.     Hence 

i  (a  +  5)  >  V(a6) ; 

that  is,  the  arithmetic  mean  of  two  quantities  is  greater  than  the 
geometric  mean,  the  inequality  becoming  an  equality  when  th« 
two  quantities  are  equal. 
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676.     Let  there  be  n  positive  quantities,  a,  6,  c, ...  ^j  then 

( j  >aoc  ...  k, 

unless  the  n  quantities  are  all   equal,  and  then  the  inequality 
becomes  an  equality. 


Fora6<(^)',  '^^(^)> 


T    7     /a  +  0    c  +  dy 
therefore  abed  <  (  —r-  .  — —  1  ; 


a-^h    c  +  d     ^\{a  +  h)  +  \(c  +  d)y 

therefore  abed  <  ( j ) . 

By  proceeding  in  this  way  we  can  shew  that  if  j9  be  any  posi- 
tive integral  power  of  2, 

ahcd  ,,.{jf>  factors) <  ( ^j  . 

^^       -  .  ,  ,  .  a  +  6  +  c  +  c?+ ...  (ti  terms)     .        , 

JNow  let  «  =  7i  +  r,  and  let  ^^ ^  =  ^,  and 

^  n 

suppose  each  of  the  remaining  r  quantities  out  of  the  p  quantities 

to  be  equal  to  < ;  we  have  then 

ahcd ,.,{n  factors)  xf  <l j      ;  that  is,  < T*' ; 

therefore  ahcd .,.  (w  factors)  <  r;  that  is,  <  ( j . 

Thus  the  theorem  is  proved  whatever  be  the  number  of  quan- 
tities a,  6,  c,  c?,  ...  The  inequality  becomes  an  equality  when  all 
the  w  quantities  are  equaJ. 

We  may  also  write  the  theorem  thus, 

a  +  6+c  +  c?+ ,  ,  J     ^i 

>{abcd.,,)  • 

by  extending  the  signification  of  the  terms  arithmetical  mean  and 
geometrical  mean,  we  may  enunciate  the  theorem  thus;  the  arith- 
metical Tnean  of  any  number  of  positive  quantities  is  greater  than 
the  geometrical  mean. 
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677.  The  following  proof  of  the  theorem  given  in  the  pre- 
ceding Article  will  be  found  an  instructive  exercise. 

Let  P  denote  (ahcd JcY,  and  Q  denote '_^^j^ — 

n 

Suppose  a  and   h  respectively  the  greatest  and  least  of  the  » 

quantities   a,   6,  c,   d, ky    let    a,  =  6i  =  J(a  + 6),   and  let 

Px  =  {(ifi^cd kY]   then  since  afi^>ah,  we  havePj>P.     Next 

if  the  factors  in  P^  be  not  all  eqnal,  remove  the  greatest  and  least 
of  them,  and  put  in  their  places  two  new  factors,  each  equal  to 
half  the  sum  of  those  removed  j  let  P^  denote  the  new  geometrical 
mean;   then  P^>P^,     If  we  proceed  in  this  way,  we  obtain  a 

series  P,  P^,  P^,  P3, P^,  each  term  of  which  is  greater  than 

the  preceding  term;  and  by  taking  r  large  enough,  we  may  have 
the  factors  which  occur  in  P^  as  nearly  equal  as  we  please;  thus 
when  r  is  large  enough,  we  may  consider  P^=^;  therefore  Pis 
less  than  Q. 

678.  We  will  now  compare  the  quantities 

a" +  6"' 


and 


m- 


2 
"VVe  suppose  a  and  b  positive,  and  a  not  less  than  b, 

m(m-\){m-2){m-3)  fa  +  hy-* (a - b\*  \ 

*  |4  \rr)  \~r)'*- ]• 

Since  — ^t—  is  less  than  ,  the  series  ia  convergent  (Art 

564),  so  that  we  have  a  result  which  is  arithmetically  intelligible 
and  true.   Hence  if  m  be  negative  or  any  positive  integer ,  it  follows 

that  — ^ —  >  ( — ^—  )  .     If  wi  be  positive  and  less  tha/n  unity ^ 

a*"  4-  &"•      /a  +  bY     X. 


remains  to  consider  the  case  in  which  m 
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Ls  positive  and  greater  than  unity,  but  not  an  integer.     Suppose 

p  ^  I 

fn  =  -y   where  p  is  >g',   and  let  a  =  a»,  ^  =  h^,   X  =  a',   £  =  ^, 

Then 


IS  >  or  < 


according  as  — — ^  is  >  or  <  ( — ^  j  ; 


» 


that  is,  according  as  I — s"^)  is  >  or  ^^  ^       ; 


that  iB,  according  as  [^ 


IS  >  or  < :r 


We  know  by  what  has  already  been  proved,  that  the  expres- 
sion on  the  left  hand  side  is  the  greater,  since  —  is  positive  and 

less  than  unity;  hence  — - —  is  >  f  j    when  m  is  positive 

and  greater  than  unity. 


a"'  +  6'"  +  c'"+ +  ife'"     /a-hb-\-c-h +  i&\"* 

> 


679.     Let  there  be  n  positive  quantities  a,  6,  c, k;  then 

/a  +  b  +  c-h +kV 

when  m  is  negative,  or  positive  and  greater  than  unity;  but  the 
reverse  holds  when  m  is  positive  and  less  than  unity.  The 
inequality  becomes  an  equality  when  all  the  n  quantities  are 
eqnal. 

This  may  be  proved  by  a  method  similar  to  that  used  in 
Art.  676.  We  will  suppose  m  negative,  or  positive  and  greater 
than  unity.     Then 
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therefore         a"  +  6"  +  c"  +  cZ"  >  2  {(^)"+  (^)"} 

^  2  2  ^a  +  6  +  c  +  rf^-. 

therefore         j >  ( j j  . 

By  proceeding  in  this  way  we  can  establish  the  theorem  in 
the  case  where  the  number  of  quantities  is  jo,  if  j9  be  any  positive 
integral  power  of  2.  Now  let  p  =  n-\-r,  and  let  the  last  r  of  the 
p  quantities  be  all  equal,  and  each  equal  to  t,  say,  where 

a-hb  +  c-h (n  terms) 

n  ^ 


therefore 


a"  +  6'"  +  c"'+ /a+6  +  c+ N*" 

> 


/a+  6  +  C+ N"* 

\         n  +  r         J  ' 


w  +  r 
therefore         a"*  +  6'"  +  c'"+ -h rf^ > (n -\- r)  ( j  ; 

that  is,  >(7i  +  r)r; 

therefore  0"*+  6"*  +  c"+ >  nf; 

which  was  to  be  proved. 

In  a  similar  way  we  may  establish  the  rest  of  the  theorem, 
namely,  that  when  m  is  positive  and  less  than  unity  the  reverse 
holds. 

The  theorem  of  this  Article  may  also  be  established  by  a 
method  similar  to  that  used  in  Art.  677. 

680.  The  following  three  examples  will  illustrate  the  subject 
of  Inequalities,  and  furnish  results  of  some  interest. 

T     Ti.         1.3.5 (271-1)       ,         3.5.7 (2n  +  l) 

"         2.4.6 2n  "        2.4.0 2» 

then  when  n  is  infinite  u  is  zero,  v  is  infinite  and  u  v  ia  fildte. 
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^1.  13    5  2n-l 

We  hare  u^  =  :^.  j.  g -^^  (1); 

herefore,  by  Art.  376, 

2    4    6  2n 

**-^3-5-7 a^m v2). 

Therefore,  by  multiplication^    ^«*<  s f  • 

Hence,  by  increasing  n  we  can  make  u^  less  than  any  assigned 
[uantity. 

a-     1    1  3    5    7  2n  +  l  ,,. 

Similarly,  ^-  =  2-4 '6  -2^  ^^^^ 

herefore,  by  Art.  376, 

4    6    8  2/1  +  2  ,,, 

'^-"s-s-y 2;r7T W- 

Therefore,  by  multiplication,   v^'>  — - —  ,  that  is,  >  w  + 1. 

Hence,  by  increasing  n  we  can  make  v^  greater  than  any  as- 
igned  quantity. 

Lastly,  by  (1)  and  (4)  we  see  that 

^  V-  >  K  o T  >  *^^*  is,  >  ^r Y  9  find  therefore,  a  fortiori,  >  ^r  : 

*"2  2n  +  l'  '2w+l'  '"^  '2' 

nd  by  (2)  and  (3)  we  see  that  u^v^  <  1. 

Hence  u  v  lies  between  ^  and  1,  and  is  therefore  finite. 

II.     If  m,  w,  a  are  in  descending  order  of  magnitude,  then 

(m-\-a\^  .        /n  +  a V 
rn-aJ  \n-a)' 

For  take  the  logarithms  of  both  sides;  thus  we  have  to  compare 

m  log       ^  with  n  log  (  —15  , , 

'H'*«-w* }"«'K'45-i?- }• 

nd  the  first  of  these  is  less  than  the  second.     Hence  the  required 
3sult  follows. 

T.A.  Tl 
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III.     Let  there  be  n  positive  quantities  a,  6,  c, k-,  then 

f 1  la  <:aoc  K, 

unless  the  n  quantities  are  equal,  and  then  the  inequality  becomes 
an  equality. 

Let  there  be  two  unequal  quantities  a  and  6;   we  have  to 
shew  that 

Suppose  a  greater  than  b;  let  a  =  c  +  Xy     b  =  c  —  x. 
We  have  to  shew  that    ( 1  +  -]      (1  —  )       is  >  1, 


that  is,  that  (1~t)|  — ^  1  is  >  1, 


or  that  (1  -  «*)  (t^-  )  is  >  1,     where  « =  -  . 


Now  the  logarithm  of  ( i  r^)  (1  -  «")  ^ 

2zf^z*lz'+lz'+ J_|«'+|*«  +  |»«+ |, 

and  this  is  a  positive  quantity;  and  as  the  logarithm  is  positive 
the  expression  is  greater  than  unity. 

The  demonstration  is  then  extended  to  the  case  of  three  or 
more  quantities  by  a  method  similar  to  that  used  in  Art.  677. 

The  problems  in  the  next  three  Articles  are  analogous  to  the 
subject  considered  in  the  present  Chapter. 

681.  Divide  a  given  number  2a  into  two  parts,  such  th«k 
their  product  shall  have  the  greatest  possible  value.  Let  x  denote 
one  part  and  2a —  x  the  other  part,  and  let  y  denote  the  product; 
then  we  have  to  determine  x  so  that  y  may  have  the  greatest 
possible  value.  Since  y  =  x  {2a  —  oj),  we  have  jc*  —  2<ix  +  y  =  0; 
therefore  x=a^J{a^  —  y),  Thus  since  x  must  be  real  y  cannot 
be  greater  than  a",  and  a;  =  a,  when  y  =  a\ 
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682.  Divide  a  given  number  2a  into  two  parts,  such  that  the 
sum  of  their  square  roots  shall  have  the  greatest  possible  value. 
Let  X  denote  one  part  and  2a  — x  the  other  part,  and  let  y  denote 
the  sum  of  the  square  roots  of  the  parts;  then  we  have  to  deter- 
mine X  so  that  y  may  have  the  greatest  possible  value. 

Since  V«  +  V(2a  -  a;)  =  y, 

2a'-x  =  {y-Jxy  =  y'-'2yJx  +  x, 

and  2x  —  29/Jx-^y^—2a  =  0; 

therefore  Ja:=U^l^^^. 

Thus,  since  Jx  must  be  real  y*  cannot  be  greater  than  4a, 
thus  2fja  is  the  greatest  value  of  y,  and  x  =  a  when  y  =  2^ a, 

af  +  a' 

683.  Find  the  least  value  which can  have  whatever 

X 

real  value  x  may  have. 

Put =  y,  thus  «•  -  a;y  +  a*  =  0 ;  therefore 

Thus  2/'  cannot  be  less  than  4a*;  hence  2a  is  the  least  value 
of  y. 

Or  thus,  =zx  +  —  ;   suppose  x  positive,   then  we   can 

X  X 

put  this  expression  in  the  form  (^x — j-j  -\-2a;   and  as  2a  Ls 
constant  the  least  value  of  the  whole  expression  will  be  obtained 

when  the  positive  term  (^x — 7- j  vanishes,  that  is,  when  x  =  a, 

x^  +  a^ 
It  is  unnecessary  to  consider  negative  values  of  x,  because  

X 

has  the  same  numerical  value  when  x  has  any  negative  value  as 
when  X  has  the  corresponding  positive  value. 


^1— ^ 
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EXAMPLES    OF    INEQUALITIES. 

In  the  following  examples  the  symbols  are  supposed  to  denote 
positive  quantities;  and  the  inequalities  may,  in  certain  cases, 
become  equalities,  as  in  some  of  the  articles  of  the  text. 

1.  If  a,  6,  c  be  such  that  any  two  of  them  are  greater  than 

the  third, 

2  {ah  +  6c  +  ca)  >  a*  +  6*  +  c". 

2.  If  Z'  +  m"  +  w'  =  1,  and  T  +  m'*  +  n  *  =  1,  then 

IV  +  mm  +  nn  <  1. 

3.  (a  +  6  -  c)'+  (a  +  c-6)'  +  (6  +  c  -  aY'>ah  +  6c  +  ca. 

5.  ah  (a  +  6)  +  he  (6  +  c)  +  ca  {c  +  a)>  6ahc  and  <  2  (a®  +  6'  +  c'). 

6.  (a  +  6)  (6  +  c)  (c  +  a)^  Sahc. 

7.  Shew  that  af—8x+  22  is  never  less  than  6,  whatever 
may  be  the  value  of  x, 

8.  "Which  is  greater,  2x°  or  a;  + 1 1 

1.1.  1 

9.  If  n  be  >  1,  then  x-] is  >  1  +  - ,  if  a;  be  >  1,  or  <  - . 

nx  n  n 

10.  Find  the  least  value  of  (^  "^  ^)  (^  •*- ^)  . 

X 

11.  Divide  an  odd  integer  into  two  others,  of  which  the 
product  may  be  the  greatest  possible. 

12.  If  a  >  6,  then  7(a«  -  6*)  +  ^(2a6  -  J')  >  a. 

13.  If  a,  6,  c,  d  are  in  harmonica!  progression,  a  +  c?  >  6 +c. 

14.  If  a,  h,  c  are  in  harmonical  progression  and  n  a  positive 
integer,  a^'-^-c''^  2h\ 

15.  If  a  >  6,  shew  that  -7—5 ^c  is  >  or  <  -77— r — j^ ,  accord- 

J{x'  +  a')  s/ix'+hy 

ing  as  a;  is  >  or  <  J{ah), 

16.  If  a,  6,  c,  or  6,  c,  a,  or  c,  a,  6  are  in  descending  order  of 
magnitude,  a*6  +  Vc  +  c'a  >  a'c  +  Va  +  c'6 ;  if  they  are  in  ascending 
order  of  magnitude,  a*6  +  6*c  +  c'a  <  a*c  +  Va  +  c*6. 
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17.  (-i'  +  ^«  +  (7*+...)(a'  +  6»  +  c»+...)>(^a  +  ^2^  +  C'c+...)*. 

18.  3  (a'  +  6'  +  c')  >  (a  +  6  +  c)  {ah  +  6c  +  ca). 

19.  ^abc  <  (a  +  6  +.c)  (a*  +  6"  +  c"). 
w-l 

21.  The  difference  between  the  arithmetic  and  geometric 
nean  of  two  quantities  is  less  than  one-eighth  of  the  squared 
lifference  of  the  numbers  divided  by  the  less  number,  but  greater 
ban  one-eighth  of  such  squared  difference  divided  by  the  greater 
Lumber. 


22. 


23.  \n  >  n*. 

24.  1.3.5  ...  {2n-\)<n\ 

-   (.-i)(.-5)...(-^).i. 

2Q.     a*  +  6*  +  c*  >  ahc  (a  +  6  +  c). 

27.  8(a'+6'  +  c')>3(a  +  6)(6  +  c)(c  +  a). 

2a         26         2c       ^ 

28.  V + +  -   .  i  >  3. 

6  +  c     a  +  c     a  +  6 

29.  (a  +  6  +  c)'  >  27a6c  and  <  9  (a'  +  6'  +  c^), 

30.  If  j3  and  g'  be  each  less  than  unity, 

31.      r:i  +  r!s  +  _3^. +_i:i«  +  _!Lii  +  _5  >  n. 

»«         ^8         «4  *--l  ®H  ^1 

l-a* 
32.     If  a  and  a;  both  lie  between  0  and  1,  then  -z >  x. 
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LII.     THEORY   OF  NUMBERS. 

684.  Througliout  the  present  Chapter  the  word  nurnber  is 
used  as  an  abbreviation  for  positive  integer. 

685.  A  number  which  can  be  divided  exactly  by  no  number 
except  itself  and  unity  is  called  a  prime  number,  or  shortly  a  privM. 

^SQ,  Two  numbers  are  said  to  be  prime  to  each  other  when 
there  is  no  number,  except  unity,  which  will  divide  each  of  them 
exactly.  Instead  of  saying  that  two  numbers  are  prime  to  each 
other,  the  same  thing  is  expressed  by  saying  that  one  of  them  is 
prime  to  the  other. 

687.  If  a  number  p  divides  a  product  ab,  and  is  prime  to  one 
/actor  a,  it  must  divide  the  other  factor  b. 

Suppose  a  greater  than  p ;  perform  the  operation  of  finding 
the  greatest  common  measure  of  a  and  p;  let  qyq\  q'\  ...  be  the 
successive  quotients,  and  r,  /,  r",...  the  corresponding  remainders. 

Thus  a=jp2'  +  r,  p  =  rq-¥r\  r  =  rq'  +  r\ 

multiply  each  member  of  each  of  these  equations  by  6,  and  divide 
by  ;p ;  thus 

ab     ,       br.br,     br      br     br       „     br' 
—  =  6g  +  — ,    6  =  — xg'+  —  ,    —  =  —  xg'+  —  .... 

p  P  P  P       P      P  P 

Since  —  is  an  integer,  it  follows  from  the  first  of  these  equa- 

br  . 
tions  that  —  is  an  integer;  then  from  the  second  of  these  equations 

br'  ,  .  .      6r"  . 

—  is  an  integer;  then  from  the  third  —  is  an  integer;  and  so 

on.     But,  since  a  and  p  are  prime  to  each  other,  the  last  of  the 

remainders  r,  /,  /', ...  is  unity;  therefore is  an  integer;  that 

P 
is,  b  is  divisible  by  p. 

688.  WTien  tJie  numerator  and  denominator  of  a  fradion 
are  prime  to  each  other  the  fraction  cannot  be  reduced  to  an  equi- 
valent fra^ition  in  lower  terms. 
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a 


Suppose  that  a  is  prime  to  b,  and,  if  possible,  let  ^  be  equal 
o  77 ,  a  fraction  in  lower  terms.     Since  t  =  i7»  we  have  a'=  -r-  : 

O  0        0  0 

herefore  h  divides  ah';  but  h  is  prime  to  a,  therefore  h  divides  h' 
Art.  687);  but  this  is  impossible,  since  b'  is  less  than  b  by  sup- 

K>sition.     Hence  j-  cannot  be  reduced  to  an  equivalent  fraction 

n  lower  terms. 

a     a' 
689.     If  Skis  prime  to  b,  and  r  =  r?  >  then  sl  and  V  rmiat  be  the 

ame  mvltiples  o/b.  and  b  respectively. 

Since  •p  =  j-9  we  have  a'  =  — ;  but  b  is  prime  to  a,  therefore 
.  divides  b';  hence  V  =  nb,  where  n  is  some  integer;   therefore 


{  =s  na. 


690.  1/  a  prime  nurnber  p  divides  a  product  abed...  it  must 
Hvide  one  o/ the /actors  of  that  product. 

For  since  p  is  a  prime  number,  if  jo  does  not  divide  a  it  is  prime 

0  it,  and  therefore  it  must  divide  bed..,  (Art.  687).     Similarly,  if 

1  does  not  divide  &,  it  is  prime  to  it,  and  therefore  it  must  divide 
d. . .  By  proceeding  in  this  way  we  shall  prove  that  p  must  divide 
ne  of  the  factors  of  the  product. 

691.  If  a  prime  number  divides  sJ^,  where  n  is  any  positive 
rUeger,  it  must  divide  a. 

This  follows  from  the  preceding  Article  by  supposing  all  the 
ictors  equal. 

692.  If  a  number  n  is  divisible  by  p,  p',  p", ...  and  each  of 
'lese  divisors  is  prime  to  all  the  otliers,  n  is  also  divisible  by  the 
roduct  "pp^".,. 

For  since  n  is  divisible  by  p,  we  have  n  ^pq,  where  q  is  some 
iteger.  Since  p'  divides  pq  and  is  prime  to  p,  p'  must  divide  q ; 
ence  q=pq\  where  q  is  some  integer;  thus  n=ppq\  and  is 
herefore  divisible  by  pp\  By  proceeding  thus  we  may  shew  that 
',  is  divisible  hj ppp'... 
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693.  7/*  a  and  b  be  each  of  tliem  prime  to  c,  tlien  ab  is  pnme 
to  c. 

For  if  ah  is  not  prime  to  c,  suppose  ah  =  nr  and  c^ns,  where 

n,  r,  and  8  are  integers;  then,  since  a  and  h  are  prime  to  c,  thej 

a    r 
are  prime  to  ns,  and  therefore  to  n;  but  ah  =  nr,  therefore  -  =T) 

therefore  6  is  a  multiple  of  n  (Art.  689).  Hence  h  is  both  prime 
to  n  and  a  multiple  of  w,  which  is  impossible.  Therefore  ab  is 
prime  to  c, 

694.  7/*  a  a/nd  b  are  jorime  <o  each  othe/i*,  a"  awe?  b""  are  prim 
to  each  other;  m  and  n  fteiw^  awy  positive  integers. 

For  since  a  is  prime  to  6,  it  follows  that  ax^a  or  a*  is  prime 
to  h  (Art.  693);  similarly  a^  xa  or  a®  is  prime  to  6;  and  soon; 
thus  a*"  is  prime  to  6.  Again,  since  a"*  is  prime  to  6,  it  follows 
that  a"*  is  prime  to  6  x  6  or  6";  and  so  on. 

695.  No  rational  integral  algebraical  formula  can  represent 
prime  numbers  only. 

For,  if  possible,  suppose  that  the  formula 

a  +  6a;  +  ca3*+ c^aj' +  ... 

represents  prime  numbers  only;  suppose  when  x  =  m  that  the 
formula  takes  the  value  p,  so  that 

p=:a-\-bm  +  CTf?  +  drf!^  +  ... 

Put  for  a;,  in  the  formula,  m  +  np^  and  suppose  the  Talue  then  to 
be  2?';  thus 

p'  =  a+  6(m  +  7ip)  +  c(m+7ip)'+c?(7w  + wjp)°+ ... 

=  a  +  6w  +  cw'  +  drr?  + +  i!f  (p) 

=^  +  if(2?), 

where  M{jp)  denotes  some  multiple  of  p\  thus  p'  is  divisible  by|>, 
and  is  therefore  no^  a  prime. 
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696.  The  number  of  prime  numbers  is  injmiJLe, 

For  if  the  number  of  prime  numbers  be  not  infinite,  suppose  p 
lie  greatest  prime  number;  the  product  of  all  the  prime  numbers 
ip  to  j3,  that  is,  2.  3.  5.  7.11. ..jt?  is  divisible  by  each  of  these 
>rime  numbers;  add  unity  to  this  product,  and  we  obtain  a 
lumber  which  is  not  divisible  by  any  of  these  prime  numbers;  this 
lumber  is  therefore  either  itself  a  prime  number,  or  is  divisible 
>y  some  prime  number  greater  than  jo;  thus  p  is  not  the  greatest 
>rime  number,  which  is  contrary  to  the  supposition.  Hence  the 
Lumber  of  prime  numbers  is  infinite. 

697.  If  9k  is  prijne  to  b,  and  the  quantities  a,  2a,  3a, 

b  —  1)  a,  are  divided  by  b,  the  remainders  will  all  be  different. 

For,  if  possible,  suppose  that  two  of  these  quantities  ma  and 
%a  when  divided  by  6  leave  the  same  remainder,  so  that 

ma  =  w6  +  r  and  m'a  =  n'b-\-r} 
hen  (m  —  m')  a  =  (ri  -  w')  6; 

,        ^  a      n-n 

nerefore  -j  = -, : 

0     m  —  m 

ence  m  — m'  is  a  multiple  of  6  (Art,  689);  but  this  is  impossible, 
ince  m  and  m'  are  both  less  than  b, 

698.  A  number  can  be  resolved  into  prima  factors  in  only 
ne  way. 

Let   iV  denote   the  number;    suppose  N—dhcd ,  where 

,  by  c,  d, are  prime  numbers  equal  or  unequal.     Suppose, 

f  possible,  that  N  also  =a^y8 ,  where  a,  )8,  y,  8, are 

ther  prime  numbers.      Then  abed =  a^y8 ;    hence   a 

lust   divide   abed ,   and  therefore   must  divide  one  of  the 

ictors  of  this  product;  but  these   factors   are   all  prime   num- 
bers; hence  a  must  be  equal  to  one  of  them,  a  suppose.     Divide 

y  a  or  a,  then  bed =^y8 ;  from  this  we  can  prove  that 

\  must  be  equal  to  one  of  the  factors  in  bed ;  and  so  on. 

'hus  the  factors  in  ahcd cannot  be  different  from  those  in 

^78 


426  THEORY  OP  NUMBERS. 

699.     To  find  the  highest  power  of  a  prime  nwrnher  a  trAicA  m 
contained  in  tlve  product  [m. 

Let  -^  (— )  denote  the  gi'eatest  integer  contained  in  — , 
let  /  f -J  j  denote  the  greatest  integer  contained  in  -^ , 

let  /  (-5)  denote  the  greatest  integer  contained  in  -,> 

and  so  on;  then  the  highest  power  of  the  prime  number  a  which 
is  contained  in  Im  is 


(Sh'QX?) 


+ 


For  among  the  numbers  1,  2,  3, m,  there  are  ^  (—)  ^^ch 

contain  a  at  least  once,  namely  the  numbers  a>  2a,  da,  ia, 

Similarly  there  are  ^  (-§)  which  contain  a'  at  least  once;  there 

are  -^  ( -3)  which  contain  a'  at  least  once;  and  so  on.     The  sum 

of  these  expressions  is  the  required  highest  power. 

This  proposition  will  be  illustrated  by  considering  a  numerical 
example.  Suppose  for  instance  that  771=  14  anda=2;  then  we 
have  to  find  the  highest  power  of  2  which  is  contained  in  114. 

Here/Q=7,  ^(5)=3,  ^(j)^!;  ^^^  ^^^  required 
power  is  11.     That  is,  2"  will  divide  114,  and  no  higher  power 


of  2  will  divide  1 14.  Now  let  us  examine  in  what  way  this  num- 
ber 11  arises.     Of  the  factors  1,  2,  3,  4, 14  there  are  seven 

which  we  can  divide  at  once  by  2,  namely  2,  4,  6,  8,  10,  12, 14. 
There  are  three  factors  which  can  be  divided  by  2  a  second  time, 
namely  4,  8,  12.  There  is  one  factor  which  can  be  divided  hy  2 
a  third  time,  namely  8. 

Thus  we  see  the  way  in  which  7  +  3  +  1,  that  is  11,  arises. 
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700.     The  prodv^t  of  any  n  successive  integers  is  divisible 

Let  771  +  1  be  the  first  integer;  we  have  then  to  shew  that 

(m  +  l)(m  +  2) (m  +  n) 

an  integer.     Multiply  both  numerator  and  denominator  of  this 

cpression  by  [m;  it  then  becomes  L  ,  which  we  shall  de- 

\m\n 

P 

)te  by  ■^.     Let  a  be  any  prime  number;  let  r^,  r^,  r^,  

..,  i,..  .     m-\-n     m-\-n     m-^n 

mote  the  greatest  integers  in  ,    — = — ,   — § — , re- 

a  a  a 

•ectively;   let  s^,  s^,  s^,  denote  the  greatest  integers  in 

,    —,    -g,  respectively;  and  let  t^,  t^,  t^,  denote  the 

eatest  integers  in  — ,   -, ,    -^ , respectively.    Then  in  P  the 

(t     a      Of 

ctor  a  occurs  raised  to  the  power  r^-\-r^+r^-\- ;  in  Q  the  fac- 

r  a  occurs  raised  to  the  power  s^+Sg+s^+ +  ^j  +  ^,+  t^-h 

ow  it  may  be  easily  shewn  that  r^  is  either  equal  to  s^  + 1^  or 

8^-\-t^  +  l,  and  that  r^  is  either  equal  to  s^  +  <,  or  to  s^  +  ^^  +  1, 
d  so  on.     Thus  a  occurs  in  P  raised  to  at  least  as  high  a  power 

in  Q,  Similarly  any  prime  factor  which  occurs  in  Q  occurs  in 
raised  to  at  least  as  high  a  power  as  in  §.     Thus  P  is  divisible 

Q. 

701.     If  u  he  a  prime  number,  the  coefficient  of  every  term  in 
)  eacpansion  of{B.  +  b)",  except  thejvrst  and  last,  is  divisible  by  n. 

Por  the  general  form  of  the  coeflS.cients  excluding  the  first  and 

t  is 

w(ri— 1) (n  — r  +  1) 

lere  r  may  have  any  value  from  1  to  »i  —  1  inclusive.     Now,  by 
t.  700,  this  expression  is  an  integer;  also  since  n  is  a  prime 
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number  and  greater  than  r,  no  fistctor  which  occurs  in  \r  can 
divide  n ;  therefore  (n  —  1)  (n  —  2) (n  —  r+l)  must  be  divi- 
sible by  |r.  Hence  every  coefficient,  except  the  first  and  last, 
is  divisible  by  n. 

702.  If  n  be  a  prime  number ,  the  coefficient  of  every  term  in 

tlie  expansion  o/*  (a  +  b  +  c  +  d  + )",  except  tliose  of  a",  b",  c', 

d", ,  is  divisible  by  n. 

Put /?  for  6  +  c  +  c?+ j  then 

(a  +  6  +  c-fc?+ )"  =  (a  +  )S)". 

By  Art.  701,  every  coefficient  in  the  expansion  of  (a+j8)'is 
divisible  by  w,  except  those  of  a"  and  p*y  and  the  coefficient  of 
each  of  these  terms  is  unity.     Again, 

^  =  (6  -f  c  +  c^  + )"  =  (6  +  y)"  suppose; 

and  every  coefficient  in  the  expansion  of  (6  +  y)"  is  divisible  by 
n  except  those  of  6"  and  y".  By  proceeding  in  this  way  we  arrive 
at  the  theorem  enunciated. 

703.  If  u  be  a  prim^e  number^  and  N"  prime  to  n,  ihen  N"~^-l 
is  a  multiple  ofn,     (Fermat's  Theorem.) 

By  the  preceding  Article, 

(a-f  6  +  c  +  c?+ +^)"  =  a"+5"  +  c''  +  c^"+ +k*  +M{n\ 

where  M  {n)  denotes  some  multiple  of  n.     Let  each  of  the  quanti- 
ties a,  6,  c,  dy ^  be  equal  to  unity,  and  suppose  there  are 

-^  of  them;  thus 

therefore  N  (iV^""'  -  1)  =  M{n), 

Since  N  is  prime  to  w,  it  follows  that  iV"~*  —  1  is  divisible 
by  w. 

We  may  therefore  say  that  iV^"~*  =  1  -fjpn,  where  p  is  some 
positive  integer. 
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704.  Since  w  is  a  prime  mimber  in  the  preceding  Article, 
n—1  is  an  even  number  except  when  w  =  2 j  hence  we  may 
write  the  theorem  thus, 

tl-l  w-l 

therefore,  either  iV*— loriV*+l    is   divisible  by  n,  so  that 

■-1 
J^ '  =:pn+ly   or    else=^n  — 1,    where  p  is  some  positive   in- 
teger. 

705.  The  following  theorem  is  an  extension  of  Fermat's.  Let 
n  be  any  number;  and  let  1,  a,  6,  c,  w— 1,  be  all  the  num- 
bers which  are  less  than  n  and  prime  to  n;  suppose  there  are  m  of 
these  numbers;  then  will  a:"  —  1  =  M(n),  when  for  x  we  substitute 
any  one  of  the  above  m  numbers,  except  unity.  For  multiply  all 
the  m  numbers  by  any  one  of  them  except  unity,  and  denote  the 

multiplier  by  a;;  thus  we  obtain  1  .a?,  ax,  hx,  ex, (n—1) a;; 

these  products  are  all  different  and  all  prime  to  w.  It  may  be 
easily  shewn  that  when  these  products  are  divided  by  n,  the  re- 
mainders are  all  different  and  all  prime  to  n;  thus  the  remain- 
ders  must  be  the  original  m,  numbers  1,  a,  6,  c,  w  — 1; 

they  will  not  necessarily  occur  in  this  order,  but  that  is  imma- 
terial for  the  object  we  have  in  view.     Hence  the  product  of 

the  new  series  of  m  numbers  x,  ax,  hx,  ex,  (w— l)aj,   can 

only  differ  from  the  product  of  the  original  m  numbers  by  some 
mvltiple  of  n;  thus 

^ahc («.  — I)  =  a6c (tj— 1) +if  (w). 

Since  two  of  the  three  terms  which  enter  into  this  equation 

are  divisible  by  a6c (^~1)>  *^®  third  term  must  likewise  be  so 

divisible,  and  as  ahc (^  — 1)  is  prime  to  n,  the  quotient  after 

Jf  (w)  is  divided  by  a6c (^  - 1)  i^^st  still  be  some  multiple  of 

n,  and  may  be  denoted  by  M(n)\  thus 

ar=l+Jf(?i),  and  a;*" -  1  =  Jf  (n). 

706.  "We  will  now  deduce  Fermat's  theorem  from  the  result 
of  the  preceding  Article.     Suppose  n  a  prime  number;  then  the 
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numbers  1,  2,  3, w  — 1,  are  all  prime  to  n;  thus  «i=:w-l. 

Therefore  a""*  — 1=  Jf(w),  where  x  may  be  any  number  less  than  n. 
Next  let  y  denote  any  number  which  is  greater  than  n  and  prime 
to  n,  then  we  can  suppose  y  =pn  +  x,  where  p  is  some  integer  and 
X  is  less  than  n.     Therefore 

f/''^={pn  +  xy-^  =  a"-  *  +  (ti  - 1 )  a^  pn+ =  a;""*  +  M{n); 

but  we  have  already  shewn  that  a;"~^  =  1  +  M  (n)}  thus 

3/"-^  =  1  +M{n),  and  y-^  -  1  =  if  (w). 

Thus  Format's  theorem  is  established. 

707.     If  n  he  a  prime  number,  1  +  [n—  1  is  divisible  hy  n. 
(Wilson's  Theorem.) 

By  Art.  549  we  have 
\n-l  =  {n  - 1)-^  -  (ri  - 1)  (n  -  2)-^ 

by  Fermat's  theorem  we  have 

(7i-l)"-^  =  l+i),w,     {n-2)'^'=l+p^n,    (ri-3)"-'  =  l+;),n, 

where  p^,  p^,  p^,  are  positive  integers.     Therefore 

\n-l=M{n)  +  l^(n-l) 

{n^l)(n^2)     {n-l){n--2)(n-^S)  . 

1.2  1.2.3  ■*■ ' 

the  series  1  —  (r^  —  1)  + y\ ~  ...  extends  to  w  —  1  terms, 

and  is  equal  to  (1-1)""'— (-1)""*,  that  is,  to  —  1,  since  w-1  is 
an  even  number.     Thus  ^n  —  1  =  M  {n)  —  1 ;  therefore 

1  +  [y^  — 1  is  divisible  by  n. 

If  n  be  not  a  prime  number,  1  +  [n  —  1  is  not  divisible  by  fi. 
For  suppose  p  a  factor  of  n;  then  p  is  less  than  w  —  1,  and  there- 
fore [n-1  is  divisible  by  p'^  hence  1  +  [r^- 1  is  not  divisible  by 
p,  and  therefore  not  divisible  by  n. 


THEORY  OP  NUMBERS,  431 

708.  The  following  inference  may  be  drawn  from  "Wilson's 
Theorem.  If  2p  +  l  be  a  prime  number,  {|_p}'  +  (— l)**  is  divisi- 
ble by  2p  + 1. 

By  Wilson's  Theorem,  since  2/>  + 1  is  a  prime  number, 
1  +  ^2p  is  divisible  by  2p  + 1.     Put  n  for  2p  +  1,  then  \2p  may 

be  written  thus, 

1  (n-l)  2  {n- 2)  3  {n-3) p(n-p); 

if  these  factors  be  supposed  multiplied  out,  it  is  obvious  that  we 
shall  obtain  (-1)''1'2'3' p^  together  with  some  multiple  of  w. 

Hence  1  4-(— lyjl^}*  must  be  divisible  by  n,  and  therefore 
{[pY  +  (-  ly  must  be  divisible  by  n. 

709.  To  find  the  number  of  positive  integers  which  are  less 
than  a  given  nuwiber  and  prime  to  it. 

Let  N  denote  the  number,  and  first  suppose  2^=  a',  where  a 
is  a  prime  number.     The  only  terms  of  the  series  1,  2,  3,  4, N 

which  are  not  prime  to  N  are  a,  2a,  3a,  4a,  —  a;  and  there 

a 

are  —  of  these  terms.     Hence  after  rejecting  these  multiples  of 

a,  we  have  remaining  iV terms,  that  is.  Nil  —  j  terms;  thus 

there  are  iV  f  1  — j  positive  integers  which  are  less  than  iV  and 

prime  to  N. 

Next,  suppose  N^a^b^,  where  a  and  b  are  prime  numbers. 

The  multiples  of  a  in  the  series  1,  2,  3,  4,  i\r,  are  a,  2a,  3a, 

K  N 

4a,  —  a,  so  that  there  are  —  of  them.    Let  N'  be  the  number 

a  a 

of  positive  integers  remaining  after  the  multiples  of  a  have  been 

N 
rejected,  then  N''  =  N' .     We  have  now  to  reject  all  the  mul- 
tiples of  b  which  occur  among  the  N'  terms ;  and  these  multiples 
consist  of  the  multiples  of  5  in  the  iT  terms  diminished  by  the 
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multiples  of  6  in  the  —  terms;  the  number  of  the  former  is  -=-: 

and  the  number  of  the  latter  is  the  same  as  that  of  the  multiples 

of  db  ID.  the  iV  terms,  that  is,  —z- .     Thus  the  number  of  the  xnul- 

ab 

tiples  of  h  which  are  to  be  rejected  is  -^ 7 ,  that  is,  -j- ;  there- 

fore  the  number  of  positive  integers  remaining  is  iV' — j- ,  that  is, 

ir'(i4).thatis.iv(i-l)(i-i). 

Again,  suppose  N'—aFh''d',  where  a,  5,  c,  are  prime  numbers. 

N 
First  reject  from  N  the  —  multiples  of  a;  suppose  N'  the  number 

Cb 

of  positive  integers  remaining,  so  that  N'^IT .     Next  reject 

Cb 

the  multiples  of  b  which  occur  in  the  N'  terms;  these  are  -r-  in 

number,  so  that  the  number  of  positive  integers   remaining  is 

N'  —  -J-,  which  we  will  denote  by  iV".     We  have  now  to  reject 

all  the  multiples  of  c  which  occur  among  the  iT"  terms.    The 
number  of  the  multiples  of  c  which  occur  among  the  iV'  terms  is 

— ,  in  the  same  manner  as  the  number  of  the  multiples  of  h 

among  them  was  -j- .     The  multiples  of  c  among  the  -r-  terms  are 

the  same  as  the  multiples  of  be  among  the  N'  terms,  and  tbe 

N' 
number  of  them  is  therefore  ^— .     Thus  the  number  of  the  multi- 

bc 

pies  of  c  which  are  to  be  rejected  is j— ,  that  is,  ;  there- 

c       oc  c 

fore  the  number  of  positive  integers  remaining  is  N"  (1  — V  that 
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Similarly  we  conclude  that  if  N^aFh^c'd^ ,  where  a,  5,  c, 

dj are  prime  numbers,  the  number  of  positive  integers  which 

are  less  than  N  and  prime  to  iV'  is 


-(■-=)(' -1)0 -^)0-». 


It  will  be  observed  that  in  this  theorem  unity  is  considered 
to  be  one  of  the  numbers  which  are  less  than  N  and  prime  to  N". 

710.  To  find  the  number  of  divisors  of  any  given  number. 

Let  i\r  denote  the  number,  and  suppose  N=a^¥d' ,  where 

a,  h,  c, are  prime  numbers.  It  is  evident  that  iV  will  be  divi- 
sible by  any  number  which  is  formed  by  the  product  of  powers  of 

a,  hj  c, provided  the  exponent  of  the  power  of  a  be  comprised 

between  0  and  p^  the  exponent  of  the  power  of  b  between  0  and 
q,  the  exponent  of  the  power  of  c  between  0  and  r,  and  so  on; 
and  no  other  number  will  divide  iV^.  Hence  the  divisors  of  iiT 
will  be  the  various  terms  of  the  product 

(1  +  a+  a*  +  ...  +  a^)  (1  +  6  +  6'  +  ...  +6')  (1  +  c  +  c*  +  ...  +  c')... ; 

the  number  of  the  divisors  will  therefore  be 

(p  +  l)(g  +  l)(r  +  l) 

This  includes  among  the  divisors  unity  and  the  number  N"  itselfl 

711.  To  find  the  number  of  ways  in  which  a  number  com 
he  resolved  into  two  factors. 

Let  N  denote  the  number,  and  suppose  N=c^b^c'' ,  where 

d,  b,  Cf are  prime  numbers.     First,  suppose  N  not  a  perfect 

square;  then  (me  at  least  of  the  exponents  jo,  g',  r, is  an  odd 

number;  the  required  number  then  is  ^(p+  1)  {q-^r  1)  (r+  1) , 

because  there  are  two  divisors  of  N  corresponding  to  every  way  in 
which  N  can  be  resolved  into  two  factors.     Next  suppose  N  a 

pei-fect  square,  then  all  the  exponents  jp,  g',  r, are  even;  the 

required  number  is  found  by  increasing  0^  +  1)  (g'  + 1)  (r  + 1) 

by  unity,  and  taking  half  the  result;  for  in  this  case  the  square 
root  of  iV  is  one  of  the  divisors,  and  if  this  be  taken  as  one  factor 

T.  A,  ^^ 
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of  ^,  the  other  fe,ctor  is  equal  to  it,  so  that  only  one  divisor  arises 
from  this  mode  of  resolving  i\r  into  two  factors. 

It  will  be  observed  that  in  this  theorem  iT  x  1  is  counted  as 
one  of  the  ways  of  resolving  I^  into  two  factors. 

712.     To  find  the  sum  of  the  divisors  of  a  nvmber. 
With  the  notation  of  Art.  710,  we  have  the  sum  equal  to 

a^+^-l    6»+»-l    c'+^-l 


that  is. 


a-1    •    6-1    '    c-1 


713.     To  find  the  number  of  ways  in  which,  a  number  can 
he  resolved  into  two  factors  which  are  prime  to  ectch  other. 

Let   the  number  N'z=a^h''c'' as   before.      Since  the  two 

factors  are  to  be  prime  to  each  other,  we  cannot  have  some  power 
of  a  in  one  factor,  and  some  power  of  a  in  the  other  factor,  but  cf 
must  occur  in  one  of  the  factors.  Similarly,  ¥  must  occur  in  one 
of  the  factors ;  and  so  on.     Hence  the  required  number  is  the 

same  as  half  the  number  of  divisors  of  abc ,  and  is  therefore 

2""*,  where  n  is  the  number  of  different  prime  factors  which  occur 

in  jsr. 

EXAMPLES   OF  THE  THEORY  OP  NUMBERS. 

1.  If  j9  and  q  are  whole  numbers,  and  jt>  +  g  is  an  even  num- 
ber, then  ^  —  g  is  also  even. 

2.  Find  the  least  mtdtiplier  of  3234  which  will  make  the  pro- 
duct a  perfect  square. 

3.  Find  the  least  multiplier  of  1845  which  will  make  the 
product  a  perfect  cube. 

4.  Find  the  least  multiplier  of  6480  which  will  make  the 
product  a  perfect  cube. 

5.  Find  the  least  multiplier  of  13168  which  will  make  the 
product  a  perfect  cube. 
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6.  If  the  sum  of  an  odd  square  number  and  an  even  square 
number  is  also  a  square  number,  then  the  even  square  number  is 
divisible  by  16. 

7.  Every  square  number  is  of  the  form  5n  or  dn^^l, 

8.  Every  cube  number  is  of  the  form  7n  or  7n^l, 

9.  If  a  number  be  both  a  square  and  a  cube  it  is  of  the  form 
7n  or  7n  + 1. 

10.  No  square  number  is  of  the  form  Sn—1. 

11.  No  triangular  number  is  of  the  form  3n  —  1. 

12.  If  n  be  any  number  whatever,  a  the  difference  between 
n  and  the  next  number  greater  than  n  which  is  a  square  number, 
and  b  the  difference  between  n  and  the  next  number  less  than  n 
which  is  a  square  number,  then  n  —  ah  is  a  square  number. 

13.  If  the  difference  of  two  numbers  which  are  prime  to 
each  other,  be  an  odd  number,  any  power  of  their  sum  is  prime  to 
every  power  of  their  difference. 

14.  If  there  be  three  numbers  one  of  which  is  the  sum  of  the 
other  two,  twice  the  sum  of  their  fourth  powers  is  a  square 
number. 

15.  Shew  when  n  is  any  prime  number,  that  x*—l  and 
(x—iy  will  leave  the  same  remainder  when  divided  by  n. 

16.  If  2;?  + 1  be  a  prime  number  and  the  numbers  1',  2*,...^', 
be  divided  by  2p  + 1,  the  remainders  are  all  different. 

17.  Every  even  power  of  every  odd  number  is  of  the  form 
8w+l. 

18.  Every  odd  power  of  7  is  of  the  form  87i  —  1. 

19.  1£  n  be  any  integer,  n^—n-\-l  cannot  be  a  square 
number. 

20.  If  n  be  any  odd  integer,  then  n'  +  1  cannot  be  a  square 
number. 

21.  If  a  and  x  are  integers,  the  greatest  value  of  aaj-2a;*  is 

a' 
the  integer  equal  to  or  next  less  than  -^  • 
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22.  Shew  that  w  (n  +  1)  (2w  +  1)  is  always  divisible  by  6. 

23.  If  n  be  odd,  (w  -  1)  w  (ti  +  1)  is  divisible  by  24. 

24.  If  n  be  odd  and  not  divisible  by  3,  then  n'  +  5  is  divisible 
by  6. 

25.  If  n  be  a  prime  number  greater  than  5,  then  n^  - 1  is 
divisible  by  240. 

26.  Shew  that  -^-^r^  -  ^ry  +  •;r7r  is  an  integer  if  97»  be. 

27.  Shew  that  w'  —  w  is  always  divisible  by  42. 

28.  If  n  be  any  prime  number  and  x  prime  to  n,  prove  that 
flc^  and  X  when  divided  by  h  will  leave  the  same  remainder. 

29.  If  n  be  any  prime  number  and  iT  prime  to  n,  then 
^■*'""  —  1  is  divisible  by  n". 

30.  If  71  be  any  prime  number  greater  than  3  and  If  prime 
to  n,  then  iV"  —  i\r  is  divisible  by  6n, 

31.  If  r^  and  iV  be  different  prime  numbers,  and  each  greater 
than  3,  then  iT""*—  1  is  divisible  by  24w. 

32.  If  n  be  any  prime  number  greater  than  2,    except  7, 
then  n'—  1  is  divisible  by  56, 

33.  If  n  be  any  prime  number  greater  than  2  and  N  any  odd 
number  prime  to  n,  then  iV"~*- 1  is  divisible  by  Sn. 

34.  If  n  be  any  prime  number  greater  than  2,  then 

r+2*  +  3*+...  +  (rn)" 
is  a  multiple  of  n. 

35.  Shew  that  the  10*^  power  of  any  number  is  of  the  fonn 
llw  or  lln  +  1. 

36.  Shew  that  the  12*^  power  of  any  number  is  of  the  form 
13nor  13»+1. 

37.  Shew  that  the  9"*  power  of  any  number  is  of  the  form 
19»or  19n^l, 

38.  Shew  that  the  11***  power  of  any  number  is  of  the  form 
2Zn  or  23n  d.  1. 
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39.  Shew  that  the  20^  power  of  anj  number  is  of  the  form 
25n  or  25n  + 1. 

40.  How  many  positive  integers  are  less  than  140  and  prime 
to  140? 

41.  How  many  positive  integers  are  less  than  360  and  prime 
to  360? 

42.  How  many  positive  integers  are  less  than  1000  and  prime 
to  1000? 

43.  How  many  positive  integers  are  less  than  3*  x  7'  x  11  and 
prime  to  it  ? 

44.  How  many  positive  integers  are  less  than  10"  and  prime 
to  it? 

45.  Find  the  number  of  divisors  of  140. 

46.  Find  the  number  of  divisors  of  1845. 

47.  Find  how  many  divisors  there  are  of  L9,  and  the  sum  of 
these  divisors. 

48.  Into  how  many  pairs  of  factors  prime  to  each  other  can 
1845  be  resolved  ? 

49.  In  how  many  ways  can  a  line  of  100800  inches  long 
be  divided  into  equal  parts,  each  some  multiple  of  an  inch  ? 

50.  In  how  many  ways  can  four  right  angles  be  divided  into 
equal  parts  so  that  each  part  may  be  a  multiple  of  the  angular 
unit,  (1)  when  the  unit  is  a  degree,  (2)  when  the  imit  is  a  grade  t 

51.  How  many  different  positive  integral  solutions  are  there 
ofi»y=10M 

52.  K  i\^be  any  number,  n  the  number  of  its  divisors,  and  P 

n 

the  product  of  its  divisors,  shew  that  PsniV*;  shew  that  iV*  is 
in  all  cases  a  complete  square. 

53.  Find  the  least  number  which  has  30  divisors. 

54.  Find  the  least  number  which  has  64  divisors  of  which 
three  are  primes  whose  continued  product  is  30. 
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55.  Suppose  a  prime  to  6,  and  let  the  quantities 

a,  2a,  3a,  ...  (6—  l)a 

be  divided  by  &;  prove  that  the  sum  of  the  quotients  arising 
from  any  two  terms  equidistant  from  the  beginning  and  end 
will  be  a—  1,  and  that  the  sum  of  the  corresponding  remainders 
will  be  6. 

56.  If  any  number  of  square  numbers  be  divided  by  a  given 

ifi> 
number  n  there  cannot  be  more  than  ^  different  remainders. 

57.  Express  generally  the  rational  values  of  x  and  y  which 
satisfy  140a3  =  y'. 

58.  If  r,  the  radix  of  a  scale  of  notation,  be  a  prime  number 

*•  +  1     . 
greater  than  2,  there  are  — ^ —  different  digits  in  which  square 

numbers  terminate  in  that  scale. 

69.    If  any  number  n  can  be  resolved  into  the  sum  of  ^  squares, 
2  (j9  —  1)  n  can  be  resolved  into  the  sum  of  p  ( jo  —  1)  squares. 

60.  If  ?i  be  any  positive  integer  2"*+15ri  — 1    is   divisible 
by  9. 

61.  If  P^  denote  the  sum  of  the  products  of  the  first  n  num- 
bers taken  r  together, 

1  +  i^  +  i^+  ...  +  P_j  is  a  multiple  of  \n. 

62.  Shew  that  the  lOO***  power  of  any  number  is  of  the  form 
125w  or  125w  +  l. 


Lni.     PROBABILITY. 

714.     If  an  event  may  happen  in  a  ways  and  fail  in  h  ways, 
and  all  these  ways  are  equally  likely  to  occur,  the  probabihty 

of  its  happening  is ^,   and   the  probability  of  its  failing  is 

— -jT .     This  may  be  regarded  as  a  definition  of  the  mieaning  of 
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the  word  prohability  in  mathematical  works.  The  following  ex- 
planation is  sometimes  added  for  the  sake  of  shewing  the  consist- 
ency of  the  definition  with  ordinary  language.  The  probability  of 
the  happening  of  the  event  must,  from  the  nature  of  the  case,  be 
to  the  probability  of  its  failing  as  a  to  6;  therefore  the  proba- 
bility of  its  happening  is  to  the  sum  of  the  probabilities  of  its 
happening  and  failing  as  a  to  a  +  5.  But  the  event  must  either 
happen  or  fail,  hence  the  sum  of  the  probabilities  of  its  happen- 
ing and  failing  is  certainty.  Therefore  the  probability  of  its  hap- 
pening is  to  certainty  as  a  to  a  +  5.  So  if  we  represent  certainty 
by  unity,  the  probability  of  the  happeniug  of  the  event  is  repre- 
sented by V . 

715.  Hence  if  ^  be  the  probability  of  the  happening  of  an 
event,  1  —  ^  is  the  probability  of  its  foiling. 

716.  The  word  chance  is  often  used  in  mathematical  works  as 
synonymous  with  prohahitity. 

717.  "When  the  probability  of  the  happening  of  an  event  is  to 
the  probability  of  its  failing  as  a  to  6,  the  fact  is  expressed  in 
popular  language  thus;  the  odds  are  a  to  6  for  the  event,  or  h  to 
a  against  the  event. 

718.  Suppose  there  to  be  any  number  of  events  -4,  B,  (7,  <kc., 
such  that  one  must  happen  and  only  one  can  happen ;  and  suppose 
a,  6,  c,  kc,  to  be  the  numbers  of  ways  in  which  these  events  can 
respectively  happen,  and  that  all  these  ways  are  equally  likely 
to  occur,  then  the  probabilities  of  the  events  are  proportional 
to  a,  6,  c,  &c.  respectively.  For  simplicity  let  us  consider  three 
events,  then  A  can  happen  in  a  ways  out  of  a-{-h  +  c  ways  and 
fail   in    6  +  c  ways;   therefore,  by  Art.  714,    the  probability   of 

JL's  happening  is   7 ,  and  the  probability  of  ul's  foiling  is 

Similarly  the  probability  of  jS's  happening  is 


a  +  h  +  c' -^^^  ^""  ^.  v,.«^x^  V  -^  ^  «  ^^^^^^o  ^-  a  +  b^c' 

c 


and  the  probability  of  (T's  happening  is 


a  +  b  +  c* 
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719.  "We  will  now  exemplify  the  mathematical  meaning  of 
the  word  probability. 

If  n  balls  -4,  3,0,  ..*,  be  thrown  promiscuously  into  a  bag 

and  a  person  draw  out  one  of  them,  the  probability  that  it  will 

1  2 

be  j4  is  - ;  the  probability  that  it  will  be  either  A  or  B  la-. 

The  same  supposition  being  made,  if  two  balls  be  drawn  oat 

2 

the  probability  that  these  will  be  A  and  JB  is  —. =-. .     For  the 

n{n-^  if 

number  of  pairs  of  balls  is  the  same  as  the  number  of  combinatioos 
of  n  things  taken  two  at  a  time,  that  is,  ^  9i(n  —  1) ;  and  one  pair 
is  as  likely  to  be  drawn  out  as  another;  therefore  the  probability 
of  drawing  out  an  assigned  pair  is  1  -f  ^  n(w  —  1),  that  is,  — — rv . 

Again,  suppose  that  3  white  balls,  4  black  balls,  and  5  red 
balls  are  thrown  promiscuously  into  a  bag,  and  a  person  draws 
out  one  of  them;  the  probability  that  this  will  be  a  white  ball  is 

3  4 

=  2 ,  the  probability  that  it  will  be  a  black  ball  is  =-^ ,  and  the 

probability  that  it  will  be  a  red  ball  is  — .    But  suppose  tufo  balls 

to  be  drawn  out,  and  estimate  the  probabilities  of  the  different 
cases.     The  number  of  pairs  that  can  be  formed  out  of  12  things 

is  ^  X  12  X  11^  that  is,  66.      The  number  of  pairs  that  can  be 

formed  out  of  the  3  white  balls  is  3;  hence  the  probability  of 

3 

drawing  two  white  balls  is  ^^  •     Similarly  the  probability  of  draw- 
bo 

ing  two  black  balls  is  ^  ;  and  the  probability  of  drawing  two  red 
balls  is  ^- .     Also  since  each  white  ball  might  be  ajusociated  with 

DO 

each  black  ball,  the  number  of  pairs  consisting  of  one  white  ball 
and  one  black  ball  is  3  x  4,  that  is,  12;  hence  the  probability  of 
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12 
irawing  a  wHte  ball  and  a  black  ball  is  ^ .     Similarly  the  proba- 

20 
)ility  of  drawing  a  black  ball  and  a  red  ball  is  ^^ ;  and  the  pro- 

00 

1  tr 

jability  of  drawing  a  red  ball  and  a  white  ball  is  ^  .     The  sum 

)f  the  six  probabilities  which  we  have  just  found  is  unity,  as,  of 
jourse,  it  should  be. 

We  will  give  one  example  from  a  subject  which  constitutes  an 
mportant  application  of  the  theory  of  probability.  According  to 
;he  Carlisle  Table  of  Mortality,  it  appears  that  out  of  6335  persons 
iving  at  the  age  of  14  years,  only  6047  reach  the  age  of  21  years. 
ka  we  may  suppose  that  each  individual  has  the  same  chance  of 

)eing  one  of  these  survivors,  we  may  say  that  ^^k^  is  the  proba- 

>Lliiy  that  an  individual  aged  14  years  will  reach  the  age  of  21 

288 
'-ears :  and  ^^ok  ^  ^®  probability  that  he  will  not  reach  the  age 

tf  21  years. 


720.  Suppose  that  there  are  two  independent  events  of  which 
he  respective  probabilities  are  known ;  we  shall  proceed  to  esti- 
aate  the  probability  that  both  will  happen. 

Let  a  be  the  number  of  ways  in  which  the  first  event  may 
lappen,  and  h  the  number  of  ways  in  which  it  may  fail,  all  these 
Tays  being  equally  likely  to  occur;  and  let  </  be  the  number  of 
mys  in  which  the  second  event  may  happen,  and  6'  the  Dumber 
if  ways  in  which  it  may  fail,  all  these  ways  being  equally  likely  to 
<;cur.  Each  case  out  of  the  a  +  b  cases  may  be  associated  with 
ach  case  out  of  the  a+V  cases;  thus  there  are  (a +  6)  (a' +6') 
ompound  cases  which  are  equally  likely  to  occur.  In  aa  of 
hese  compound  cases  both  events  happen,  in  hb'  of  them  both 
vents  fail,  in  aV  of  them  the  first  event  happens  and  the  second 
ails,  and  in  a'b  of  them  the  first  event  fails  and  the  second 
lappens.     Thus 
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is  the  probability  that  both  events  happen, 


-, TTT-? — TFT  is  the  probability  that  both  events  fail, 

(a +  6)  (a +  6')  ^  ^ 

aV  ris  the  probability  that  the  first  event  happens  and 

(a  +  h)  (a  +  V)  1     the  second  event  fails, 

cdh  (is  the  probability  that  the  first  event  fails  and  the 

(a  +  h) {a  +K)\     second  event  happens. 

Thus  if  p  and  p'  be  the  respective  probabilities  of  two  inde- 
pendent events,  pp'  is  the  probability  of  the  happening  of  both 
events. 

721.  The  probability  of  the  concurrence  of  two  depeTideni 
events  is  the  product  of  the  probability  of  the  first  into  the 
probability  that  when  that  has  happened  the  second  will  follow. 
This  is  only  a  slight  modification  of  the  principle  established  in 
the  preceding  Article,  and  is  proved  in  the  same  manner;  we 
have  only  to  suppose  that  a  is  the  number  of  ways  in  which 
after  the  first  event  has  happened  the  second  will  follow,  and  h 
the  number  of  ways  in  which  after  the  first  event  has  happened 
the  second  will  not  follow,  all  these  ways  being  supposed  equally 
likely  to  occur. 

722.  In  like  manner,  if  there  be  any  number  of  independent 
events,  the  probability  that  they  will  all  happen  is  the  product  of 
their  respective  probabilities  of  happening.  Suppose,  for  example, 
that  there  are  three  independent  events,  and  that  p,  p\  p"  are  their 
respective  probabilities.  By  Art.  720,  the  probability  of  the  con- 
currence of  the  first  and  second  events  is  pp'  \  then  in  the  same 
way  the  probability  of  the  concurrence  of  the  first  two  events  and 
the  third  \&pp  y,p'\  that  is,  p'pp"*  Similarly  the  probability  that 
all  the  events  fail  is  (1 -i>)(l -i?0(l  "i^O*  ^®  probability 
that  the  first  event  happens  and  the  other  two  events  fiul  is 
/>  (1  - p')  (1  - p")\  and  so  on. 
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723.  We  will  now  exemplify  the  estimation  of  the  probability 
►f  compound  events. 

(1)  Required  the  chance  of  throwing  an  ace  in  the  fii*st  only 
►f  two  successive  throws  with  a  single  die.  Here  we  require  a 
ompound  event  to  happen ;  namely  at  the  first  throw  the  ace  is 
o  appear,  at  the  second  throw  the  ace  is  not  to  appear.     The 

hance  of  the  first  simple  event  is  x ,  and  of  the  second  simple  event 
: ;  hence  the  required  chance  is  ^^ . 

>  00 

(2)  Suppose  3  white  balls,  4  black  balls,  and  5  red  balls  to  be 

hrown  promiscuously  into  a  bag ;  required  the  chance  that  in  two 

uccessive  trials  two  red  balls  will  be  drawn,  the  hall  first  drawn 

*eing  replaced  he/ore  the  second  trial.     Here  the  chance  of  drawing 

fi» 

k  red  ball  at  the  first  trial  is  -r^ ,  and  the  chance  is  the  same  of 
Ira  wing  a  red  ball  at  the  second  trial;  hence  the  chance  of  drawing 
wo  red  balls  is  f  r^  j  . 

(3)  Suppose  now  that  we  require  the  chance  of  drawing  two 
ed  balls,  the  hall  fi/rst  drawn  not  heing  replaced  hefore  the  second 
rial.     This  will  be  an  example  of  Art.  721.     Here  the  chance  of 

jawing  a  red  ball  at  the  first  trial  is  jo  ^  ^^  ^  ^®^  ^^^  ^®  drawn 

t  first,  out  of  the  eleven  balls  which  remain  four  are  red,  and 

4 
herefore  the  chance  that  a  second  trial  will  give  a  red  ball  is  y:  ; 

5       4 
ence  the  chance  of  drawing  two  red  balls  is  ^o  ^  TT •     ^^^  ^^ 

U      11 

he  same  result  as  we  found  in  Art.  719,  for  the  chance  of  drawing 

wo  red  balls  simultaneously;  and  a  little  consideration  will  shew 

hat  the  results  ought  to  coincide. 

(4)  Required  the  chance  of  throwing  an  ace  with  a  single 

5 
ie  in  two  trials.    The  chance  of  failing  the  first  time  is  ^ ,  and  the 
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5 

chance  of  failing  the  second  time  is  also  -^ ;  hence  the  chance  of 

Q«  25 

,  that  is,  ^ .     Hence  the  chance  of  not  failing 

twice  is  1  —  ^^,  that  is,  ^^  :  this  is  therefore  the  chance  of  suc- 
oo  t5o 

ceeding. 

(5)    In  how  many  trials  will  the  chance  of  throwing  an  ace 
with  a  single  die  amount  to  -^  ?     Suppose  x  the  number  of  trials; 

therefore  the  chance  of  failing  x  times  in  succession  is  (-)  ,  by 

Art  722.     Hence  the  chance  of  succeeding  is  1  —  f -^  j  ; 

therefore  ""^  ~  (fi)  ~  9  > 


hence 


©'4= 


hence  a  log  ^  =  log  ^ , 

,       ^  log  2 

therefore  x  = 


log  6  —  log  5  * 

By  using  the  values  of  the  logarithms,  we  find  a:  =  3*8  nearly. 
Thus  we  conclude  that  in  3  trials  the  chance  of  success  is  less 
than  ^,  and  that  in  4  trials  it  is  greater  than  ^. 

(6)     In  how  many  trials  is  it  an  even  wager  to  throw  8ixe« 
with  two  dice  ]     The  chance  of  sixes  at  a  single  throw  with  two 

dice  is  =  X  - ,  that  is,  ^r^  :  hence  the  chance  of  not  having  sixes 
0      o  ob  ° 

35 
is  ^^ ,     Suppose  X  the  number  of  throws  required ;  then  we  hav* 
36 


log  2 


x  = 


log  36  -  log  35  * 
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By  using  the  values  of  the  logarithms,  we  find  x  lies  between 
14  and  25,  which  we  interpret  as  before. 

(7)  To  find  the  probability  that  two  individuals,  A  and  -ff, 
rhose  ages  are  known,  will  be  alive  at  the  end  of  a  year.  Let  p 
»e  the  probability  that  A  will  be  alive  at  the  end  of  a  year,  p^  the 
probability  that  B  will  be ;  then  pp^  is  the  probability  that  both 
rill  be  alive  at  the  end  of  a  year.  The  values  of  p  and  p^  can  be 
bund  from  the  Tables  of  Mortality  in  the  manner  exemplified  in 
\xt  719. 

(8)  To  find  the  probability  that  one  at  least  of  two  indivi- 
luals,  A  and  £,  whose  ages  are  known,  will  be  alive  at  the 
jnd  of  a  given  number  of  years.  Let  p  be  the  probability  that  A 
wUl  be  alive  at  the  end  of  the  given  number  of  years,  j»'  the 
)robability  that  £  will  be.  Then  1  —p  is  the  probability  that  A 
dll  be  dead,  and  1—;?'  is  the  probability  that  JB  will  be  dead. 
Jence  (1  —  i>)  (1  —  i>')  is  the  probability  that  both  will  be  dead, 
fhe  probability  that  both  will  not  be  dead,  that  is,  that  one  at 
east  will  be  alive,  is  1  —  (1  —  ^)  (1  —  jp'),  that  is,  p  +p'^pp\ 

724.  If  an  event  may  happen  in  different  independent  ways, 
he  probability  of  its  happening  is  the  sum  of  the  probabilities 
f  its  happening  in  the  different  independent  ways. 

If  the  independent  ways  of  happening  are  all  equally  probable, 
his  proposition  is  merely  a  repetition  of  the  definition  of  proba- 
dlity  given  in  Art.  714;  and  if  they  are  not  all  equally  probable, 
he  proposition  seems  to  follow  so  naturally  from  that  definition, 
hat  it  is  often  assumed  without  any  remark.  The  following 
lethod  of  illustrating  it  is  sometimes  given ;  suppose  two  urns 
[  and  JS ;  let  A  contain  2  white  balls  and  3  black  balls,  and  let 
?  contain  3  white  balls  and  4  black  balls ;  required  the  pro- 
ability  of  obtaining  a  white  ball  by  a  single  drawing  from  one  of 
lie  urns  taken  at  random.     Since  each  urn  is  equally  likely  to  be 

•iken,  the  chance  of  taking  the  urn  ^  is  ^ ,  and  the  chance  then 
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2 

of  drawing  a  wMte  ball  from  it  is  — ;  hence  the  chance  of  ob- 

o 

taining  a  white  ball  so  far  as  it  depends  on  ^  is  ^  x  — .    Similarly, 

the  chance  of  obtaining  a  white  ball  so  far  as  it  depends  on  ^  is 

1      3 

^  X  — .  Hence  the  proposition  asserts  that  the  probability  of  ob- 
taining a  white  ball  is^+^  +  ^  x^,  that  is,  -sf -^  +  =) .    The 

accuracy  of  this  result  may  be  confirmed  by  the  following  stepa 
First,  without  affecting  the  question,  we  may  replace  the  um  A 
by  an  um  A\  containing  any  number  of  balls  we  please,  provided 
ihe  ratio  of  the  white  halls  to  the  Uack  balls  be  that  of  2  to  3 ;  an^ 
similarly,  we  may  replace  the  um  J?  by  an  um  B\  containing  any 
number  of  balls  we  please,  provided  the  ratio  of  the  white  haUs  to 
tlie  black  balls  be  that  of  3  to  4,  Let  then  ^'  contain  14  white  balls 
and  21  black  balls,  and  let  £'  contain  15  white  balls  and  20  black 
balls ;  thus  A'  and  £'  each  contain  35  balls.  Secondly,  withonfe 
affecting  the  question,  we  may  now  suppose  the  balls  in  A'  and  B' 
collected  in  a  single  urn;  thus  there  will  be  70  balls,  ofwbich 
29   are  white.     The  probability  of  drawing  a   white  ball  will 

tWore  be  %,  that  is,  '^ ;  that  is,  |(^4^);  ^ 


■     1/2     3\ 


725.  The  probability  of  the  happening  of  one  or  other  of  two 
events  which  cannot  concur  is  the  sum  of  their  separate  pro- 
babilities. For  the  complete  event  we  are  considering  occurs  if 
the  first  event  happens,  or  if  the  second  event  happens;  thus 
the  proposition  is  a  case  of  the  preceding  proposition. 

726.  The  probability  of  the  happening  of  an  event  in  one 
trial  being  known,  required  the  probability  of  its  happening  once, 
twice,  three  times,  (fee,  exactly  in  n  trials. 

Let  p  denote  the  probability  of  the  happening  of  the  event  in 
one  trial,  and  q  the  probability  of  its  failing,  so  that  q=l^p.    The 
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probability  that  in  n  trials  the  event  will  occur  in  one  assigned 
trial, and  fail  in  the  other  n—1  trials  is pq""'^  (Art.  722) ;  and  since 
there  are  n  trials,  the  probability  of  its  happening  in  some  one  of 
these  and  failing  in  the  rest  is  npq"*"^.  The  probability  that  in  n 
trials  the  event  will  occur  in  two  assigned  trials,  and  fail  in  the 

other  71  —  2  trials,   is  p'q''*;   and  there  are  -Aj — ^   ways  in 

which  the  event  may  happen  twice  and  fail  w— 2  times  in  n 
trials;  therefore  the  probability  that  it  will  happen  exactly  twice 

in  n  trials  is  — ^ — ^  p^q*~^.     Similarly  the  probability  that  the 

event  will  happen  exactly  three  times  in  n  trials  is 

n{n-\){n^2) 

1.2.3         ^^     ' 
and  the  probability  that  it  will  happen  exactly  r  times  in  n 

:trials  is 

n{n-l) (n^r  +  l) 

\L  ' 

Similarly,  the  probability  that  the  event  will  fail  exactly  r 

times  in  n  trials  is 

n{n-\) (n-r+1) 

727.  Thus  if  ip  +  qY  be  expanded  by  the  Binomial  Theorem 
in  the  series  p*-\-np*~'^q-\-  &c.,  the  terms  will  represent  respectively 
the  probabilities  of  the  happening  of  the  event  exactly  n  times, 
n-r\  times,  n  —  2  times,  &c.,  in  n  trials.  Hence  we  may  de- 
termine what  is  the  most  probable  number  of  successes  and 
failures  in  n  trials;  we  have  only  to  ascertain  the  greatest  term  in 

a 
the  above  series.     Let  us  suppose,  for  example,  that  p  = , 

q= 7,  n  =  m(a  +  6),  where  a,  6,  and  m  are  integers;  then,  by 

a  '\-  0 

Art.  510,  the  most  probable  case  is,  that  of  r  failures  and  n-r 

„  ,  1 

successes,  where  r  is  the  greatest  integer  contained  in  — ^  ,  that 
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is,  in  m6  + ji   so  that  r  =  mh,  and  n  —  r  =  ma.     The  most 

probable  case  therefore  is,  that  in  which  the  numbers  of  successes 
and  failures  are  proportional  to  the  probabilities  of  success  and 
failure  respectively  in  a  single  triaL 

728.     The  probability  of  the  happening  of  the  event  ai  leasi  r 
times  in  n  trials  is 


p'-^np-'q-^-'^Y,^     P""'^'-^ 


.n-l 


^  n{n^l){n^2) (r  +  1) 

\n-r  ^^    ^ 

for  if  the  event  happen  every  time,  or  fail  only  once,  twice, 

(n  —  r)  times,  it  happens  r  times ;  therefore  the  probability  of  the 
happening  of  the  event  at  least  r  times  is  the  sum  of  the  proba- 
bilities of  its  happening  every  time,  of  failing  only  once^  twice, 

n  — r  times;  and  the  sum  of  these  is  the  expression  given  abova 

For  example;  in  five  throws  with  a  single  die  what  is  the 
chance  of  throwing  exactly  three  aces?  and  what  is  the  chance  of 
throwing  at  least  three  aces  1 

1  fir 

Here  ^  =  ^»     ?=«>    **  =  5j    ttus  the  diance  of   throwing 

exactly  three  aces  is  ■,    a   a  (  g  )  I  g  )  i  "lat  ^  TTTQ  '  chance 

of  throwing  at  least  three  aces  is 

/IV     c/iyS     6.4/1V/5V    *i.x-     276 

The  following  four  Articles  contain  problems  illustrating  the 
subject. 

729.  A  and  B  play  a  set  of  games,  in  which  -4's  chance  of 
winning  a  single  game  is  p,  and  jB's  chance  is  5^;  required  the 
probability  of  -4's  winning  m  games  out  oim-\-n. 

If  A  wins  in  exactly  m-\-r  games  he  must  win  the  last  game 
and  m—  1  games  out  of  the  preceding  7/1  +  r—  1  games;  the  proba- 
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bility  of  this  is  Mp^'^^py  where  M  is  the  number  of  combinations 
of  w+r— 1  things  taken  m—\  at  a  time;  that  is,  the  probability  is 

Im  +  r—l 
\m-\\r  ^  ^' 

"Now  in  order  that  A  may  win  m  games  out  of  m  +  w,  he  must 

win  m  games  in  eocactly  m  games,  or  in  exactly  m-\-\  games, , 

or  in  exactly  m-\-n  games.     Hence  the  probability  required  is  the 

sum  of  the  series  obtained  by  giviog  to  r  the  values  0,  1,  2, n 

in  the  expression 

Im  +  r—l 

|m~l|^^  ^' 
that  is,  the  required  probability  is 
;>"|l  +  m2^+-A_^gr«+......  +  _^ L-^ — -Vj. 

If  -4  in  order  to  win  the  set  must  win  m  games  before  B  wins 
n  games,  A  must  win  m  games  out  of  m  +  ti  —  1 ;  the  probability 
of  tbis  event  is  given  by  the  preceding  expression  vnth  the  omis" 
turn  of  the  last  term.  Similarly,  the  probability  of  ^'s  winning  n 
games  out  of  m  +  tj  —  1  is 

,  f-  n(n-\-\)   ,  7i(w  +  l) (n  +  m-2)    „_i) 

2.|i+„p+^__V+ +  -^ — '-^ h"  '). 

This  problem  is  celebrated  in  the  history  of  the  theory  of 
probabilities,  as  the  first  of  any  difficulty  which  was  discussed; 
ifc  was  proposed  to  Pascal  in  1654,  with  the  simplification  however 
which  arises  from  supposing  p  and  q  to  be  equal. 

It  appears  from  the  preceding  investigation  that  the  probability 
of  -4*8  winningr  games  out  of  tj  is 

,r-  r(r  +  l)    ,  r(r+l) (,i-l)         ) 

^'|l  +  ,^  +  _A__V  + +  -i ^-^ If  ^j; 

but  this  probability  must  from  the  nature  of  the  question  be 
tlie  same  as  the  probability  of  the  happening  of  an  event  at  least  r 
times  in  n  trials  when  the  probability  of  the  event  is  p.  Thus  the 
expression  just  given  must  be  equivalent  to  that  given  in  Art.  728 ; 
we  may  verify  this  as  follows.     Denote  the  expression  just  given 

T.  A.  ^^ 


450  PBOBABILITY. 

by  t?^,  and  that  given  in  Art.  728  by  u^,  and  let  v^^^  and  «.^, 
denote  respectively  what  they  become  when  n  is  changed  to  n  + 1  j 
then  we  shall  shew  that  if  u^=^v^  when  n  has  any  specific  value, 
then  also  ^.+^  =  1?,+^. 

We  have  «^»  =  w,  0>  +  S')  j  i^^w  u^  (p  +  q)  gives  two  series,  and 
when  the  like  terms  in  these  two  series  are  united  we  obtain 

{n  +  l)n (r  +  1)    r^+i-,     ^^(^-1) (^  +  1) «v+i-. 

\n-hl-r  ^^  [Ti-r  ^^       ' 

therefore        u,^^  ^ujp  +  q)  +  "*  YJ"^Y_;';.'' Vg"^'"^ 

and  obviously  v^^^  =  v^  +  -^_^  ^  _^      jpg"       . 

This  shews  that  w^^, = v,+i  if  ^„= v^«  Now  obviously  w^  is  equal 
to  v^  when  n  =  r;  therefore  u^  is  equal  to  v^  for  every  value  of  n 
greater  than  r. 

For  some  more  remarks  on  this  problem  the  student  is  re- 
ferred to  the  History  of  ProhahUUy,  page  98. 

730.     A  bag  contains  n-¥\  tickets  which  are  marked  with  the 

numbers  0,  1,  2,  n,  respectively.     A  ticket  is  drawn  and 

replaced;  required  the  probability  that  after  r  drawings  the  som 
of  the  numbers  drawn  is  s. 

The  number  of  drawings  which  can  occur  la  {n+  1)',  for  my 
one  of  the  tickets  may  be  drawn  each  time.  The  number  of  ways 
in  which  the  sum  of  the  drawings  will  amount  to  9  is  the  coeffi- 
cient of  x'  in  the  expansion  of  (05°  +  jc*  -f  as*  -*- -f  a?")*" ;  became 

this  coefficient  arises  &om  the  different  modes  of  forming  a  by  the 
addition  of  r  numbers  of  the  series  0,  1,  2, n.  Thus  the  pro- 
bability required  is  found  by  dividing  this  coefficient  by  {n  + 1/. 

The  above  coefficient  may  be  obtained  by  the  Multinomial 
Theorem;  or  we  may  proceed  thus: 

{x'  +  x'+ix?-^ +a;7  =  |l^l^T=(l-iB-+»)'(l-a:)-'; 
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nd  (1  - ar*')' =\-rar*'  +  ^1^^ g-^'-*"^*""  ^g" ^^ af*'+ 

^e  must  therefore  find  the  coeffidenb  of  x*  in  the  product  of  these 
wo  series;  it  is 

•(r  +  1) (r  +  «-l)         r(r+l) (r  +  g~n~2) 


r(r-l)    r(r+l) (r  +  g~2n~3) 


—  &c.; 


1.2  |<-2n~2 

>his  series  is  to  stop  at  the  (t  + 1)^  term,  where  i  is  the  greatest 

g 
nteger  contained  in  r-;  then  the  required  probability  is  ob- 

iained  by  dividing  this  series  by  (n  +  1)\ 

It  is  not  difficult  to  determine  the  probability  that  after  r 
irawings  the  sum  of  the  numbers  drawn  shall  not  exceed  «;  see 
Eistory  of  FrobabUUf/,  page  208. 

731.  A  box  has  three  equal  compartments,  and  four  balls  are 
ihrown  in  at  random;  determine  the  probability  of  the  difierent 
irrangements,  assuming  that  it  is  equally  likely  that  any  ball  will 
all  into  any  compartment. 

Since  it  is  equally  likely  that  a  ball  will  Ml  into  any  com- 
Mtrtment  there  are  3  equally  likely  cases  for  each  ball;  and  on 
he  whole  there  are  3*  equaMy  liJcdy  cases.  Now  there  are  four 
ossible  arrangements. 

L  All  the  balls  may  be  in  one  compartment;  this  can  happen 
a  3  ways. 

II.  Any  three  of  the  balls  may  be  in  any  one  of  the  com- 
artments,  and  the  remaining  ball  in  either  of  the  remaining 
ompartments ;  this  can  happen  in  4 .  3  .  2  ways. 

III.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
nd  one  of  the  remaining  balls  in  one  of  the  remaining  compart- 
aents  and  the  other  in  the  other;  this  can  happen  in  6 .  3 .  2  ways. 
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lY.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
and  the  other  two  balls  in  either  of  the  remaining  compartments; 
this  can  happen  in  6  .  3  ways. 

Thus  the  probabilities  of  the  different  arrangements  are  re- 
spectively ^,    ^,    ^|,   ^;   the  sum  of  these  fractions  is,  of 

course,  unity. 

In  the  preceding  solution  the  point  which  deserves  particular 
attention  is  the  statement  that  there  are  81  equally  likely  cases; 
for  when  this  is  admitted  all  the  rest  follows  necessarily.  If  this 
is  not  admitted  and  the  student  substitutes  any  other  statement  in 
the  place  of  it,  he  will  be  really  taking  another  problem  instead  d 
the  one  intended.  In  fact  in  a  problem  which  relates  to  permata- 
tions,  combinations,  or  probabilities,  it  is  not  unfrequently  found 
that  different  results  are  obtained  because  different  meanings  liave 
been  attached  to  the  enunciation;  especial  care  is  necessaiy  in 
these  subjects  to  ensure  that  whatever  meaning  is  given  to  the  enun- 
ciation should  be  consistently  retained  throughout  the  solution. 

We  will  next  consider  the  general  problem  of  which  the  present 
is  a  particular  case. 

732.  A  box  is  divided  into  m  equal  compartments.  If  »  balls 
are  thrown  in  promiscuously,  required  the  probability  that  there 
will  be  a  compartments  each  containing  a  balls,  h  compartments 
each  containiug  JS  halh,  and  so  on,  where 

aa  +  6j8  +  cy  + =  w. 

Since  any  ball  may  fall  into  any  compartment,  there  are  «* 
cases  equally  likely  to  occur.  We  shall  first  shew  that  the  num- 
ber of  different  ways  in  which  the  n  balls  can  be  divided  into 
a  +  b'\'C-\- parcels  containing  a,  j8,  y, balls  respectively  is 

b 'xr 

{\in[PY{[yY L?[^l£ '    ^^' 

For  consider  firat  in  how  many  ways  a  parcel  of  a  balls  can  be 
selected  from  n  balls;  the  result  is  --^ ^ '"'"  > 1  waya 
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Then   coQsider  in  how  many  ways   a  second  parcel  of  a  balls 
can  be   selected  from  the  remaining  n  —  a  balls;    the  result  is 

^ — / -,      Similai'ly  a  third  parcel  of 

12: 
a  balls  can  be  selected  from  the    remaining    w  — 2a    balls  in 

(n--2a)(7^-2a-l) (w^3a  +  l)  _        .  ,  .    .,  . 

— p ^ ways.      We  might  then  at 

first  infer  that  the  number  of  ways  in  which  three  parcels  of  a  balls 

each  can  be  selected  from  n  balls  is  —^^ ^ '"'"  -y 

la|aLa 

and  this  is  correct  in  a  certain  sense;  biit  each  distinct  group  of 

three  parcels  has  in  this  way  occurred  [3  times,  and  we  must 

therefore  divide  by  [3  in  order  to  obtain  the  number  of  different 

ways  in  which  three  parcels  of  a  balls  each  can  be  selected  from  n 

balls.     And  similarly  the  number  of  different  ways  in  which  a 

parcels  of  a  balls  each  can  be  selected  from  n  balls  is 

w(w  — 1) {n  —  aa-\-\) 

By  proceeding  thus  we  obtain  the  proposed  result. 

Now  the  number  of  ways  in  which  the  parcels  can  be  arranged 
in  the  97»  compartments  is 

w(m  — l)(w-2) (m  — 5  +  1), 

where  s  =  a  +  6+c  + 

Hence,  the  probability  required  is 

iVm  (m  —  1)  (m  —  2) (m  — «  +  l) 


m" 


For  example,  suppose  six  balls  thrown  into  a  box  which  has 
three  compartments.  The  seven  possible  modes  of  distribution 
are,  6,  0,  0;  1,  5,  0;  2,  4,  0;  3,  3,  0;  1,  1,  4;  1,  2,  3;  2,  2,  2; 
and  their  respective  probabilities  are  fractions  whose  common 
denominator  is  243,  and  numerators  1,  12,  30,  20,  30,  120,  30. 

733.  If  p  represent  a  person's  chance  of  success  in  any  trans- 
action, and  m  the  sum  of  money  which  he  will  receive  in  case 
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of  success,  then  the  sum  of  money  denoted  by  pm  is  called  hu 
expectation.  This  is  a  definition  of  the  meaning  we  shall  attach  to 
the  word  expectation,  and  might  of  course  be  stated  arbitrarily 
without  any  further  remark ;  it  is  however  usual  to  illustrate  the 
propriety  of  the  definition  as  follows.  Suppose  that  there  an 
m+n  slips  of  paper,  each  having  the  name  of  a  person  written 
upon  it,  and  no  name  recurring;  let  these  be  placed  in  a  bag,  and 
one  slip  drawn  at  random,  and  suppose  that  the  person  whose 
name  is  drawn  is  to  receive  £a.  Now  all  the  expectations  most 
be  of  equal  value,  because  each  person  has  the  same  chance  of 
obtaining  the  prize;  and  the  sum  of  the  expectations  most  be 
worth  £a,  because  if  one  person  bought  up  the  interests  of  all  the 
persons  named,  he  would  be  certain  of  obtaining  £a,  Henoe^  if 
£x  denote  the  expectation  of  each  person,  we  have  (fn  +  n)x=a; 

thus  X  = • 

Also,  it  is  evident  that  the  value  of  the  expectation  of  two  pe^ 
sons  is  the  sum  of  the  values  of  their  respective  expectations;  and 
so  for  three  or  more  persons.     Hence  the  value  of  the  expectation 

of  m  persons  is  .      Now  suppose  that  one  person  has  his 

name  on  m  of  the«slips;  then  his  expectation  is  the  same  as 
the  sum  of  the  expectations  of  m  persons,  each  of  whom  has  his 

name  on  one  slip;   that'*ls,  his  expectation  is  .     But  Lis 

fn  +  n 

chance  of  winning  the  prize  is  ,  since  he  has  m  cases  out  of 

^  m  +  n 

m  +  n  in  his  favour;    thus  his  expectation  is  the  product  of  his 

chance  of  success  into  the  sum  of  money  which  he  wiU  receive  in 

case  of  success. 

734.  An  event  has  happened  which  must  have  arisen  from 
some  one  of  a  given  number  of  causes;  required  the  probability 
of  the  existence  of  each  of  the  causes. 

Let  there  be  n  causes,  and  suppose  that  the  probability  of  the 
existence  of  these  causes  was  estimated  at  P, ,  P^„ .  ,F^  respectively, 
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hefore  the  event  took  place.  Let  'p^  denote  the  probability  of  tbe 
event  on  the  hypothesis  of  the  existence  of  the  first  cause,  let 
p^  denote  the  probability  of  the  event  on  the  hypothesis  of  the 
existence  of  the  second  cause,  and  so  on.     Then  the  probability  of 

the  existence  of  the  r*^  cause,  estimated  aftefr  the  event,  is  =—' , 

where  %P;p  stands  for  F^p^  +^»i'a'*"  '"'^^n'Pn^ 

From  our  first  notions  of  probability  we  must  admit  that  the 
probability  that  the  r^  cause  was  the  true  cause  is  proportional  to 
the  antecedent  probability  that  the  event  would  happen  from  this 
cause,  and  may  therefore  be  represented  by  CP^p^»  And  since 
some  one  of  the  causes  must  be  the  true  cause  we  have 

therefore  (7=  =-d-  ; 

APp 

therefore  the  probability  that  the  r*^  cause  was  the  true  cause  is 

735.  The  preceding  Article  will  require  some  illustration  before 
it  will  be  fully  appreciated  by  the  student .  Let  there  be,  for 
example,  two  urns,  one  containing  7  white  balls  and  3  black  balls, 
and  the  other  5  white  balls  and  1  black  ball;  suppose  that  a 
white  ball  has  been  drawn,  and  we  wish  to  know  what  the  probability 
is  that  it  came  from  the  first  urn,  and  what  the  probability  is  that 
it  came  from  the  second  urn.  It  must  have  come  from  one  of  the 
two  urns,  so  that  the  sum  of  the  required  probabilities  is  unit/. 
Instead  of  the  given  urns  let  us  substitute  two  others  which  have 
the  whole  number  of  balls  the  same  in  each  urn,  and  such  that 
each  urn  has  its  white  and  black  balls  in  the  same  proportion 
as  the  urn  which  it  replaces.  Thus  we  may  suppose  one  urn  with 
21  white  balls  and  9  black  balls,  and  the  other  with  2b  white  balls 
and  5  black  balls.  Each  urn  now  contains  30  balls,  and  the  chance 
of  each  ball  being  drawn,  is  the  same.  Since,  by  supposition, 
a  white  ball  ia  drawn  we  may  suppose  the  black  balls  to  have 
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been  removed,  and  all  the  white  balls  put  into  a  new  um.     Thus 

there  would  be  46  white  balls  j  and  the  probability  that  the  white 

21 
ball  drawn  was  one  of  the  21  is  -^ ,  and  the  probability  that  it 

25  7  5 

was  one  of  the  25  is  ttt.     Now  here  i?,  =  ttt  >  ^^^  i^«  =  ^  >    *^^ 

46  ^10  -*  *     6 ' 

^'      =  yt;  ,   and         '     =  ttt  •     Thus  the  result  agrees  with  that 

given  by  the  theorem  in  Art.  734,  supposing  thatP^  and  F^  are  equal 

Next,  suppose  that  there  had  been  4  urns,  each  having  7 
white  balls  and  3  black  balls,  and  3  urns,  each  having  5  white 
balls  and  1  black  ball.  In  this  case,  by  proceeding  in  the  manner 
just  shewn,  we  may  deduce  that  the  probability  that  a  white  ball 
which  was  drawn  came  from  the  group  of  4  similar  urns  is 

4x21         ^ 
4  X  21  +  3  X  :i5  ' 

and  the  probability  that  it  came  from  the  group  of  3  similar  urns  is 

3x25 


4x21  +  3x25' 


Now  let  us  apply  the  theorem  of  Art.  734  to  estimate  the  proba- 
bility that  the  white  ball  came  from  the  first  group  and  the  proba- 
bility that  it  came  from  the  second  group.  Since  there  are  7  urns, 
of  which  4  are  of  the  first  kind  and  3  of  the  second,  we  take 

Pj  =  ^,  andP^  =  y;  also ^,  =  j^ ,  and ^,= -^  .     Thus 

4     _7  3     5 

n  ,        7  ^  10  ^_         7^6 

113     5'    ^'     4      7      3~5' 
7''l0"^7''6  7''lO"^7''6 

and  these  results  agree  with  those  which  we  have  already  indicated. 

736.  It  is  usual  to  call  the  quantities  P^,  P^,,,.P^of  Axt 
734  the  a  priori  probabilities  of  the  existence  of  the  respectiTe 
causes ;  and  ^^,  §^, . . .  Q^  the  a  posteriori  probabilities.     Students 
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atre  sometimes  perplexed  in  endeavouring  to  estimate  P^,  F^y,„P^\ 
the  safest  plan  is  to  observe  that  the  product  P^p^  denotes  the 
probability  that  the  event  will  happen  as  the  result  of  the  r"*  cause ; 
and  the  correctness  of  the  product  is  the  important  part  of  the 
solution,  because  F^  and  p^  do  not  occur  separately  in  the  results. 
The  whole  proposition  may  be  best  understood  if  arranged  in  the 
following  order.  First  suppose  the  different  causes  all  equally 
probable  before  the  observed  event;  let  -bj,  denote  the  probability 
of  the  occurrence  of  the  event  on  the  hypothesis  of  the  existence 
of  the  7^  cause ;  then  the  probability  of  the  7^  cause,  estimated 

after  the  occurrence  of  the  observed  event  is  :=-^ .     This  seems 

nearly  self-evident,  and  if  any  doubt  remains  it  may  be  removed 
by  the  mode  of  illustration  given  in  the  fii-st  part  of  Art.  735. 
Secondly,  suppose  that  the  terms  in  2^  can  be  arranged  in  groups ; 
suppose  there  to  be  /x^  terms  in  the  first  group,  and  that  each 
term  is  equal  to  p^,  suppose  there  to  be  /x^  terms  in  the  second 
group,  and  that  each  term  is  equal  to  p^,  and  so  on,  the  last  group 
consisting  of  /a^  terms,  each  equal  to  p^»  Then  Scr  may  be  written 
2fip>  where  the  series  %iip  consists  of  n  terms.  Thus  the  proba- 
bility of  the  r*^  cause  is  ^-^.  Also  the  probability  of  the  first 
group  of  causes  is  the  sum  of  the  separate  probabilities  of  the 
members  of  that  group,  that  is,    ;^^— ^ .    Similar  expressions  hold 

for  the  probabilities  of  the  other  groups.  Thus  we  finally  arrive 
at  the  results  given  in  Art.  734,  where,  in  fact, 

^'     ^fip'        ^«     ifxp' 

737.  When  an  event  has  been  observed,  we  may,  by  Art.  734, 
estimate  the  probability  of  each  cause  from  which  that  event 
could  have  arisen ;  we  may  then  proceed  to  estimate  the  pro- 
bability that  the  event  will  occur  again,  or  that  some  other  event 
will  occur.  For  by  Art.  724  we  multiply  the  probability  of  each 
cause  by  the  probability  of  the  happening  of  the  required  event  on 
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the  hypothesis  of  the  existence  of  that  cause,  and  the  sum  of  all 
such  products  is  the  probability  of  the  happening  of  the  required 
event. 

For  example,  a  bag  contains  3  balls,  and  it  is  not  known  how 
many  of  these  are  white;  a  white  ball  has  been,  drawn  and 
replaced,  what  is  the  probability  that  another  drawing  will  give 
a  white  ball  ? 

There  ai'e  three  possible  hypotheses  :  (1)  all  the  balls  may  be 

white,  (2)  only  two  of  the  balls  may  be  white,  (3)  only  one  of  the 

balls  may  be  white.     We  have  first  to  find  the  probability  of  each 

hypothesis  by  the  method  of  Art.  734.     On  the  first  hypothesis, 

the  observed  event  is  certain,  that  is,  the  chance  of  it  is  1 ;  on  the 

2 
second  hypothesis,  the  chance  of  the  observed  event  is  «  ;   on  the 

third  hypothesis,  the  chance  of  the  observed  event  is  ^ .    Hence, 

assuming  that  before  the  observed  event  the  three  hypotheses 
were  equally  probable,  we  have  after  the  observed  events 

probability   of  first    hypothesis  =l'="]l+Q'*'qf  =  o> 

2     (        2     1^      1 
probability  of  second  hypothesis  =o"^]l  +  q+"Q[  =  o» 

probability  of  third  hypothesis  =q"^]l  +  q  +  qf=^* 

The  probability  that  another  drawing  will  give  a  white  ball  is 

1  .  12 

-  X  1,  so  far  as  it  depends  on  the  first  hypothesis;  it  is  «  x  ^ ,  so 

^  o      3 

far  as  it  depends  on  the  second  hypothesis;  and  it  is  -  x  5 ,  so  far 

as  it  depends  on  the  third  hypothesis.  Hence  the  required  pro- 
bability is 

^+5  +  jg;thatis,  L. 
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738.  We  give  another  example.  Suppose  a  bag  in  which 
the  ratio  of  the  number  of  white  balls  to  the  whole  number  of 
balls  is  unknown,  and  it  is  equally  probable,  a  priori^  that  the  ratio 

is  any  one  of  the  following  quantities  a?,  2a5,  3aj, nx',  suppose 

a  white  ball  to  be  drawn  and  replaced;  required  the  probability 
that  another  drawing  will  give  a  white  ball. 

Here  n  hypotheses  can  be  formed.  On  the  first  hypothesis  the 
probability  of  the  observed  event  is  oj,  on  the  second  hypothesis  it 
is  205,  on  the  third  3a5,  and  so  on.     Hence  the  probability  of  the 

X  .  2 

first  hypothesis  is  —7^ — -^ r  :  that  is,   —. rr- .     The 

^^  a;(l  +  2  + +w)'  '  n{n-¥\) 

2x2 

probability  of  the  second  hypothesis  is  — r ^  .     The  probability 

'^  n{n-¥l)  ^ 

2x3 

of  the  third  hypothesis  is   -7 r-.      And  so  on.      Hence  the 

•^^  n{n-\-l) 

.         2aj 
probability  that  another  drawing  will  give  a  white  ball  is     .       ..^ 

on  the  first  hypothesis,  — ; =-r  on  the  second  hypothesis,  — -; =-c 

^^  ^  n{n-\-l)  '^^  '  n{n  +  l) 

on  the  third,  and  so  on.     Hence  the  required  probability  is 

''7^fl»  +  2»+ +  n']; 

. ,    .  .           2aj        n(n  +  l)(2n  +  l)     ^^  ,  .     x(2n  +  l) 
that  IS,   — — -^.-^^ ^-^ ^:  that  is,  —^ ^. 

•  277a;        -^ 

When  n  is  very  great  this  approximates  to    -o  If  the 

ratio  of  the  number  of  the  white  balls  to  the  whole  number 
of  balls  is  equally  likely,  a  prioriy  to  have  any  value  between 
zero  and  unity,  then  x  is  indefinitely  small  and  7M5  =  1,  so  that  the 

required  probability  is  ^ . 

739.  The  following  problems  will  illustrate  the  subject. 

(1)  A  bag  contains  m  white  balls  and  n  black  balls ;  H  p  +  q 
balls  are  drawn  out,  what  is  the  probability  that  there  will  be  p 
white  balls  and  q  black  balls  occurring  in  an  a^8iqae,d  orcZer  %   ^^ 
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suppose  p  less  tlian  m  and  q  less  than  n;  and  tlie  balls  are  not 
replaced  in  the  bag  after  being  drawn  out. 

Suppose,  for  example,  that  the  first  ball  is  required  to  be  white, 
the  second  to  be  black,  the  third  to  be  black,  the  fourth  to  be 
white,  and  so  on  in  any  assigned  order.  Then  the  required  proba- 
bility is  the  product  of 

m              n                n—\            m— 1 
m  +  n^   m  +  7i— 1'   m  +  7i  — 2'   m  +  w  — 3* 

therefore  the  required  probability  is 

m(m  — l)(m— 2)  ...  {m  —  p-\-  \)n{n—V)(n^2)  ...  (t^  —  ^^  +  I) 
(w  +  w)(m  +  w  — l)(m  +  7i  — 2)  ...  {m  +  n  —  p  —  q  +  1)        ' 

and  it  will  be  observed  that  so  long  as  p  white  balls  and  q  black 
balls  are  required,  the  probability  is  the  same  whatever  may  he  the 
designed  order  in  which  they  are  to  occur. 

(2)  The  suppositions  being  the  same  as  in  (1),  what  is  the 
probability  of  p  white  balls  and  q  black  balls  occurring  in  any 
order  whatever  ? 

Let  iV^  represent  the  number  of  different  orders  in  which  p 
white  balls  and  q  black  balls  can  occur;  then  the  required  proba- 
bility is  obtained  by  multiplying  the  probability  found  in  (1)  by 
K     And 

\P\l 

The  problems  (1)  and  (2)  are  introductory  to  one  which  we  shall 
now  consider. 

(3)  A  bag  contains  m  balls  which  are  known  to  be  all  either 
white  or  black,  but  how  many  of  each  kind  is  unknown ;  suppose 
p  white  balls  and  q  black  balls  have  been  drawn  and  not  replaced; 
find  the  probability  that  another  drawing  will  give  a  white  balL 

The  observed  event  here  is  the  drawing  oip  white  balls  and} 
black  balls.  To  render  this  possible,  the  original  number  of  white 
balls  may  have  been  any  number  from  m—q  io  p  inclusive,  and 
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the  number  of  black  balls  any  number  from  q  to  m—p  inclusive. 
Let  us  denote  the  hypothesis  of  m  —  q  white  and  q  black  by  ff^, 
and  the  hypothesis  of  m  — ^-- 1  white  and  q  +  1  black  by  IT^,  and 
so  on.     Then  H^  gives  for  the  probability  of  the  observed  event 

^    (m  —  q)(m  —  q-'l) (m  —  q—p  +  1)1,2.3 q 

m{m  —  l) (m  —  q—p  +  l)  '    - 

where  N  denotes  the  number  of  different  ways  in  which  p  white 
balls  and  q  black  balls  can  be  combined  iap-^-q  trials.     Put  C  for 

jsr 

-  • 

m(m  — 1) {m  —  q—p  +  l)^ 

then  jff^  gives  for  the  probability  of  the  observed  event 

where        jP,  =  (m  -  g)  (m  -  g  - 1) (m-q-p  +  l), 

and  ^j  =  1 .  2 .  3 q. 

Similarly,  H"^  gives  for  the  probability  of  the  observed  event 

where  ij  =  («»-g'-l) {m^-q-p), 

^^,  =  2.3.4 q{q-\-l). 

Thus,  Mn  =  7a—p  —  q  +  2,WQ  find  for  the  probability  of  H^ , 

PA . 

PA^p.Q.^ +^«-xe«-/ 

PQ 

this  we  may  denote  by  -^  , 

PO 

SimQarly  the  probability  of  H^  is  -^ ;  and  so  on.     Now  the 

probability  of  drawing  a  white  ball  on  another  trial 

PQ      m  —p  —  q 
on  the  hypothesis  5^,  is  -^  x  ^_^_^  I 

.    _  .    .    PQ^     m-p-q-l 
on  the  hypothesis  H^  it  is  -^-^  x     ^_  ; 
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and  so  on.    Thus  the  whole  probability  of  drawing  a  white  ball  is 

The  series  in  brackets  is  of  the  same  kind  as  S  with  p  +  l 
written  instead  ofp,  the  number  of  terms  being  one  less  than  iaS, 

[p[q          Ifi'-l-hp-hq 
Now  by  Art  665,     S  =  j^^^j^^ [7^32 ' 

|jp  +  l  \q    [n-l+p  +  g 


hence  the  series  within  brackets  is 


\p  +  q-\-2         [n-S        ' 
p  +  l  n  —  2  jt)  +  l 


and  the  required  probability  is  .  ^ ^ , 

^  r  J      p+q+2     m-p-q     p+q+2 

For  a  more  general  investigation  connected  with  this  import- 
ant problem  the  student  is  referred  to  the  Hiatory  of  FrohahUity, 
page  454. 

740.  The  mathematical  theory  of  probability  has  been  applied 
to  estimate  the  probability  of  statements  which  are  supported  bj 
assertions  or  by  arguments.     We  will  give  some  examples. 

The  probability  that  A  speaks  truth  is  p,  and  the  probability 
that  B  speaks  truth  isj^'j  what  is  the  probability  of  the  truth  of 
an  assertion  which  they  agree  in  making  ]  There  are  two  possible 
hypotheses;  (1)  that  the  assertion  is  true,  (2)  that  it  is  not  If 
it  be  true,  the  chance  that  they  both  make  the  assertion  is  pp';  if 
it  be  false,  the  chance  that  they  both  make  it  is  (1  —  jp)(l  -/>')• 
Hence,  by  Art  734,  the  probabilities  of  the  truth  and  falsehood 
of  the  assertion  are  respectively 

^y+Cl-i^Xl-^O      ^^'  +  (l-p)(l-/)- 

Similarly,  if  the  assertion  be  also  made  by  a  third  person  whose 
probability  of  speaking  truth  is  p'\  the  probabilities  of  the  tmih 
and  &Isehood  of  the  assertion  are  respectively 

PP'P"  and        i^-P)(}-P')(^-P")      . 

PP'P"  +  (1  -P)  (1  -P')a  -P")         PP'P"^  (1  -P)  (1  -l'T(l  -pi ' 

and  so  on  if  more  persons  join  in  the  assertion. 
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741.  We  will  make  a  few  remarks  on  tlie  preceding  Article. 

When  we  say  that  the  probability  of  A*b  speaking  truth  is  p, 
ve  mean  that  out  of  a  large  number  of  statements  made  by  A,  the 
atio  of  the  number  that  are  true  to  the  number  that  are  not  true 
3  that  ofpto  1  —p  ',  thus  the  value  of  p  depends  on  the  correct- 
less  of  A*s  judgment  as  well  as  on  his  veracity. 

The  result  in  Art.  740  gives  the  probability  of  the  truth  of  the 
Lssertion,  so  &.r  as  that  truth  depends  solely  on  the  testimony  of 
ihe  witnesses  considered ;  there  may  be  from  other  sources  addi- 
ional  evidence  for  or  against  the  assertion.  Thus  the  person  who 
s  estinutting  the  probability  may  himself  have  a  conviction  more 
)r  less  decided  in  favour  of  the  assertion  which  is  independent  of 
ihe  testimony  he  receives  from  the  witnesses.  It  has  been  proposed 
X)  combine  this  conviction  with  the  testimonies  which  are  con- 
udered  in  the  problem.  Thus,  if  there  be  two  witnesses  with  pro- 
babilities p  and  jp'  respectively  of  speaking  the  truth,  and  a  third 
3ei'son  estimates  the  probability  of  the  truth  of  the  assertion  at ;?" 
Tom  his  own  independent  sources  of  belief,  then  to  him  the  odds 
n  favour  of  the  truth  of  the  assertion  are 

i,//'to(l-^)(l-/)(l-/')- 
Still  the  result  is  considered  unsatisfactory  by  some  writers, 
s^rho  object  with  great  reason  to  the  solution  on  the  ground  that  it 
)mits  all  consideration  of  the  circumstance  that  it  is  the  same 
>ccurrence  to  which  the  several  testimonies  are  offered.  In  the 
following  problem  this  circumstance  is  expressly  considered. 

742.  Two  persons,  whose  probabilities  of  speaking  the  truth 
ire  p  and  p'  respectively,  assert  that  a  specified  ticket  has  been 
irawn  out  of  a  bag  containing  n  tickets ;  required  the  probability 
jf  the  truth  of  the  assertion. 

The  observed  event  here  is  the  coincident  testimony  of  A  and  B 
n  favour  of  a  specified  ticket. 

Here  -  is  the  a  priori  probability  that  the  specified  ticket  would 
DO  drawn.     The  probability  of  the  observed  event  on  the  hypo- 
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thesis  that  the  specified  ticket  was  drawn  is  then  —  .     The  pro- 

n 

bability  of  the  observed  event  on  the  hypothesis  that  it  was  not 

„ "I 

drawn  might  at  first  be  supposed  to  be  (1  —  jp)  (1  —  J^') ;  but 

if  the  persons  have  no  inducement  to  select  the  specified  ticket 
among  those  really  undrawn,  this  expression  must  be  multiplied  by 

r^ ,  which  is  the  probability  of  their  selecting  the  same  num- 

ber  among  the  undrawn  numbers.     Thus  the  probability  of  the 

observed  event  on  the  second  hypothesis  is      ~  /        7!^    .     Thus 

n{ri,—  1) 

the  odds  for  the  truth  of  the  assertion  are, 

^-^  to  ^ ^/ ^   IV     ->  or  pp  to  ^ \,  . 

743.  The  question  in  Art.  740  is  respecting  the  truth  of 
concurrent  testimony ;  we  may  now  consider  the  truth  of  Pro- 
ditionari/  testimony.  A  says  that  B  says  that  a  certain  event 
took  place ;  required  the  probability  that  the  event  did  take  place. 
Let  p  and  p'  be  the  probabilities  of  speaking  the  truth  of  A 
and  B  respectively.  The  event  did  take  place  if  they  both  speak 
truth,  or  if  they  both  speak  falsehood  j  and  the  event  did  not 
take  place  if  only  one  of  them  speaks  truth.  Thus  the  odds  that 
the  event  did  take  place  are 

pp'+0.-p){\-p')  \x> p{\-p')+p'{\-p). 

744.  If  there  be  n  witnesses,  each  of  whom  has  transmitted  a 
statement  of  an  occurrence  to  the  next,  and  if  ^  be  the  probability 
of  speaking  the  truth  of  each  witness,  the  probability  of  the  truth 
of  the  statement  is  to  the  probability  of  its  falsehood  as  the  sum  of 
the  odd  terms  of  the  expansion  of  (p  +  qf  is  to  the  sum  of  the  even 
terms,  q  being  put  equal  to  1-jo  after  the  expansion  has  been 
effected.  For  the  statement  is  true  if  all  the  witnesses  speak  truth, 
or  if  two,  or  four,  or  any  even  number  speak  falsehood. 
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745.  Suppose  that  certain  arguments  are  logically  sound, 
and  that  the  probabilities  of  the  truth  of  their  respective  premises 
are  known;  required  the  probability  of  the  truth  of  the  conclusion. 
For  example,  suppose  that  there  are  three  arguments,  and  let 
Pi  P'y  P"  deiiote  the  respective  probabilities  of  their  premises.  The 
conclusion  is  valid  unless  all  the  arguments  fail .  The  chance  that 
they  all  fail  is  (1  — /?)  (1  —p')  (1  —p")  ;  hence  the  chance  that  they 
do  not  fail  is  1  —  (1  —p) (1  —p)  (1  —p"),  which  is,  therefore,  the 
required  probability. 

746.  Of  such  an  extensive  subject  as  the  Theory  of  Proba- 
bility only  an  outline  can  be  given  in  an  elementary  work  on 
Algebra.  The  student  who  is  prepared  for  further  investigation 
will  find  a  list  of  the  necessary  books  in  the  article  FrohahUity  in 
the  Fenny  Cyclopcedia;  to  that  list  may  be  added  the  work  of 
Professor  Boole  on  the  Laws  of  Thought,  For  an  elementary 
discussion  of  the  first  principles  of  the  subject  the  student  may 
ocmsult  De  Morgan's  Formal  Logic,  Chapters  ix.  and  x.  We  may 
also  refer  to  the  History  of  the  MaJthematical  Theory  of  Froha- 
bUity,  from  the  time  of  Fascal  to  tJiat  of  Laplace;  this  work  intro- 
duces the  reader  to  almost  every  process  and  every  species  of 
problem  which  the  literature  of  the  subject  can  furnish. 

EXAMPLES   ON   PROBABILITY. 

1.  The  odds  against  a  certain  event  are  3  to  2 ;  and  the 
oids  in  favour  of  another  event  independent  of  the  former  are 
4  to  3.  What  are  the  odds  for  or  against  their  happening 
together ) 

2.  Supposing  that  it  is  8  to  7  against  a  person  who  is  now 
30  years  of  age  living  till  he  is  60,  and  2  to  1  against  a  per- 
son who  is  now  40  living  till  he  is  70;  find  the  probability 
that  one  at  least  of  these  persons  will  be  alive  30  years  hence. 

f  3.  A  party  of  23  persons  take  their  seats  at  a  round  table ; 
ahew  that  it  is  10  to  1  against  two  specified  individuals  sitting 
next  to  each  other. 

T.  A.  ^^ 
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4.  The  chance  that  A  can  solve  a  certain  problem  is  j ;  the 

2 
chance  that  B  can  solve  it  is  ^ ;  what  is  the  chance  that  the  pro- 

blem  will  be  solved  if  they  both  try  1 

5.  What  is  the  chance  of  drawing  two  black  balls  and 
one  red  from  an  urn  containing  five  black,  three  red,  and  two 
white  1 

6.  What  is  the  probability  that  an  ace  and  only  one  will  be 
thrown  in  two  trials  with  one  die  I 

7.  What  is  the  probability  of  throwing  one  ace  at  least  in 
two  trials  with  one  die  1 

8.  What  are  the  odds  against  throwing  one  of  the  two  num- 
bers 7  or  11  in  a  single  throw  with  two  dice  ? 

9.  Two  purses  contain  the  same  number  of  sovereigns  and 
a  different  number  of  shillings ;  one  purse  is  taken  at  random 
and  a  coin  is  drawn  out ;  shew  that  it  is  more  likely  to  be  a 
sovereign  than  it  would  be  if  all  the  coins  had  been  in  one 
purse? 

10.  There  are  four  men,  A,  B,  C,  D  whose  powers  of  rowing 
may  be  represented  by  the  numbei's  6,  7,  8,  9  respectively;  two  of 
them  are  placed  by  lot  in  a  boat,  and  the  other  two  in  a  second 
boat.  Find  the  chance  which  each  man  has  of  being  a  winner  in 
a  race  between  the  boats. 

11.  In  one  throw  with  a  pair  of  dice  what  is  the  chance  that 
there  is  neither  an  ace  nor  doublets  1 

12.  If  fix)m  a  lottery  of  30  tickets  marked  1,  2,  3,  

four  tickets  be  drawn,  what  is  the  chance  that  1  and  2  will  be 
among  themi 

13.  A  has  3  shares  in  a  lottery  where  there  are  3  prises 
and  6  blanks ;  B  has  1  share  in  another  where  there  is  but  1  prize 
and  2  blanks.  Shew  that  A  has  a  better  chance  of  getting  a  priie 
than  B  in  the  ratio  of  16  to  7. 
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14.  Two  bags  contain  each  4  black  and  3  white  balls ;  a 
•erson  draws  a  ball  at  random  from  the  first  bag,  and  if  it  be 
^hite  he  puts  it  into  the  second  bag  and  then  draws  a  ball  from 
b;  find  the  chance  of  his  drawing  two  white  balls. 

lo.  A  coin  is  thrown  up  n  times  in  succession;  what  is 
he  chance  that  the  head  will  present  itself  an  odd  number  of 
imes) 

16.  When  n  coins  are  tossed  up,  what  is  the  chance  that  one 
nd  only  one  will  turn  up  head) 

17.  Supposing  the  House  of  Commons  to  consist  of  m  Tories 
nd  n  Whigs,  find  the  probability  that  a  committee  of  p  +  q 
elected  by  lot  may  consist  ofp  Tories  and  q  Whigs. 

18.  What  is  the  chance  that  a  person  with  two  dice  will 
hrow  aces  at  least  four  times  in  six  trials ) 

19.  Find  the  chance  of  throwing  an  ace  with  a  single  die 
nee  at  least  in  six  trials. 

20.  If  on  an  average  9  ships  out  of  10  return  safe  to  port, 
^hat  is  the  chance  that  out  of  5  ships  expected  at  least  3  will 
rrivel 

21.  In  three  throws  with  a  pair  of  dice,  what  is  the  proba- 
•ility  of  having  doublets  one  or  more  times  1 

22.  What  is  the  chance  of  throwing  sixes  once  or  oftener  in 
bree  throws  with  a  pair  of  dice  1 

23.  In  a  lottery  containing  a  large  number  of  tickets  where 
be  prizes  are  to  the  blanks  as  1  to  6,  what  is  the  chance  of 
rawing  at  least  2  prizes  in  5  trials  1 

24.  If  four  cards  be  drawn  from  a  pack,  what  is  the  proba- 
ility  that  there  will  be  one  of  each  kindl 

25.  If  four  cards  be  drawn  from  a  pack,  what  is  the  proba- 
ility  that  they  will  be  marked  one,  two,  three,  four,  of  the  same 
nit? 

26.  If  ^'s  skill  at  any  game  be  double  that  of  B,  the  odds 
gainst  ^'s  winning  4  gam.es  before  B  wins  2  are  131  to  112. . 
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27.  Two  persons  A  and  B  engage  in  a  game  in  which  A'i 
skill  is  to  ^'s  as  2  to  3.  Find  the  chanoe  of  A*a  Kriamng  at  Icust 
2  games  out  of  5. 

28.  Three  white  balls  and  five  black  are  placed  in  a  bag,  and 
three  persons  draw  a  ball  in  succession  (the  balls  not  being  re- 
placed) until  a  white  ball  is  drawn.  Shew  that  their  respective 
chances  are  as  27,  18  and  11. 

29.  In  each  game  that  is  played  it  is  2  to  1  in  favour  of  the 
winner  of  the  game  before.  What  is  the  chance  that  he  who  wios 
the  first  game  bhall  win  three  or  more  of  the  next  four  ? 

30.  A  certain  stake  is  to  be  won  by  the  first  person  who 
throws  ace  with  a  die  of  n  faces.  If  there  be  p  persons,  find 
the  chance  of  the  r^  person. 

31.  There  are  3  parcels  of  books  in  another  room  and  a  parti- 
cular book  is  in  one  of  them.  The  odds  that  it  is  in  one  particular 
parcel  are  3  to  2 ;  but  if  not  in  that  parcel  it  is  equally  likely  to 
be  in  either  of  the  others.  If  I  send  for  this  parcel  giring  a 
description  of  it,  and  the  odds  I  get  the  one  I  describe  are  2  to  1, 
what  is  my  chance  of  getting  the  book  I  want  ? 

32.  In  a  purse  are  ten  coins,  all  shillings  except  one  which  is 
a  sovereign;  in  another  are  ten  coins  all  shillings.  Nine  coins  are 
taken  out  of  the  former  purse  and  put  into  the  latter,  and  then 
nine  coins  are  taken  from  the  latter  and  put  into  the  former.  A 
person  is  now  permitted  to  take  whichever  purse  he  pleases; 
which  should  he  choose] 

33.  One  urn  contained  5  white  balls  and  5  black  balls ;  a 
second  urn  contained  10  white  balls  and  10  black  balls;  a  ball,  of 
which  colour  is  not  known,  was  removed  from  one  urn,  but  which 
is  not  known,  into  the  other.  A  drawing  being  now  made  from 
one  of  the  urns  chosen  at  random,  what  is  the  chance  that  it  irill 
give  a  white  ball  ? 

34.  Find  the  chance  of  throwing  15  in  one  throw  with  3  dicft 

35.  Find  the  chance  of  throwing  17  in  one  throw  with  3  dK« 
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36.  Find  the  chance  of  throwing  not  more  than  10  with  3 
dice. 

37.  When  2n  dice  are  thrown,  prove  that  the  sum  of  the 
numbers  turned  up  is  more  likely  to  be  7n  than  any  other 
number. 

38.  When  2n  + 1  dice  are  thrown,  prore  that  the  chance 
that  the  sum  of  the  numbers  turned  up  is  7n  +  4  equals  the 
chance  that  the  sum  of  the  numbers  turned  up  is  7n  +  3,  and 
that  the  chance  is  greater  than  the  chance  that  the  sum  is  any 
other  niunber. 

39.  Out  of  a  set  of  cards  numbered  from  1  to  10  a  card  is 
drawn  and  replaced;  after  ten  such  drawings  what  is  the  proba- 
bility that  the  sum  of  the  numbers  drawn  is  24  9 

40.  Counters  numbered  0,  1,  2,  n,  are  placed  in  a  box ; 

after  one  is  drawn  it  is  put  back,  and  the  process  is  repeated. 
What  is  the  probability  that  m  drawing^  will  give  the  counter 
marked  s  % 

41.  There  are  10  tickets  5  of  which  are  blanks  and  the  others 
are  marked  1,  2,  3,  A,  5;  what  is  the  probability  of  drawing  10  in 
three  trials,  the  tickets  being  replaced  9 

42.  Required  the  probability  in  the  preceding  question  if  the 
tickets  are  not  replaced. 

43.  From  a  bag  containing  n  balls  p  balls  are  drawn  out  and 
replaced,  and  then  q  balls  are  drawn  out.  Shew  that  the  proba- 
bility of  exactly  r  balls  being  common  to  the  two  drawings  is 

44.  Eight  persons  of  equal  skill  at  chess  draw  lots  for  part- 
ners and  play  four  games;  the  four  winners  draw  lots  again  for 
partners  and  play  two  games ;  and  the  two  winners  in  these  play 
a  final  game ;  find  the  chance  that  two  assigned  persons  will  have 
played  together. 
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45.  In  a  bag  are  m  white  and  n  black  balls.  Shew  that 
the  chance  of  drawing  first  a  white,  then  a  black  ball,  and  so 
on  alternately  until  the  balls  remaining  are  all  of  one  colour  is 

\mln 

\m-i-n' 

If  m  balls  are  drawn  at  once,  what  is  the  chance  oi  drawing 
all  the  white  balls  at  the  first  trial  ? 

46.  In  a  bag  are  n  balls  of  m  colours,  p^  being  of  the  first 
colour,  p^.  of  the  second  colour,  ...  jp^  of  the  m*  colour.  If  tbe 
balls  be  drawn  one  by  one,  what  is  the  chance  that  aD  the  balls 
of  the  first  colour  will  be  first  drawn,  then  all  the  balls  of  the 
second  colour,  and  so  on,  and  lastly  all  the  balls  of  the  m^  colour  1 

47.  A  bag  contains  n  balls ;  a  person  takes  out  one  and  puts 
it  in  again;  he  does  this  n  times;  what  is  the  probability  of  his 
having  had  in  his  hand  every  ball  in  the  bag  ? 

48.  Two  players  of  equal  skill,  A  and  j5,  are  playing  a  set  of 
games.  A  wants  2  games  to  complete  the  set^  and  B  wants  3 
games.     Compare  the  chances  of  A  and  B  for  winning  the  set. 

49.  If  three  persons  dine  together,  in  how  many  different 
ways  can  they  be  seated]  When  they  have  dined  together  exactly 
so  many  times,  taking  their  places  by  chance,  what  is  the  proba- 
bility that  they  will  have  sat  in  every  possible  arrangement  ] 

50.  iV^  is  a  given  number;  a  lower  number  is  selected  at  ran- 
dom, find  the  chance  that  it  will  divide  If. 

51.  A  handful  of  shot  is  taken  at  random  out  of  a  bag; 
what  is  the  chance  that  the  number  of  shot  in  the  handful  is 
prime  to  the  number  of  shot  in  the  bag]  For  example,  suppose 
the  number  of  shot  in  the  bag  to  be  105. 

52.  If  n  =  a%  and  any  number  not  greater  than  n  be  taken 
at  random,  the  chance  that  it  contains  a  as  a  factor  8  times  and  no 

.11 


more  is  — .— 


a'    a'^' 
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53.  Two  pennons  play  at  a  game  wLich  cannot  be  drawn, 
and  agree  to  continue  to  play  until  one  or  other  of  them  wins 
two  games  in  succession;  given  the  chance  that  one  of  them  wins 
a  single  game,  find  the  chance  that  he  wins  the  match  described. 
For  example,  if  the  odds  on  a  single  game  be  2  to  1,  the  odds  on 
the  match  will  be  16  to  5. 

54.  A  person  has  a  pair  of  dice,  one  a  regular  tetrahedron, 
the  other  a  regular  octahedron ;  what  is  the  chance  that  in  a  single 
throw  the  sum  of  the  marks  is  greater  than  6 ) 

55.  There  are  three  independent  events  of  which  the  pro- 
babilities are  respectively  p^,  p^,  p^;  find  the  probability  of  the 
happening  of  one  of  the  events  at  least;  also  of  the  happening  of 
two  of  the  events  at  least. 

56.  A  certain  sum  of  money  is  to  be  given  to  one  of  three 
persons  A,  B,  C,  who  first  throws  10  with  three  dice;  supposing 
them  to  throw  successively  in  the  order  named  until  the  event  has 
happened,  shew  that  their  chances  are  respectively 


(A)'  (W*^ ''''^  Q' 


(13)' *  \W 

57.  The  decimal  parts  of  the  logarithms  of  two  numbers 
taken  at  random  are  found  from  a  table  to  7  places ;  what  is  the 
probability  that  the  second  can  be  subtracted  from  the  first  with- 
out borrowing  at  all  1 

58.  A  undertakes  with  a  pair  of  dice  to  throw  6  before  B 
throws  7 ;  they  throw  alternately,  A  commencing.  Compare  their 
chances. 

59.  A  person  is  allowed  to  draw  two  coins  from  a  bag  con- 
taining 4  sovereigns  and  4  shillings.  What  is  the  value  of  his 
expectation? 

60.  If  six  guineas,  six  sovereigns,  and  six  shillings  be  put 
into  a  bag,  and  three  be  drawn  out  at  random,  what  is  the  value  of 
the  expectation  ? 
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61.  Ten  Bussian  ships,  twelve  French,  and  fourteen  English 
are  expected  in  port.  What  is  the  value  of  the  expectation  of  t 
merchant  who  will  gain  £2100  if  one  of  the  first  two  which 
arrive  is  a  Russian  and  the  other  a  French  ship  1 

62.  From  a  bag  containing  3  guineas,  2  sovereigns,  and  4 
shillings,  a  person  draws  3  coins  indiscriminately ;  what  is  the 
value  of  his  expectation  ? 

63.  What  is  the  worth  of  a  lottery-ticket  in  a  lottery  of  100 
tickets,  having  four  prizes  of  £100,  ten  of  £50,  and  twenty  of  iSI 

64.  A  bag  contains  9  coins,  5  are  sovereigns,  the  other  four 
are  equal  to  each  other  in  value;  find  what  this  value  must  be  in 
order  that  the  expectation  of  receiving  two  coins  out  of  the  bag 
may  be  worth  24  shillings. 

65.  From  a  bag  containing  4  shilling  pieces,  3  unknown  sil- 
ver coins  of  the  same  value,  and  one  unknown  gold  coin,  four  are 
to  be  drawn.  If  the  value  of  the  drawer  s  chance  be  15  shillingi^ 
what  are  the  coins  ? 

66.  A  and  B  subscribe  a  sum  of  money  for  which  they  toss 
alternately  beginning  with  A,  and  the  first  who  throws  a  head  is 
to  win  the  whole.  In  what  proportion  ought  they  to  subscribe? 
If  they  subscribe  equally,  how  much  should  either  of  them  give 
the  other  for  the  first  throw  1 

67.  There  are  a  number  of  counters  in  a  bag  of  which  one  is 
marked  1,  two  2,  &c  up  to  r  marked  r;  a  person  draws  a  number 
at  random  for  which  he  is  to  receive  as  many  shillings  as  the  num- 
ber marked  on  it;  find  the  value  of  his  expectation. 

68.  A  bag  contains  a  number  of  tickets  of  which  one  is 
marked  1,  four  marked  2,  nine  marked  3,  ...  up  to  n'  marked  n; 
a  person  draws  a  ticket  at  random  for  which  he  is  to  receive  as 
many  shillings  as  the  number  marked  on  it;  required  the  value  of 
his  expectation. 

69.  A  man  is  to  receive  a  certain  number  of  shillings,  he 
knows  that  the  digits  of  the  number  are  1,  2,  3,  4,  5,  but  he  is 
ignorant  of  the  order  in  which  they  stand;  determine  the  value  of 
his  expectation. 
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70.  From  a  bag  contaiDing  a  counters  some  of  whicli  are 
marked  wiiJi  numbers,  b  counters  are  to  be  drawn,  and  the  drawer 
is  to  receive  a  number  of  shillings  equal  to  the  sum  of  the  num- 
bers on  the  counters  which  he  draws;  if  the  sum  of  the  numbers 
on  nil  the  counters  be  n,  what  will  be  the  value  of  his  chance  1 

71.  There  are  two  urns,  and  it  is  known  that  one  contains 
8  white  balls  and  4  black  balls,  and  that  the  other  contains 
12  black  balls  and  4  white  balls;  from  one  of  these,  but  it  is  not 
known  from  which,  a  ball  is  taken  and  is  found  to  be  white; 
find  the  chance  that  it  was  drawn  from  the  urn  containing  8  white 
balls. 

72.  Five  balls,  any  one  of  which  may  be  either  white  or  black, 
are  in  a  bag,  and  two  being  drawn  are  both  white;  find  the  pro- 
bability that  all  are  white. 

73.  A  purse  contains  n  coins  which  are  either  sovereigns  or 
shillings;  a  coin  drawn  is  a  sovereign,  what  is  the  probability  that 
this  is  the  only  sovereign  1 

74.  A  bag  contains  4  white  and  4  red  balls;  two  are  taken 
out  at  random,  and  without  being  seen  are  placed  in  a  smaller 
bag;  one  is  taken  out  and  proves  to  be  white,  and  replaced  in  the 
smaller  bag ;  one  is  again  taken  out  and  proves  to  be  again  white, 
what  is  now  the  probability  that  both  balls  in  the  smaller  bag  are 
white) 

75.  Of  two  purses  one  originally  contained  25  sovereigns,  and 
the  other  10  sovereigns  and  15  shillings.  One  purse  is  taken  by 
chance  and  4  coins  drawn  out  which  prove  to  be  all  sovereigns ; 
what  is  the  probability  that  this  purse  contains  only  sovereigns, 
and  what  is  the  value  of  the  expectation  of  the  next  coin  that  will 
be  drawn  from  it  ? 

76.  A  bag  contains  three  bank  notes,  and  it  is  known  that 
each  of  them  is  either  a  £5,  a  XIO,  or  a  £20  note;  at  three 
successive  dips  in  the  bag  (the  note  being  replaced  after  each 
dip)  a  £5  note  was  drawn.  What  is  the  probable  value  of  the  con- 
tents of  the  bag ) 
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77.  It  is  3  to  1  that  A  speaks  the  truth,  4  to  1  that  B  does, 
and  6  to  1  that  C  does ;  what  is  the  probability  that  an  eyent 
took  place  which  A  and  B  assert  to  have  happened  and  which  G 
denies  % 

78.  A  speaks  truth  3  times  out  of  4,  j5  4  times  out  of  5;  they 
agree  in  asserting  that  from  a  bag  containing  9  balls,  all  of  dif- 
ferent colours,  a  white  ball  has  been  drawn;  shew  that  the  proba- 

96 
bility  that  this  is  true  is  -^ . 

79.  Suppose  thirteen  witnesses,  each  of  whom  makes  but  one 
false  statement  in  eleven,  to  assert  that  a  certain  event  took  place; 
shew  that  the  odds  are  ten  to  one  in  fevour  of  the  truth  of  their 
statement,  even  although  the  a  priori  probability  of  the  event  be 

as  small  as  — -ys — t  • 
10  *  4- 1 

80.  One  of  a  pack  of  52  cards  has  been  removed;  from  the 
remainder  of  the  pack  two  cards  are  drawn  and  are  found  to  be 
spades ;  find  the  chance  that  the  missing  card  is  a  spade. 

81.  If  two  persons  walk  on  the  same  road  in  opposite  direc- 
tions during  the  same  interval  of  time  a  +  h-^c,  the  one  completing 
the  distance  in  a  time  a,  and  the  other  in  a  time  6,  what  is  the 
chance  of  their  meeting  1 

82.  Find  how  many  odd  numbers  taken  at  random  must  be 
multiplied  together,  that  there  may  be  at  least  an  even  chance  of 
the  last  figure  being  5. 

Given  logjo2= -30103. 


LIY.     MISCELLANEOUS  EQUATIONS. 

747.  Equations  may  be  proposed  which  require  peculiar  arti- 
fices for  their  solution;  in  the  following  collection  the  student 
will  find  ample  exercise ;  he  should  himself  try  to  solve  the 
equations,  and  afterwards  consult  the  solution  here  given. 

a^2x  +  2     a;'  +  8a;  +  20_a;'  +  4a;  +  6     a:'  +  6a;  +  12 
x+l  05  +  4  aj  +  2  x+'6 
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05+1  H 4.354.4+ ^-3.4. 2 4. 4.a;+3  + 


then 


x-hl  aj  +  4  05  +  2  a;  +  3' 

14  2  3 

+ -.  = — «  + 


X  +  l        iC  +  4:        05  +  2        05  +  3^ 

1     ___2_  ^_3 ^ 

a;  +  l     aj  +  2""ic  +  3     ic  +  4:' 

05  05 


a;"+3a?  +  2        a*+7iB  +  12' 
.*.  either  05=0,  or  a^  +  3a;+ 2  =  05*+ 7a5  + 12, 

4a;  =  -10; 
.-.  x  =  '-2i. 

o      1_ 1  1_  1 


{x  +  ay-b'     {x+by^a'     af^{a  +  by     x'-(a-by' 
x  +  a+b\af'-{a-by)      a*-(a  +  6)'     a5^-(a 


x'-{a-b) 


05— (a +  6)  __ 


05  + a +  6  of -(a- by     a^-ia  +  bf^ 

x-{a-¥b)   __         1 
'''  ^^{a^-byx-^ia-^by 

.-.  {a;-.(a  +  6)}»  =  a;»-(a-6)«, 

2a;(a  +  6)  =  (a  +  6)'+(a-5)"; 

_a'+ft« 

•  •    05  — • 

a  +  b 
a"     48 


a'     48     -^/aj     4\ 


^/7f     16\     -^/a)     4\        „  a     4 
3(y-  +  |)  =  10y, 
^      3        9      9' 
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4 
.\  y  =  2  or  ^; 

.'.  aj'-12  =  6a5  or  ix; 
.'.  x  =  6  or-2  or  3^J{21). 

(5x^  +  lOaj*  +  1)  (5a*  +  10a»  + 1) 
{x*  +  l0x'  +  5){a'+l0a'-h5) 

•*•  i?TT0fi?+5a  ""  5a*  +  lOa'-h  1  ^ 

adding  and  subtracting  the  numerator  and  denominator  of  each 
fraction, 

fx + 1 Y  _  fi  +  gy 

a;  +  1  _  1  +  a 

1 
a 

5.  (ic-l)«  +  (2a;  +  3)»=27aJ'  +  8. 

Since  (a^  ~  1)  +  (2aj+  3)  =  3aj  +  2, 

2 
divide  both  sides  by  3a;  +  2,  which  gives  »  =  -  g  for  one  value  of 

X ;  and  we  have 

(a;-.  l)««(a.^l)(2aj  +  3)  +  (2aj  +  3)"=  9a;'-  Qx  +  4, 

3*'  +  9a;  + 1 3  =  9«*  -  6a?  +  4, 

6aj'-15a?  =  9, 

,    5^     2525     3     49 
^     2  '^16"'16'*"2"16' 

5        7  „  1 

.*.  a;--r«*Y:  .•.  aj  =  3  or-^. 

(  aj+1         x  +  4:)  t  aj  +  2  x-^6) 

\  aj  +  l        aj  +  4  J  (aj+2         iB  +  4  J' 
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i  x  +  l  a;  +  4c         j  I  aj  +  2  x+3         j 


1 

+ 


"  X+l      X+4:      x-^2      x+'6^ 
JL !_=-! L. 

(aj+l)(«  +  2)  =  (a;  +  3)(aj  +  4), 
3a?  +  2=7a?+12, 
4a;  =  -10, 
«  =  -2i. 

7      1  fa4-lXa?-3)     1  (x-^3)(x-5)      2   (a?  +  5)(a;-7)  _  02^ 
5  (aj+  2Xa:-4)  "^  9  («+  4)(a;-  6)     13  (x-\-6){x-8)  ~  Obo  ' 

It  is  clear  that  the  numerator  and  denominator  of  each  fraction 
involires  the  expression  a*— 2a5,  put  therefore  («— l)'=y;  then 
the  equation  becomes 

ly-^4     1  y~16      2  y-36_  92 
5y-9  "^9^^-25      13  y-49'"5tf5' 

XT  1     1      2       92 

-Now  _.  4. «.  _  _^  = 


5     9      13     585 ' 
subtracting  corresponding  terms^  we  have 

1     5         1^ A_]^ 

5  y-9'^9  i/^25     13y-49~   ' 

+  : — K^ 7R=0, 


y_9     y_.25     y-49 
1111 


y-9     y-49     y-49     y-25 

-  40  _    24 
y-9""y-25'    • 


X  y 
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.-.  3(y-9)  +  5(y-.25)  =  0, 

8y  =  152; 
.-.  y=19  and  «=  1*^(19). 

-  05  +  3a       „    .  a  +  3aj 

xi  x-\-3a  _ci  c-hSx 
a^  a+3x     ajj  aj  +  3c' 

X^  +  3005^  _  ^'  +  ^^^ 

o*  +  3a^x     05*  +  3ca;4 ' 
adding  and  subtracting,  we  have 

(x^  +  Jy  ^(ci-¥xiY 

as'  +  a'     c4  +  05^ 


0,4  _ 

ai 

c^  — aj4 

X 

a 

c 

X 

• 
•  1 

,    X- 

=  J=  J{ac). 

1 

_^. 

1.      l(9.n.rA  1 

a:  +  J(2ax)  +  a  + jy^ — r =  2  ; 

x  +  fj{2ax)  +  a        * 

.•.  {aj  + /^(Saaj)  +  a}' -  2  {a?  +  ;y(2aa;)  +  a}  +  1  =  0, 

a5  +  a+^(2aa;)=:  1, 

(a5  +  a)'  -  2  (aj  +  a)  + 1  =  2  aas, 

«B*-2a;+ l  =  2a-a'; 

•%  o:  =  l*\/(2a-a*). 
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10.  (a?  +  a)  (a>  +  2a)  {x  +  3a)  (a?  +  4a)  =  c\ 

or  (oj  +  a)  (a;  +  4,a)  x  (as  +  2a)  (a?  +  3a)  =  c*, 

(a;"  +  6aaj  +  4a')  (aj"+  5aaj  +  Ga*) «  c* ; 

let  a:*  +  5aa:  =  ya", 

then  (y  +  4)(y+6)  =  -i; 

a 

a 


a 

.'.  aj'+5aa;  =  tfc(a*  +  c^*-5a"; 


1  1 

^^^      (2a:-l)(3a:-2)^(3a.-.2)(4a;-3)  =  <^^"^>(^^-^>> 

3^  ^2a.-%"^4t^3)  =  ^^^-^><^^^^)- 
.-.  2  =  (2aj-l)'(4a;-l)(4a;-3) 

=  (2aj-l)'{2(2aj-.l)  +  l}{2(2aj-l)-l}. 

Let  y  =  2aj  - 1, 

then  y'(V-l)  =  2; 

,    y«      1        1       2     33 
••  *      4     64     64     4     64' 
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g+6  /a?-^y    a;-6  /a;  +  9\'_  a;-f  6     a:-6 
®  i^\^Ti/'^ic  +  6  U-9/     i^"*';^T6' 

x-e  r/a;-h9y    ^      (g-f  6  f   _^  /a; - 4y ^ 


a;- 6         36a;        a; +  6     ISx 

X 


J  7 


»+6      (a;^9)'     x-6  (a +  4/ 

.•.  aj=  0  is  one  value;  and  for  the  others  we  have 

/x  -  6y_  16  /a;-9y 
\aj+G/      36  Vb+4>/' 

a;^6        2  a;-9^ 
aj  +  6~'^3  a;  +  4' 

.-.  3(aj«-2a;-24)  =  ±2(a;»-3aj-54); 

these  quadratics  can  now  be  solved  in  the  ordinary  way. 

af+  2ax  -{-ac  ax 

Let 


or 


X*  +  2ca;  +  ac 

(«  +  a)  (aj  +  c) ' 

{x  +  a){x-¥c)^ 

»a;y, 

7?  +  2ax  +  ac 

a 

• 

«*  +  2cx  +  ac 

'y' 

2(a^ 

-^  ax -¥  ex -k- ac) 

rt  +  .y 

2x  (a  -  c) 

~  a-y^ 

(a;  +  a)  (a;  +  c) 

a  +  y 

a;  (a  —  c) 

a-yV 

y     _ 

a  +  y. 

a  —  c 

a-y' 

•*•  y^  —  yc^^ac  —  a^f 


e     1 

.•.  y  =     =fc  -  ^(c*  -{-iac-  4a')  =  a  suppose, 
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a?  +  x{a  +  c)  +  ac  =  aa, 
x^  +  x{a  +  c  -  a)  =  -  ac; 


—  4ac}. 


14.         2(aj  +  a)(x  +  c)  +  (a-c)»  =  ^^g^|^, 


Let 


From  (a) 


(JS)  becomes 


(a;  +  a)'+(aj  +  c)*  = 


{x  +  c)* 


c{(aj  +  a)  +  (iB  +  c)}' 


a;  +  a  =  y  (aj  +  c). 

y^+  1  =  -; 1\  • 

^  c^  +  1) 


aj  +  c  +  a-c 

/.  OJ  +  C 


2^V1  = 


y{x-¥c)', 
a  —  c      1 


y'-i' 


.-.  y'  = 


*  -    —  +  1  =    ; 
c  c 


-  -(:)'• 


yc  —  a     a^c  —  ac*     ,    x  i  a 
.-.  35  =  ^ =  — T i-  =  (ac)»  — 


—  c 


I 


i-y        c^-a* 


i-c*' 


15. 


Let 


let 


(x  +  a  +  hy-^jx  +  c-hdy  _m 
{x  +  a  +  cf  +  ix-^-b  +  clfn 


c  +  c?  =  a-/3}' 

a+c  =  a, +  )S, 
6  +  d  =  a,-/3J 


(1). 


T.  A. 


?>\ 
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Hence  by  asauming  a;  +  a  =  y,  (1)  may  be  put  into  the  shape 


or 


or       y\n-m)^\0y\n^-mP^)=^5{mp^^-np^) (2), 

which  is  a  common  quadratic  equation. 

m      P'      (a  +  h-c-df 


If 


kS  ' 


n      p^'     (a-b  +  c-dy 
(2)  takes  the  form  y*  =  5/3%'; 

or  aj  =  y-a  =  J[5*^{(a-(;)'-(6~c)»}-(a  +  6  +  c  +  c^)]. 

16.  a^  -h  a'  -hy*  +  b'  =  J2  {x{a  +  y)'-h{a^y)}, 

af  -  a' -y'  +  b'  =  ^2{x(a-y)  +  b{a  +  y)}. 

Adding  and  subtracting, 

x'  +  b'  =  J2{ax  +  by) (a), 

y'-ha'  =  J2{xy'-(^); 
multiplying  together, 

{x'+b'){y'  +  a^  =  2(ax+by)(xy-ab\ 
or         (ax  +  byy+{a^-affy  =  2{ax-hby){icy--ab); 

•*.  ax  +  by  =  xy'-ab; 

aj  +  6 

Substituting  in  (a), 

s     ra        //o\     r        bx+b')  ,cxHi:'-hb* 

.*.  (neglecting  the  impossible  root),  oj-  6  =  a  ^2; 

.*.  x  =  a  ^{2)  +  b, 

y  =  a^^--^  =  6V(2)  +  a. 
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17.  (a:"  +  2^*  +  c»)*+(a;-y  +  c)*  =  2(4aJ2^)* (1), 

1=-M (2). 

Since    (a;  -  y  +  c)' =  a;' +  y*  +  c' -  2a^  +  2a;c  -  2yc, 
lud  from  (2)  a;c-«y-y<j  =  0 ^ (a); 

'.  (1)  becomes  (a?  -  y  +  c)'  =  ixy  =  4c  (a;  -  y)  from  (a)  ; 

.'.  (»-y-c)'  =  0; 

.-.  y  =  aj-c, 

)ut  y  = ;    .••  a^  — c'  =  ca?, 

a?  T  c 

y=|(-i*'y5). 

18.  2(a!»  +  a!y  +  y'-a')  +  V3(«*-yO  =  0 (1), 

2{a^-xz+z'-b')  +  J3{x'  +  sr)  =  0 (2), 

j^_c»+3(ya'-c')  =  0 (3). 

Multiplying  (1)  by  2  it  becomes 

3{x  +  yy+{x-y)'  +  2^3{af-y^  =  ia'; 

,',  J3{x  +  y)  +  x-y=^2a. 

Jimilarly  firom  (2)  ^3 (as- «)  +  as  +  «  =  * 26. 

Subtracting,        ,y3(y  +  «)-(y +»)  =  *2(«-6); 

•••  y + * = *  7(|:n:  ^* "  *^ = *  ^ -^(^^  ■"  ^^  ^" "  *^- 

From  (3)  2y»  +  Gy**  =  8c', 

iatis  (y+«)'*+(y-«)'  =  8c»; 
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where  m  =  {^^(3)  +  1 }  (a  -  5), 

.-.  y  =  i{±m  +  (8c"-m')*}, 
•  «  =  ^{±m-(8c'-mf}, 

* 
•••^  =  "7(3)TI--2^('^-")- 

19.  3a:  +  3y-«=3 (1), 

«'  +  2^-^'=^^ •. (2), 

«Vy'  +  «'  =  3a^«+ — (3). 

Fi-om  (1)  3(a5  +  y  +  «)  =  4:«  +  3 (a), 

From  (2)  a;«  +  2/"  +  «'  =  2»»+ 7-^ (jS), 

From  (3)       2(a;'  +  y'  +  »'-3ajy«)  = ^ ^^)' 

then  multiplying  (a)  and  (/S)  together  and* subtracting  (y),  we  have 
a?"  +  y*  +  «'  +  3  (ic'y  +  ay"  +  a»*  +  a?'«  +  y'«  +  yz')  +  6a::y« 

=  8«"-12«»  +  6«-li 
or  {x  +  y  +  zy  =  {2z-iy; 
.*.  a?  +  y  =  «-l. 

From  (1)  a:  +  y  =  -^+l; 
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.-.  «-l=-  +  lj     .'.  «=3; 


.'.  x  +  y  =  2, 

.       ,      .     U-9«    5 


x-y  =  ^l;    .-.  aj=liorH, 


1 
y=^orli. 

^^  (ag4-l)(a;'-^1)     (a'-fl)(a:y4-l)  ^ 

y  + 1  05  +  1  

From(l)  = (a), 

« 

-r^         /nv  y'  +  1     y  + 1  c"  +  1 

From  (2)  ^ -  =  ^—- ; 

^  '  ocy-\'l     x  + 1  ac  +  l 

Subtracting  denominators  from  numerators,  we  have 

(xy-\-iy     (ac  +  l)»'      "  xy-^i        ac  +  l  ^^^' 

...  x-^y^ixy  +  l)^,  oT{xy+l)^\; 

.•.  using  the  first  value  and  calling =  m, 

we  havey(l  +  ma5)  =  aj-mj    .•.  y  =  T-T 


•  • 


mx 


TST  4^  /\  ^-^^       a^+^      ?^±1. 

Now  from  (a)         — --T-  =         .  .  ,  , 

^  '         x  +  l      y  +  1     ac+ 1 
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9?  —  mx     - 
a'  +  1     a'  +  1     1  +  ma?  "*"        a"  +  l  aj'  +  l 


35+1     oc  +  l'  aj  —  w       ^     ac  +  1 '  1 +?wa;  +  a;  — w' 

1  +wa5 

.*.  (oc  +  l)(l+WM5  +  a;-m)  =  (a"+l)(a;  +  l); 

or  1  +  oc  +  a  (a  -  c)  +  aj  (1  +  oc)- (a -c)  =  (a"  +  l)  +  a;(a*  +  l); 

.%  a5(a-c)-aa;(a-c)  =  a(a-c)  +  (a  — c); 

,•.  a(l-a)=l  +  a; 

_  1  +a 


1  +  ww?  (1  +  a)  (a-c)  * 

(l-a)(l+ac) 

Similarly,  if  we  use  the  negative  sign  in  (/8),  we  have  the  cor- 
responding values  of  X  and  y, 

1  +  a'    1  +  c' 

21.     (2y-l)(a;V4aj  +  3)4-.(2aj-l)(/  +  4y+3)4 

=  (iB-y)(a;  +  y-2ajy  +  4) (1), 

V  \i2^/    \/\2^^^/    ^^TT  ^^^ 

From  (1)    (2y-.  1) («*  +  4a;  +  3)*-  {2x - 1) (y*  +  4y  +  3)* 

=  a:"-y*-2a^y  + 2ay +  4a-4y 

=  2^«(2a;-.l)-.a;'(2y-l)  +  2(2aj-l)-2(2y-l) 
=  (y'  +  2)  (2aj-.  1)  ~  («•+  2)  (2y  - 1); 
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(2y- 1)  {«;•+ 2  +  V(ic*+ 4iB  +  3)}  =(2aj~l)  {y+ 2  +  ^(/+ 4y  +  3)}, 

a^  +  2-^ J{x* -f4a;+3)_y'+2+  J(y* -f 4y  +  3 )  .  . 

^^  2^^^  ~  2y-l  ^'*^' 

Now  a;*  +  4a5  +  3  =  (aj'+2aj+l)(a;'-2a5  +  3)  =  t4t; 
w  =  aj"  +  2a;  +  1  and  t?  =  a;'  —  2a?  +  3 ; 
.'.  u  +  v  =  2(af  +  2)  and  w— 1;=  2  (2a;-l). 

Hence  (a)  assumes  the  form 

here  w,  =  y*  +  2y  +  l,  and  Vi  =  y*-2y+3; 

aj' +  2a;  +  1  _  y*+ 2y  + 1  ^ 
•'•  a;''-2a;  +  3""2^-2y  +  3' 

Iding  and  subtracting  numerator  and  denominator, 

a^4.2_y»  +  2  ^ 
2a; -i  ""2^-1' 

.*.  2ya;'  +  4y-a;*-.2  =  2a;y*+4a;-y'-2; 

.%  2ya;(a;-3/)-(a;"-2^-4(a;-y)  =  0; 

•B  +  4 
.*.  a; =y;  or  2a5y  =  a;  +  y  +  4,  so  that  y  =      _    . 

Substituting  the  value  y  =  a;  in  (2),  we  have 

y(^;)-^.».4T-*>--u}. 

Again,  if  y  «  ^ =- ,   then r  = 777  =  — -r  » 


2a;-l     (2a?-l)"  oj  +  l     2a;-i 
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Hence  equation  (2)  becomes 


1  12 

,  or  4a^-16a;=ll, 


x  +  1     (2u;  - 1)^ 

4a"- 16a; +  16  =  27;  .-.  2aj-4  =  ±  3^3;  .'.  a  =  ^(4±3  ^3); 

a;  +  4^1/4=.V3\ 
^     2a;- 1     2\l±^3y' 

MISCELLANEOUS   EXAMPLES. 

1.     Solve  V(l  +  x')  -  n/(1  -  a^')  =  x/(l  -  «^*). 

2.    Solve  a'  (!^  —  y)~  ^y  {y — ^)» 

y'(a  —  a;)  =  6a;  (a;  -  n). 

3.     If  a5*  +  a;y  +  y*  =  c', 

a;'  +  a;«  +  «'  =  6', 

y*  +  y«  +  «*  =  a", 
prove  that 

xy^yz  +  zx^      /|1  (2aV  +  26V  +  2cV  -  a*  -  6*  -  c*)]  ; 
and  shew  how  to  solve  the  equations. 

5.  Determine  c  so  that  5x  +  2y  =  c  may  have  ^er*  positive  in- 
tegral solutions  excludiug  zero  values,  and  c  may  be  as  great  as 
possible. 

6.  If  —p: — —.  =  -. ;  and  x,  y,  z  be  unequal,  then  each 

member  of  this  equation  will  be  equal  to  -.- —    y>  ^  a5  +  y+*» 

J.    1     1     1 

and  to  -  4-  -  +  - , 

X    y    z 
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7.  Shew  that  if  n  and  iV  are  veiy  nearly  equal, 

nd  that  the  error  is  approximately  ^^^  ,^r=r-  \-, 

^^  ^  Sn{N+rif 

8.  A  man's  income  consists  partly  of  a  salary  of  £200  a  year, 
nd  partly  of  the  interest  at  3  per  cent,  on  capital,  to  which  he 
ach  year  adds  his  savings;  his  annual  expenditure  is  less  by  £95 
ban  five-fourths  of  his  income ;  shew  that  whatever  be  the  origi- 
lal  capital  its  accumulated  value  will  approximate  to  £6000.  If 
he  original  capital  be  £1000,  shew  that  it  will  be  doubled  in 
bout  thirty  years ;  having  given 

log  2  =  -301030,        log  397  =  2-598790. 

9.  If  w  be  a  positive  integer,  shew  that 

(7i-3)(n-4)(7i-5)       m" 

L3  (w+1/"^ 

_m"^^-l        1 

"   m-l     {m  +  1)* ' 

10.  If  a;  be  any  prime  number,  except  2,  the  integral  part  of 
.  +  J2y,  diminished  by  2,  is  divisible  by  4aj. 

11.  If  any  number  of  integers  taken  at  random  be  multi- 
lied  together,  shew  that  the  chance  of  the  last  figure  of  their 
roduct  being  5  continually  diminishes  as  the  number  of  integers 
lultiplied  together  increases. 

12.  Two  purses  contain  sovereigns  and  shillings;  shew  that 
'  either  the  total  numbers  of  coins  in  the  two  purses  are  equal, 
f  if  the  number  of  sovereigns  is  to  the  number  of  shillings  in 
le  same  ratio  in  both,  then  the  chance  of  drawing  out  a  sove- 
jign  is  the  same  when  one  purse  is  taken  at  random  and  a  coin 
rawn  out  as  it  is  when  the  coins  are  all  put  in  one  putse  and  a  coin 
rawn  out.  If  neither  of  these  conditions  holds,  the  chance  is  in 
ivour  of  the  purse  taken  at  random  whenever  the  purse  with  the 
''eater  number  of  coins  has  the  smaller  proportion  of  sovereigns. 
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LY.     MISCELLANEOUS   PROBLEMS. 

748.  We  have  already  given  in  previous  Chapters  collections 
of  problems  which  lead  to  simple  or  quadratic  equations ;  we  add 
here  a  few  examples  of  somewhat  greater  difficulty  with  their 
solutions. 

1.  Each  of  three  cubical  vessels  A,  B,  C,  whose  capacities  are 
as  1  :  8  :  27  respectively,  is  partially  filled  with  water,  the 
quantities  ^f  water  in  them  being  as  1:2:3  respectively.  So 
much  water  is  now  poured  from  A  into  £  and  so  much  fix)m  B 
into  (7  as  to  make  the  depth  of  water  the  same  in  each  vessel. 
After  this  128f  cubic  feet  of  water  is  poured  from  G  into  5,  and 
then  so  much  from  B  into  ^  as  to  leave  the  depth  of  water  in  A 
twice  as  great  as  the  depth  of  water  in  B.  The  quantity  of  water 
in  ^  is  now  less  by  100  cubic  feet  than  it  was  originally.  How 
much  water  did  each  of  the  vessels  originally  contain  1 

Let  »=  number  of  cubic  feet  in  A  originally; 

.-.  2x= B 

3x= G 

Now  when  the  depth  of  the  fluid  is  the  same  in  all,  it  is  dear 
that  the  quantities  vary  as  the  areas  of  the  bases  of  the  vessels,  that 
is,  are  as  1  :  4  :  9. 

.*.  (since  6x  is  the  total  quantity)  the  quantity  in  ii=  - — - — =-  =  y , 

and  the  quantities  in  B  and  C  are  -y->   —j-  • 

Again,  when  the  depth  in  ^  is  twice  that  xaBy  A  contains  half 
as  much  as  B, 

Now  A  contains  a— 100;    ,\  B  contains  2 (a— 100),  and  C 

contains  -= —  128f  ; 


MISCELLANEOUS  PROBLEMS.  491 

.%  3  (a?  - 100) +  ^-128f  =  6a;; 

.-.  y  =  300  +  128f; 

.\  a;=  350  +  ^x^=500; 

7       o 

.'.  the  quantities  in  Ay  £,  G  at  first  were 

500,  1000,  1500  cubic  feet  respectively. 

2.  Three  horses  A,  By  G  start  for  a  race  on  a  course  a  mile 
and  a  half  long.  When  B  has  gone  half  a  mile,  he  is  three  times 
as  far  ahead  of  il  as  he  is  of  G,  The  horses  now  going  at 
uniform  speeds  till  B  is  within  a  quarter  of  a  mile  of  the  winning 
posi^  G  is  at  that  time  as  much  behind  ui  as  il  is  behind  By  but 

the  distance  between  A  and  B  is  only  -^    of  what  it  was  after  B 

1  '* 
had  gone  the  first  half  mile.     C  now  increases  his  pace  by  -^    of 

what  it  was  before,  and  passes  ^176  yards  from  the  winning  post, 
the  respective  speeds  of  A  and  B  remaining  unaltered.  What  was 
the  distance  between  A  and  G  at  the  end  of  the  race  ? 

Let 
1  la;  =  distance  (in  yards)  between  B  and  G  at  end  of  first  \  mile, 
33aj= -Sand -4 

When  B  has  gone  1^  miles 

i?  is  3a;  ahead  of  Ay 
and  6a;  ahead  of  (7; 
.'.  while  B  went  f  mile  or  1320  yards, 

A  went 1320  + 30a;  yards, 

Cwent 1320  + 5a;  yards. 

Hence,  after  G  increases  his  pace,  the  speeds  of  Ay  By  G  will  be 

54 
proportional  to  1320  +  30a;,  1320,  and  ^  (1320  +  ^x)  respectively. 
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Now  since  C  passes  ^  when  he  is  176  yards  from  the  post; 
.*.  while  B  was  going  440  -  176  =  264  yards, 
C  went  264  + 6a:; 

KA 

.'.  1320  :  ^^(1320  + 5a;)  ::  264  :  2U  +  eXy 

1320  +  30a;=~(1320  +  5a;). 
aj(1590-270)  =  1320; 

also  it  will  be  found  that  (7's  increased  pace  is  equal  to  -i's; 
therefore  there  will  be  the  same  distance  between  them  at  the  end 
of  the  race  as  there  is  when  J5  is  ^  mile  from  winning  post,  m 
3a;  or  3  yards. 

3.  A  fraudulent  tradesman  contrives  to  employ  his  false 
balance  both  in  buying  and  selling  a  certain  article,  thereby 
gaining  at  the  rate  of  11  per  cent,  more  on  his  outlay  than  he 
would  gain  were  the  balance  true.  If,  however,  the  scale-pans  in 
which  the  article  is  weighed  when  bought  and  sold  respectively, 
were  interchanged,  he  would  neither  gain  nor  lose  by  th.e  article. 
Determine  the  legitimate  gain  per  cent,  on  the  article. 

Let  w  and  w^  be  the  apparent  weights  of  the  same  article 
when  bought  and  when  sold. 

Let  p  =  prime  cost  of  a  unit  of  weight, 
a;  =  legitimate  gain  per  cent.; 

then  an  article  which  cost pw  is  sold  for  w^lp-¥  yrr^ J  ; 

1-    XT-           X-           /         P^\              (x  +  \\)pw 
.-.by  the  question  «7,|^;7+  f^j-«^  =  -^^ — Y^ (1> 

Again  in  the  supposed  case  cost  of  article  =jm^j  and  selling 
price  =;7W?^l  +  -^j; 


pw^^pw(l  +  ^,. (2). 
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F,«„(.),  „,(,.jij).„(u'-±l!); 


from  (2),  t^^l  +  -^)  =  ^^; 


100/ 


.-.  aj*+ 100a;  =  1100, 
(a; +  50)' =  3600; 
.-.  a; +  60  =  ±60; 

.*•.  a;  =  10  per  cent 

4.  A  person  buys  a  quantity  of  com,  which  he  intends  to 
sell  at  a  certain  price ;  after  he  has  sold  half  his  stock  the  price 
of  corn  suddenly  falls  20  per  cent.,  and  by  selling  the  remainder 
at  this  reduced  price,  his  gain  on  the  whole  is  diminished  30  per 
cent;  if  he  had  sold  |ths  of  his  stock  before  the  price  fell,  and 
the  diminution  in  the  price  had  been  in  the  proportion  of  £20 
on  the  prime  cost  of  what  he  before  sold  for  £100,  he  would 
hav^  gained  by  the  whole  as  many  shillings  as  he  had  bushels  of 
com  at  first.  Find  what  the  com  cost  him  per  bushel,  and  what 
he  hoped  to  gain  per  cent. 

Let  05=  cost  price  (in  pounds)  per  bushel, 
y  =  gain  per  cent  he  expected; 

,  •.  x(l+  Yj-  )  =  price  per  bushel  for  which  he  sold  half  his  corn; 

.-.  ^cc(l+-^)  =  price the  other  half ; 

o    \       100/ 

,     ,   ,     9a;  /-       y  \ 
.'.  average  piice  per  bushel  =  ttt  (  ^  +  TitQj  i 

.-.  his  gain  per  bushel  =  r^  f  ^  +  Jq^J  "  *• 
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Now  had  he  sold  the  whole  as  he  sold  the  first  half,  the  gain 
per  bushel  would  have  been  y-r- ; 

.%  by  the  question  ^  (^1 -f  j^j -«  =  j^  j^, 


500      10 

Now  the  prime  cost  of  what  he  at  first  sold  for  100  =  -«- ,  and 
if  he  were  to  lose  ^£20  on  this,  the  loss  per  cent,  would  be 

20  X  100 


200 


=  30. 


Now  in   the  supposed  case   the  average  selling  price  of  a 
bushel  is 

4  V     100;^4V       lOO/^'lO 

4  \2     20/ ' 

,     ,   .     a;    111  31^ 

••.  gam  on  a  bushel  =  t  x  -^  —  x  =  -^ , 

and  this  bj  the  question  equals  one  shilling; 

31aj_  1  pj4^ 


5.  A  and  B  having  a  single  horse  travel  between  two  mile- 
stones, distant  an  even  number  of  miles,  in  2J|  hours,  riding 
alternately  mile  and  mile,  and  each  leaving  the  horse  tied  to  ft 
nule-stone  until  the  other  comes  up.  The  horse's  rate  is  twice 
that  oi  B'y  B  rides  first,  and  they  come  together  to  the  seventh 
mile-stone.  Finding  it  necessary  to  increase  their  speed,  each 
man  after  this  walks  half  a  mile  per  hour  faster  than  before,  and 
the  horse's  rate  is  now  twice  that  of  A^  and  B  again  rides  first 
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ind  the  rates  of  travelling,  and  the  distance  between  the  extreme 
lile-stones. 

Let  2x  =  distance  they  travelled  in  miles. 

Now  at  first  A  walks  4  and  rides  3  miles) 
while        £  walks  3  and  rides  4  miles/ ' 

r  A  walks  4  while  B  walks  3  and  rides  1 ; 

hat  is  (since horse's  rate  is  double  of  -S's),  while -S  walks  3^  miles; 

.*.  ^'s  and  JTs  rate  at  first  may  be  represented  by  8y  and  7y 
espectively. 

Again,  A  walks  05—3  and  rides  oj—  4, 

while  B  walks  oj  —  4  and  rides  a  —  3 ; 

,\  A  walks  05  —  3  while  B  walks  a?  — 4  and  rides  1, 

hat  is,  while  B  walks  a5  —  4  and  A  walks  ^ ; 

7 
.'.  A  walks  aJ  —  o  while  B  walks  a:  —  4, 

but  A  walks  8y  +  ^  while  B  walks  7y  +  ^ ; 

^""2     ^^■*'2  1 

.,  _.=_^,  from  which  y=  ^-^-3^. 

Now  the  total  time  A  took  is 


5     3a; -10     188  1 


••  7     4aj-14"'  63     4a;-30' 
41a; -140     94  1 


=  -^  X 


4a;-14    "  9      2sp-l5' 
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.-.  9{82a;'-895i;+ 2100)  =  376a; -1316, 
738a;"- 8431aj  + 20216  =  0, 

from  which  x  =  S;  .'.  y  =  „  ^ 

.*.  distance  =  16  miles;  rates  of  travelling  at  first  =  4  and  3 J 
miles  per  hour  respectively. 

6.  A  and  B  set  out  to  walk  together  in  the  same  direction 
round  a  field,  which  is  a  mile  in  circumference,  A  walking  faster 
than  B,  Twelve  minutes  after  A  has  passed  B  for  the  third  time, 
A  turns  and  walks  in  the  opposite  direction  until  six  minutes 
after  he  has  met  him  for  the  third  time,  when  he  returns  to  Ida 
original  direction  and  overtakes  B  four  times  more.  The  whole 
time  since  they  started  is  three  hours,  and  A  has  walked  eight 
miles  more  than  B,  A  and  B  diminish  their  rate  of  walking  by 
one  mile  an  hour,  at  the  end  of  one  and  two  hours  respectively. 
Determine  the  velocities  with  which  they  began  to  w:alk. 

Let  a;  =  number  of  miles  per  hour  of  A  at  the  firdt, 
y= of  J5 

In  3  hours  A  has  gona  a;  +  2  (oj  —  1)  =  3a;  —  2  miles, 

B 2y+(y-l)  =  3y-l  ; 

/.  by  the  question  3a;-  2  -  (3y  -l)  =  8j  ,*.  a;-y  =  3, 

that  is,  the  relative  speed  of  A  and  j5  is  3  miles  per  hour ;  therefore 
A  will  gain  a  circumference  on  -S  in  ^  of  an  hour,  and  will  therefore 
be  passing  B  for  the  third  time  at  the  end  of  the  fii'st  hour. 

Also  since  the  relative  speed  of  A  and  B  is  the  same  in  the 

last  hour  as  in  the  first,  and  since  A  passes  B  for  the  fourth  time 

at  the  end  of  the  third  hour,  therefore  he  will  pass  him  all  the 

four  times  within  the  last  hour;  the  fii'st  time  being  exactly  at 

the  commencement  of  the  third  hour, 

Kow  in  12  minutes  after  the  first  hour  the  distance  between 

1  2 

A  and  B  is  ^(^  — y-l)  =  ^   miles;   .*.  time   of  first   meeting 
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2 

:  ^  -^  (rc  +  y- 1);  and  time  of  meeting  ttmce  more  =  2  -r  (a;  +  y  —  1). 

ii  6  minutes  the  distance  between  them  =  yr:  (05  +  y  —  1) ;  ,\  i{  A 
LOW  tnmsy  the  time  of  overtaking  B 

2 

0     as  +  y-l     «  +  y-l     10     20^      '      '      ' 
12     20      7 

.'.  «*-14w  =  — 48;      .',  u  —  7=^l;      .'.  tt  =  8or6; 
.*.  a5  +  y  =  9or7j  andaj-y=3; 
.'.  a;  =  6  or  5,  y  =  3  or  2. 

749.  The  equations  in  the  preceding  Chapter  and  their  solu- 
ionsy  and  the  solutions  in  the  present  Chapter,  are  due  to  the 
lev.  A.  Bower,  late  Fellow  of  St  John's  College.  Should  any 
tadent  desire  more  exercises  of  this  kind,  he  is  referred  to  the 
ollection  of  algebraical  equations  and  problems  edited  by  Mr 
V.  Rotherham  of  St  John's  College. 

MISCELLANEOUS  EXAMPLES. 

1.  Exhibit  {n  J{a^  +  6*)  -  a  Jirn^  +  w*)}*+  6*m*  as.  a  square. 

2.  Extract  the  square  root  of  6  +  ^6  +  ^14  +  J21. 

3.  Find  the  scale  of  notation  in  which  the  number  1 6640  of 
[le  common  scale  appears  as  40400. 

4.  Shew  that -7+  77  +  7^+0^+ adinf.=^2. 

4     o      lb      ols 

5.  At  a  contested  election  the  number  of  candidates  was  one 
Lore  than  twice  the  number  of  persons  to  be  elected,  and  each 
[ector  by  voting  for  one,  or  two,  or  three,  ...  or  as  many  persons 
I  were  to  be  elected,  could  dispose  of  his  vote  in  15  ways; 
squired  the  number  of  candidates. 

T.A.  ?a. 
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6.  In  how  many  ways  may  the  sum  of  £24.  ISs,  be  paid  in 
sliillings  and  francs,  supposing  26  francs  to  be  equal  to  21  sliilliiigs  1 

7.  Find  the  sum  of  n  terms  of  the  series 

1  z  ^ 

!+«'*■  (1+«)(1+»')'*"(1+«)(1+«")(1  +  ^) 

^ 

"*■  (1  +z)  (l-  +  «^  (1  +  «*)  (1  +«^'*' 

8.  Shew  that  1  +  2a;*  is  never  less  than  oc^  +  2aj". 

9.  If  an  equal  number  of  arithmetic  and  geometric,  means 
be  inserted  between  any  two  quantities,  shew  that  the  arithmetic 
mean  is  always  greater  than  the  corresponding  geometric  mean. 

10.  If  a;  be  any  prime  number,  except  2,  the  integral  part  of 
(2  +  ^3)' -  2»^*+ 1  is  divisible  by  12a;. 

11.  Shew  that  if  n^^pq,  where  p  and  q  are  positive  integen^ 

[n       ,  .   . 

— ^ —  IS  an  integer. 

{[pY  u  ** 

12.  Shew  that  :^ -h  ^  +  o + logn  is  finite  when  » 

is  infinite. 

13.  1{  p  be  the  probability  h  priori  that  a  theory  is  true,  q 
the  probability  that  an  experiment  would  turn  out  as  indicated 
by  the  theory  even  if  the  theory  were  false,  shew  that  after  the 
experiment  has  been  performed,  supposing  it  to  have  turned  out 
as  expected,  the  probability  of  the  truth  of  the  theory  becomes 

P 
p  +  q-pq' 

14.  Of  two  bags  one  (it  is  not  known  which)  is  known  to 
contain  two  sovereigns  and  a  shilling,  and  the  other  to  contain 
one  sovereign  and  a  shilling ;  a  person  draws  a  coin  from  one  of 
the  bags,  and  it  is  a  sovereign,  which  is  not  replaced.  Shew  that 
the  chance  of  now  drawing  a  sovereign  from  the  same  bag  is  half 
the  chance  of  doing  so  from  the  other.  Supposing  the  drawer 
might  keep  the  coin  he  draws,  what  is  the  value  of  the  expecta* 
tion? 
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15,  All  that  is  known  of  two  bags,  one  white  and  one  red, 
I  that  one  of  them,  but  it  is  not  known  which,  contains  one  sove- 
3ign  and  four  shilling  pieces,  and  that  the  other  contains  two 
^vereigns  and  three  shilling  pieces ;  but  a  coin  being  drawn  from 
ach  the  event  is  a  sovereign  out  of  the  white  bag  and  a  shilling 
:t)ni  the  other.  These  coins  are  now  put  back,  one  into  one  bag, 
nd  the  qther  into  the  other,  but  it  is  not  known  into  which  bag 
he  sovereign  was  put.  Shew  that  the  probability  of  now  draw- 
Qg  a  sovereign  is  in  favour  of  the  red  bag  as  compared  with  the 
rhite  in  the  ratio  of  13  to  9. 

16.  If  n  be  the  number  of  years  which  any  individual  wants 
f  86,  find  the  value  of  an  annuity  of  £1  to  be  paid  during  his 
ife;  adopting  De  Moivre's  supposition  that  out  of  86  persons 
om,  one  dies  every  year,  until  they  are  all  extinct. 

LVL     MISCELLANEOUS  THEOREMS. 

750.  The  present  Chapter  consists  of  some  miscellaneous 
lieorems  on  the  following  subjects;  abbreviation  of  algebraical 
lultiplication  and  division,  vanishing  fractions,  permutations  and 
ombinations,  convergency  and  divergency  of  series,  continued 
ractions,  and  probabDity. 

751.  In  multiplying  together  two  algebraical  expressions  it  is 
3metimes  convenient  to  abridge  the  written  work  by  expressing 
nly  the  coefficients.  For  example,  suppose  it  required  to  multiply 
as*  +  «*  -  3a5  +  1  by  05*  +  3a3  —  2 ;  we  may  proceed  thus : 

2+0+1-3+1 

1  +  3-2 

2+0+1-3+1 
6+0+3-9+3 
-4-0-2+6-2 

2  +  6-3  +  0-10+9-2 
Thus  the  required  result  is 

2x'  +  6a;'  -  3aj*  -  lOa'  +  9a;  -  2. 

A  similar  abridgement  of  the  written  work  may  be  made  in 
ivision. 

This  mode  of  operation  has  been  sometimes  called  the  method 
f  detached  coefficients. 
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752.  Synthetic  Division,  The  operation  of  division  may  how- 
ever be  still  more  abridged  by  a  method  which  is  due  to  the  late 
Mr  Homer,  and  which  is  called  synthetic  division. 

Suppose  it  required  to  divide 

Aar^Boir'^-¥Car'-^  +  Dx'^  +  Ex'^-¥... 
by  a;" +  »,«*"* +  a^-"  +  a3aj"^  +  a^af-*+  ...  ; 

let  the  quotient  be  denoted  by 

then  it  is  our  object  to  shew  how  -4^,  A^  A^...  may  be  dete^ 
mined. 

If  we  multiply  the  quotient  by  the  divisor  we  obtain  the  divi- 
dend; this  operation  may  be  indicated  as  follows,  expressing  onlj 
the  coefficients, 

A+ A^+    -4j+    -^3+    -4^+... 


1+    a^  + 


a^+      a^+     a^+  ... 


A-h  -4,+     A^+    A^+   A^+ ,,, 
a,A  +  a,A,  +a,A^  +  a^A^-h  ... 


1 — 1 


i~a 


1    a 


a^  +  a^A^-¥a^A^+  ... 

a^A  +  a^A^+  ... 

a^A  +  . . . 


A+    -B+     0+     i>+     ^+... 


here  the  last  line  is  supposed  to  be  obtained  in  the  usual  way  by 
adding  the  vertical  columns  between  the  horizontal  lines.  Now 
Ay  £y  Gy  ...  are  known,  and  we  have  to  find  -4,,  A^  -4^...;  for 
this  purpose  we  reverse  the  above   operation  and  perform  the 


following : 


A+    B+     C+     JD+     JS^+... 

-«1 

-a^A  -a^A^-^a^A^-,.. 

-«a 

-M  -Ml-- 

-a, 

—  a^A  —  ... 

-4+^^+    A^+     A^+    A^+... 
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Here  eacli  yertical  column  expresses  the  same  result  as  the  cor- 
responding yertical  column  of  the  former  operation,  but  expresses 
it  in  a  form  more  convenient  for  our  object.  For  example,  the 
fourth  vertical  column  of  the  former  operation  gave 

A^  +  a^A^  +  a^A^  +  a^A  =  B ; 
and  the  fourth  vertical  column  in  the  present  operation  gives 

The  method  then  may  be  desciibed  as  follows : 

(1)  If  the  first  term  of  the  divisor  have  a  numerical  coeffi- 
cient, divide  every  coefficient  of  the  dividend  and  divisor  by  this 
coefficient;  the  resulting  coefficients  are  those  intended  in  the 
following  rules. 

(2)  Write  the  coefficients  of  the  -dividend  in  a  horizontal  line, 
with  their  proper  signs,  putting  0  when  any  term  is  wanting. 
This  gives  the  horizontal  row  A  +  B  +  G  +  D  +  B-^,.. 

(3)  Draw  a  vertical  line  to  the  left  of  this  series  of  coefficients, 
and  write  in  a  vertical  column  the  coefficients  of  the  divisor  with 
their  signs  changed,  putting  0  when  any  term  is  wanting.  This 
gives  the  vertical  column  —a^,  ""^gj  —  aj,...  no  notice  being  taken 
of  unity ^  which  is  tlvp  coefficient  of  the  first  term  of  the  divisor. 

(4)  Multiply  each  term  of  this  vertical  column  by  the  first 
coefficient  of  the  quotient,  and  arrange  the  results  in  the  first 
oblique  column.  This  gives  the  oblique  column  —  a^A-^a^A—a^A—.,. 
the  first  term  of  which  is  to  be  placed  under  B, 

(5)  Add  the  terms  in  the  second  vertical  column  to  the  right 
of  the  vertical  line;  this  gives  the  coefficient  of  the  second  term 
of  the  quotient.     That  is,  B  —  a^A  =A^. 

(6)  With  the  coefficient  thus  obtained  form  the  next  ohliqtie 

column.     This  gives  —  a^A^  —  a^A^  —  a^A  ^  — the  first  term  of 

which  is  placed  under  C. 

(7)  Add  the  terms  in  the  third  vertical  column :  this  gives 
the  coefficient  of  the  third  term  of  the  quotient.     That  is, 

G  —  a^A^  —  agA  =-4,. 

(8)  Continue  these  operations  until  the  work  terminates,  or 
as  many  terms  are  found  as  are  required. 
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753.     For  example,  diyide  4a;*  +  3a;" -  3®  +  1  by  as" -  2®  +  3; 

4  +  0+   3-    3+    1 
8  +  16  +  14-26-92 
-12-24-21  +  39  +  138 


2 
-3 


4  +  8+   7-13-46-53 


Thus  the  quotient  is 

4a;'  +  8aj  +  7-13a;-'-46a;-'-53aj-» 

Or  if  we  wish  to  stop  at  46a;~*,  we  have 

a;*-2a;+3  a;'-2a;  +  3 

If  we  wish  to  stop  at  —13a;"*,   the  oblique  column  —92  +  138 
must  be  suppressed,  and  the  result  is 

If  we  wish  to  stop  at  7,  the  oblique  column  —26  +  39  must  also  be 
suppressed,  and  the  result  is 

13a;  +  20 


4a;*+8a;  +  7- 


a;*  —  2a;  +  3  * 


754.  We  may  observe  that  the  principle  exemplified  in  Art 
332  is  often  of  use  in  effecting  algebraical  reductions.  For 
example,  suppose  it  required  to  prove  the  following  identity: 

(a  +  6  +  c)*-(6+c)*-(c  +  a)*-(a  +  6)*+a*  +  6*  +  c* 

=  12a6c  (a  +  6  +  c). 

We  see  that  if  a  =  0,  the  expression  which  forms  the  left-hand 
member  of  the  proposed  identity  vanishes;  we  therefore  infer 
that  this  expression  is  divisible  by  a.  In  the  same  manner  we 
infer  that  the  expression  is  divisible  by  b  and  by  c.  Thus  abe  is 
a  factor  of  the  expression.  And  since  the  expression  is  of  the 
fotirth  degree,  there  must  be  another  factor  which  is  of  the  fott 
degree;  and  since  the  expression  is  symmetrical  with  respect  to 
a,  d,  and  c,  this  &.ctor  ixmst  \>q  a+ 6  +  c. 
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Hence  the  expression  must  be  equal  to  kdbc{a-hh  +  e)y  where 

denotes  some  numerical  coefficient  which  retains  the  same  value 

)r  all  values  of  a,  5,  and  c.     To  determine  k  we  may  ascribe  to 

,  b,  and  c  any  values  we  iind  convenient;  for  example^  we  may 

appose  b  =  a  and  c  =  <iy  and  we  find  that  k  =  12. 

Thus  the  proposed  identity  is  proved. 

755.  Vcmishing  Fractions.  A  fraction  in  which  the  nume- 
ator  and  denominator  are  both  zero  on  some  supposition  as  to 
he  value  of  the  quantities  involved,  is  then  called  a  vanishing 
raction.  For  example,  the  numerator  and  denominator  of  the 
raction 

x^  -a^ 

,  x*-a* 

^anish  when  x  =  a;  the  fraction  then  takes  the  form  jry  and  we 

annot  strictly  say  that  it  has  any  definite  value.  But  we  can 
ind  the  value  of  the  fraction  when  x  has  any  value  different 
rom  a;  and  we  can  shew  that  the  more  nearly  x  approaches  to  a 
he  more  nearly  does  the  value  of  the  fraction  approach  to  a 
ertain  definite  value.  For  put  x  =  a  +  h;  then  by  the  Binomial 
theorem  the  fraction  becomes 

1     1    -L       1    -L  1 


-      1   --        3    --  -' 


1    -•       1     -* 


hat  is. 


9 


i    -i      3     -4. 


STow  as  h  diminishes  the  numerator  and  denominator  of  the  last 

1    -^  1    -- 

raction  approach  to  the  values  ^  a    •  and  7  «    *  respectively;  and 

}j  taking  h  small  enough,  the  numerator  and  denominator  may  be 


i 
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made  to  di£fer  from  these  values  by  as  small  a  quantity  as  ve 
please.  Thus  the  fraction  can  be  made  to  approach  as  near  as  we 
please  to 


1    -"' 
i 


^a   * 


4   i.  4  i  . 

that  is,  to  -^  a^'.     This  result  is  expressed  by  saying  that  ^  a^'  is 

the  limit  to  which  the  fraction  approaches  as  x  approaches  to  a. 

We  may  also  arrive  at  this  result  without  using  the  Binomial 
Theorem.  For  suppose  a;  =  y"  and  a  =  6**;  then  the  proposed 
fraction  becomes 

so  long  as  ^  is  not  absolutely  equal  to  h  we  may  divide  both 
numerator  and  denominator  by  y  —  b,  and  so  put  the  fraction  in 
the  form 

46 
As  y  approaches  to  b  this  fraction  approaches  to  -^,   and  the 

fraction  may  be  made  to  differ  as  little  as  we  please  from  -^  hj 

making  y  —  b  small  enough.     Thus  the  limit  of  the  fraction  as  y 

45 
approaches  to  &  is  -^ ;  that  is,  the  limit  of  the  fraction  as  as  ap- 

4   ^ 
proaches  to  a  is  ^  a*'. 

Questions  respecting  vanishing  Jractions  and  limits  belong 
properly  to  the  Differential  Calculus,  to  which  the  student  is 
therefore  referred  for  more  information. 

756.  "We  will  now  give  two  Articles,  which  form  a  supple- 
ment to  the  Chapter  on  Permutations  and  Combinations.  Thej 
ore  due  to  H.  M.  Jeffery,  Esq.  of  Cheltenham. 
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757.     To  find  the  miwher  of  camhinationa  of  n  ^iv^B  taken 

.y  2,  3, n  <U  a  time,  when  there  are  p  of  one  sort,  q  of  another, 

'  of  another,  and  so  on. 

Let  there  be  n  letters^  and  suppose  p  of  them  to  be  a,  q  of 
liem  to  be  6^  r  of  them  to  be  c,  and  so  on.     The  product 

l+aaj  +  aV+ +aW)(l+5aj  +  6V+ +5«a;') 

(l+caj  +  cV+ ^d'af) 

K>ntains  the  combinations  of  the  n  letters  taken  1,  2,  3, n  at 

h  time,  namely  in  the  coefficients  of  x,  x*,  a?, x*  respectively. 

rhe  number  of  the  combinations  in  each  case  is  found  by  equating 

I,  h,  c, to  unity.     Thus  the  number  of  combinations  of  the 

%  letters  taken  A;  at  a  time,   is  the  coefficient  of  a^  in  the  ex- 
)ansion  of 

1  +aj  +  a:'+  ...  +af)(l +a;  +  a:"+  ...  +  a')  (1  +  a;  +  jb*  +  ...  +af) 

The  number  of  combinations  when  the  letters  are  taken  ^  at  a 
ime,  is  the  same  as  the  number  when  they  are  taken  n  —  k  sX  a 
dme;  this  may  be  shewn  as  in  Art.  496. 

The  total  number  of  possible  combinations  is  found  by  equating 
s  to  unity  in  the  above  expression,  and  subtracting  one  from  the 
lesult^  since  the  first  term  in  the  expansion  of  the  expression  does 
Lot  contain  x,  and  therefore  does  not  denote  the  number  of  any 
iombination.     Thus  the  total  number  is 

(p  +  l)(^+l)(r  +  l) -1. 

The  expression  to  be  expanded  may  be  written  thus, 

L-^t!  ^-^^'  i-g^*^"' 

1—35    '    1— rc   '    1—05    ' 

hat  is,  (l-af*»)(l-a;'^»)(l-iB'^») (l-a:)-^ 

irhere  fi  is  the  number  of  different  sorts  of  letters. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
ound  that  the  numbers  of  the  combinations  when  the  letters  are 

aken  1,  2, 8  at  a  time,  are  respectively  5,  13,  22,  26,  22, 

3,  5,  1. 
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758.     To  find  the  number  of  permutoMons  of  n  things  takm 

1,  2,  3,  n  at  a  time,  when  there  a/re  p  of  one  sort,  q  of 

another,  r  of  another,  and  so  on. 

Let  there  be  n  letters,  and  suppose  p  of  them  to  be  o^  ^  of 
them  to  be  6^  r  of  them  to  be  c,  and  so  on. 

Form  the  product  of  the  following  series; 

-      -,         P'aV     P'aV  F'a'af 

1  ^FaxA •{ h + • 

1.2         [3  [p     ' 

1+P6X+-3-2  1-J3-4. -"-IT' 


J/Ber  the  product  has  been  formed  and  arranged  according  to 
powers  of  Fx,  change  F  into  1,  change  F*  into  \2,  change  P 
into  [S,  and  so  on;  then  the  coefficient  of  a^  in  the  result  vill 
consist  of  the  permutations  of  the  n  letters  taken  ^  at  a  timeL 
The  truth  of  this  conclusion  maj  be  seen  bj  examining  the  mods 
of  formation  of  each  coefficient  in  particular  cases;  for  example, 

suppose  n  =  4:,  and  p,  q,  each  =  l;  or  suppose  n  =  4,  p^% 

q=\,  r  =  1.     The  number  of  the  permutations  will  be  found  by 

making  a,  b,  c,  each   equal   to  unity;  this  may  be  done 

before  the  product  of  the  above  series  is  formed. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
found  that  the  numbers  of  the  permutations  when  the  letters  are 

taken  1,  2, 8  at  a  time,  are  respectivelj,  5»  23,  96,  354, 1110, 

2790,  5040,  5040. 

759.     Convergency  and  Divergency  of  Series, 

We  shall  give  some  additional  theorems  on  this  subject^  in 
order  to  supply  a  test  which  may  be  applied  when  the  ordinaiy 
tests  fail  to  determine  whether  a  proposed  series  is  convergent  or 
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clivei*geiit  (See  Art  561.)  We  shall  adopt  the  following  nota- 
tion for  abbreviation;  let  logo;  be  denoted  bj  X(a;),  let  log  (log a;) 
be  denoted  by  A*  (a),  let  log  {log  (log  a)}  be  denoted  by  X*(aj),  and 
8o  on. 


760.     The  aeries  of  which  the  general  term  is 

1 


(1) 


n\{n)\\n) X'(w){V+\w)}'' 

is  convergent  i/'p  be  greater  than  unity ^  and,  divergent  if'pbe  equal 
to  unity  or  Use  tha^  unity. 

We  suppose  n  so  large  that  A'"^*(w)  is  possible  and  positiva 

The  truth  of  this  theorem  when  r  =  0  has  been  shewn  in  Art. 
563 ;  we  shall  prove  it  generally  by  Induction. 

By  Art.  563  the  series  of  which  (1)  is  the  general  term  is 
convergent  or  divergent  simultaneously  with  the  series  of  which 
the  general  term  is 


m* 


(2), 


m"A(m")X»(m") \'(m")  {X'+'(m")}' 

where  m  is  any  positive  integer. 

I.     Suppose  p  greater  than  unity.     Let  m  be  any  positive  in- 

t^er  greater  than  the  base  of  the  Napierian  logarithms;   then 

X  (m*)  is  greater  than  n.     Hence  it  follows  that  the  general  term 

(2)  is  less  than 

1 

n\{n)k\n) X'"^  (w) {X' (w)}' ^^^' 

thus  if  the  series  of  which  the  general  term  is  (3)  is  convergent, 
so  also  is  that  of  which  the  general  term  is  (2)^  and  so  also  is 
that  of  which  the  general  term  is  (1).  Therefore  if  the  series  of 
which  (3)  is  the  general  term  is  convergent  when  r  has  any 
specific  value,  it  is  convergent  when  r  is  changed  into  r  +  1.  But 
Bince  p  is  greater  than  unity,  by  Art.  563  the  series  of  which  (3) 
is  the  general  term  is  convergent  when  r  =  1,  and  therefore  when 
r  =  2y  and  therefore  when  r  =  3,  and  so  on.  Thus  the  series  of 
which  (1)  is  the  general  term  is  convergent. 
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IL  Suppose  p  equal  to  unity.  Let  m  =  2  which  is  a  positiTe 
integer  less  than  the  base  of  the  Napierian  logarithms;  then 
X  (m")  is  less  than  n.  Hence  it  follows  that  the  general  term  (3) 
is  greater  than 

1 

nk{n)>?{n) >:''{n)\'{n)' 

Hence  by  proceeding  as  in  I.  we  can  shew  that  the  series  of 
which  (1)  is  the  genei*al  term  is  divergent. 

IIL  Suppose  p  less  than  unity.  Then  the  general  term  (1) 
is  greater  than  it  would  be  if  p  were  equal  to  unity,  at  least  when 
n  is  large  enough,  and  therefore  d,  fortiori  the  series  is  diveig^t 

A  simple  demonstration  of  this  theorem  by  means  of  the 
Integral  Calcultis  is  given  in  De  Morgan's  Differential  and  Ink- 
gral  Calcvlvs,  p.  325. 

761.  Let  u^  denote  the  general  term  of  any  proposed  series. 
If  from  and  after  any  value  of  n  the  value  of 

u^n\{rh)k\n) X'(n){X'*»(w)}' 

is  always  finite,  p  being  any  fixed  quantity  greater  than  unity, 
the  proposed  series  is  convergent.  For  in  this  case  the  series  has 
a  finite  ratio  to  a  series  which  has  been  proved  to  be  convergent 
If  the  proposed  series  has  its  terms  all  of  the  same  sign,  and  from 
and  after  any  value  of  n  the  value  of 

u^n\{n)\\n) r{rh)\^^'{n) 

is  always  finite  or  infinite,  the  proposed  series  is  divergent.  For 
in  this  case  the  terms  of  the  proposed  series  have  at  least  a  finite 
ratio  to  the  teims  of  a  series  which  has  been  proved  to  be 
divergent. 

762.  The  following  theorem  relating  to  continued  fractknis 
was  communicated  to  the  present  writer  by  Mr  !Rickard  of  Bir- 
mingham. The  theorem  will  furnish  high  convergents  to  the 
square  root  of  a  number,  with  little  labour. 
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"Let  i\r  be  a  positive  integer  which  is  not  an  exact  square^ 
ad  let  the  convergents  to  ^iV  be  supposed  formed  in  the  usual 
f&j;  let  e  be  the  number  of  recurring  quotients  in  one  com- 

lete  cycle,  or  any  multiple  of  that  number;  let  —  be  the  c**" 
onvergent^  and  —  the  (2c)***  convergent;  then  will 


qtc      Wo     Pc ) 


Let  a  be  the  greatest  integer  in  ,JNy  and  let  the  quotients 
obtained  by  converting  ,JN  into  a  continued  fraction  in  the  usual 
ray,  be  denoted  by 

Then  from  Chapter  xlv.  we  have 

^,  =  ^+a>    ^»  =  ^c+8»    ^4  =  ^c+4 (1); 

ilso  &!  =  »,    ftc+i=2a (2). 

Let  ^^  and  ^^  be  the  convergents  immediately  preceding 
ind  following  — ;  then 

5e+ 1  _  h^lPc-^Pc-l 
fi'c+l        ftc+l9o  +  S'c-l  * 

Now  ^yiV  differs  from  ^^^  in  this  respect;  instead  of  using 

;he  quotient  ft^+i  "^^  must  use  the  correspondmg  complete  quotienU 
!7hich  is  a-\-  JI^,  by  Art.  621. 

Therefore        ^^^f^l^^Jl^^; 

multiply  up,  and  equate  thie  rational  and  the  irrational  parts; 
^hus 

Again,  ^  differs  from  ^^  in  this  respect;  instead  of  using 
tJie  quotient  &«^i  we  must  use  the  continiied  fraction 
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6-.,+ 


and  thia  coniinaed  fraction  by  (1)  and  (2)  is  equal  to 

P 

that  is,  it  is  equal  to  a  +  — . 


Therefore 


P 


H) 


^9c+^ 


>l>y(3) 


\9^      PJ 


Suppose  for  example  that  i\r=:a'+l;  then  the  qaotients are 
a,  2a,  2a,  2a,  ...;  that  is,  the  cycle  of  recurring  quotients  re- 
duces to  the  single  quotient  2a.  In  this  case  then  c  may  be  any 
whole  number  whatever. 

» 

If  i\r=a*—  1,  the  quotients  are 

a-1,  1,  2(a-.l),  1,  2{a-l),  ...; 

thus  the  cycle  of  recurring  quotients  consists  of  the  two  quo- 
tients 1  and  2  (a  —  1).  Thus  in  the  above  theorem  c  may  be  anj 
even  whole  number.  In  this  case  however  the  theorem  will  abo 
be  true  if  c  be  any  odd  whole  number,  as  we  will  now  shew. 

Suppose  c  any  odd  whole  number.     Since  the  (c  +  1)***  quotient 
is  unity  we  have 

JPc+i=;?o+JPc-.i>         ?«+i  =  S'*  +  S'c^i (4). 

,  And,   in  the  same   manner  as   equations   (3)  were  proved, 
we  have 
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Now  —  differs  from  ^^^  in  this  respect;   instead  of  using 

the  quotient  nnitj  we  must  use  the  continued  fraction 

1  1 


1  + 


2{a-l)+ 1' 


and  this  continued  fraction  is  equal  to  — i^^^^-i  ,  that  is,  to 
^^  by  the  second  of  equations  (5). 

Thus   ^  =  —22 =  _^ ,  by  (4). 

From  equations  (5)  since  jV=a*—  1,  it  may  be  deduced  that 

^•+»-"       2(a-.l)      '     ^**'"      iJ(a-l)     • 

Substitute  these  values  in  the  last  expression  for  -  ^  and 
we  obtain 


P^_ 

9u 

2p.      • 

763.     The  following  theorem  in  continued  fractions  may  be 
noticed. 

Let  7 % 7 T,  be  the  development  of  a  proper 

0+C+  »»+w  +  m  *  x^    X- 

p 
fraction  -^ ;  and  let  the  corresponding  series  of  convergents  be 

p  p'  p"  p. 

Q' 


b'    d>  +  V  q' 

?"  r 

then  the  development  of  ~r  will  be 

1       1       1 

1  1 

• 

«»"+  «»'+  m+ 

c+  6' 

that  is,  the  same  quotients  will  occur  but  in  an  inverted  order. 
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a"  1 

For  0  =  w»V'  +  o',  therefore  —=  ,\ 

q" = m'q'  +  a,    therefore  -^  =  — ^^ ; 

and  so  on. 

„  q"         I        1        1  11 

Hence  77  =  — ;? ? ■ i  • 

Q      m  +  m  +  m+  c+  0 

764.     The  preceding  theorem  will  furnish  an  addition  to  the 
results  obtained  in  Chapter  zlv. 

Let  —  and  ^  be  two  successive  convergents  to  Jl^y  such 

that"^  is  the  last  convergent  formed  before  the  quotients  recnr; 
therefore  by  Chapter  xlv.  Arts.  614  and  621, 

r  t  / 

now  the   development  of  '       7^  ,  that  is  of  ^  —  a>  wiU  be 


K^  ^+  ^+  " ^-.+  ^-1+  \' 

and  the  last  convergent  will  be  - — -^  .     But  we  have  just  seen 
that  3^=2?'  — a^'.     Hence  by  Art.  763 


K^K    K-i  =  K^     K-2  =  K 


765.  We  will  now  give  some  further  remarks  on  the  subject 
of  Probability. 

It  is  observed  by  Dr  "Wood  in  his  Algebra,  that  there  is  no 
subject  in  which  the  learner  is  so  liable  to  mistake  as  in  the  calcn- 
lation  of  probabilities.  Dr  "Wood  proceeds  thus :  "  A  single  in- 
stance will  shew  the  danger  of  forming  a  hasty  judgment,  even 
in  the  most  simple  case.      The  probability  of  throwing  an  ace 

with  one  die  is  g ,   and  since  there  is  an  equal  probability  of 
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throwing  an  ace  in  the  second  trial,  it  might  be  supposed  that  the 

2 

probability  of  throwing  an  ace  in  two  trials  is  ^ ,     This  is  not 

a  just  conclusion;  for  it  would  follow  by  the  same  mode  of 
reasoning,  that  in  six  trials  a  person  could  not  fail  to  throw  an 
ace.  The  error,  which  is  not  easily  seen,  arises  from  a  tacit  sup- 
position that  there  must  necessarily  be  a  second  trial,  which  is  not 
the  case  if  an  ace  be  thrown  in  the  first/' 

The  above  extract  is  introduced  for  the  sake  of  the  import- 
ant remarks  which  it  contains,  and  also  for  the  purpose  of  draw- 
ing attention  to  the  last  sentence,  which  students  have  often  found 
difficult.  It  should  be  observed,  to  prevent  any  ambiguity,  that 
the  problem  under  discussion  is  the  following :  Required  the  pro- 
bability of  throwing  one  ace  at  least  in  two  trials  with  a  single 
die.  Dr  "Wood's  last  sentence  indicates  the  following  as  his 
method  of  solution.     The  chance  of  an  ace  in  the  first  trial  is 

7j :  if  an  ace  is  obtained  in  this  trial  there  will  be  no  need  of  a 
6 

second  trial.     But  suppose  we  fail  to  throw  ace  the  first  time; 

5 

the  chance  of  this  feiilure  is  77 ,  and  then  the  chance  of  success  in 

6 

the  next  trial  is  -x .     Thus  the  chance  of  obtaining  one  ace  at  least 

in  two  trials  is  7?  +  ^  .  ^  ;  that  is,  —: .     And  the  error  of  a  per- 

6      6     6  db  ^ 

son  who  estimates  the  chance  at  7;  +  7  may  be  ascribed  to  the 

6      6*^ 

5  .  5    1 

circumstance  that  he  changes  the  ^  in  the  product  ^  .  ^  into  unity, 

thus  assuming  that  there  will  be  always  a  second  trial,  although 
the  second  trial  may  be  rendered  unnecessary  by  reason  of  the 
first  trial  having  been  successful. 

This  solution  is  of  course  quite  correct,  but  it  would  probably 
be  considered  by  the  person  who  estimated  the  chance  &t  ^  +  -^ 
that  it  does  not  shew  him  his  error,  but  substitutes  a  different 

T.  A.  ?a 
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solution  altogether;  and  he  might  saj  there  is  no  wncertairdy 
about  the  occurrence  of  the  second  trials  for  two  tricds  a/re  gziaranteed 
in  the  enunciation  of  the  problem,  or  at  least  are  allowed  to  us  if 
we  please  to  rnake  them. 

The  error  really  arises  from  neglect  of  the  following  consi- 
deration;  when  events  are  mutually  exclusive,  so  that  the  suppo- 
sition that  one  takes  place  is  incompatible  with  the  supposition 
that  any  other  takes  place,  then  and  not  otherunse  the  chance  of 
one  or  another  of  the  events  is  the  sum  of  the  chsinces  of  the 
separate  events. 

In  the  present  problem  success  in  the  first  trial  is  not  incom- 
patible with  success  in  the  second  trial,  and  therefore  we  cannot 
take  the  sum  of  the  chances  as  the  chance  of  success  in  one  or 
other  of  the  trials. 

It  is  easy  to  present  the  correct  solution  of  the  problem  in  dif- 
ferent ways.  Thus  besides  Dr  "Wood's  solution,  another  has  been 
given  in  Art.  723.  We  may  also  proceed  thus.  The  desired 
event  may  be  considered  as  one  of  the  following  three;  suc- 
cess in  the  first  trial  and  failure  in  the  second,  failure  in  the 
first  trial  and  success  in  the  second,  success  in  the  first  trial 
and  success  in   the  second.     The   chances  of  these  events  are 

,.,155111 
respectively  ^'^j  fi'fi'  fi'fi^  ^       *^®  events  are  mutually  ex- 
clusive, so  that  the  chance  of  one  or  another  of  them  is 

5        5       1       ^,    _     11 
36"*"36'*'36'   *^^*  '^  36- 

766.  This  discussion  naturally  leads  us  to  investigate  the 
probability  of  the  happening  of  one  or  more  events  out  of  events 
which  a/re  or  which  are  n^ot  mutually  exclusive.  We  shall  now 
give  some  theorems  on  this  subject. 

I.     Let  there  be  any  number  of  independent  events  of  which 

the  respective  probabilities  are  a,  )8,  y, ;  required  the  probar 

bility  of  the  happening  of  one  at  least. 


MISCELLANEOUS  THEOBEMS.  515 

The  probability  of  all  failing  is 

(l-a)(l-/3)(l-y) ; 

therefore  the  probability  of  the  happening  of  one  at  least  is 

l-(l-a)(l-)8)(l-y) 

This  may  be  written  thus^ 

Sa  -  Saj8  +  Sa)8y  - 

or  JJ-i^  +  iJ— J^+ suppose, 

where  ij  is  the  sum  of  the  probabilities  of  the  single  events,  P^  is 
the  sum  of  the  probabilities  of  paii*s  of  events,  i^  the  sum  of  the 
probabilities  of  triads  of  events,  and  so  on'. 

IL  The  theorem  just  proved  is  true  even  when  the  events 
are  not  independent;  that  is,  the  probability  of  the  happening  of 
one  at  least  of  the  events  is 

where  7^,  -^,  -^,  -^, have  the  meanings  already  stated. 

For  consider  only  two  events  A  and  B\  let  w  denote  the  whole 
number  of  equally  probable  cases,  ria  the  number  in  which  A 
occurs,  Ufi  the  number  in  which  B  occurs,  Wo/s  the  number  in 
which  both  A  and  B  occur.  To  find  the  number  of  cases  in  which 
neither  A  nor  B  occurs  we  proceed  as  follows;  from  n  take  away 
rha,  and  n^ ;  we  have  thus  taken  away  too  many  cases,  because  the 
cases,  in  number  Wajs?  iJi  which  both  A  and  B  occur  have  been 
taken  away  twice;  restore  then  Wo/j.  Thus  the  whole  number  of 
cases  in  which  neither  A  nor  B  occurs  is 

Thus  the  number  of  cases  in  which  one  at  least  of  the  events 
occurs  is 

Therefore  the  probability  of  the  occurrence  of  one  at  least 

ng  +  np-ngfi 
n 
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Similarly  any  other  case  may  be  treated;  the  process  and  result 
are  similar  to  those  which  occur  in  finding  how  many  integers  are 
less  than  a  given  integer  and  prime  to  it  (Art.  709). 

IIL  Supposing  that  there  are  n  events,  required  the  proba- 
bility that  an  assigned  m  of  them  will  happen,  and  no  more. 

Suppose  that  the  events  of  which  the  probabilities  are 
o,  ft  y, are  to  happen,  and  the  events  of  which  the  proba- 
bilities are  X,  ft,  v, are  not  to  happen.     Then  if  the  events 

are  independent  the  required  probability  is 

a^y (l-X)(l-,.)(l-v) ; 

that  is,    ajSy to  wi  factors  <  1  —  2X -K  SXft  —  SAfiv -f [. 

This  we  may  denote  by 

«.-^«+i+©.+. -©«+«+ , 

where  Q^  is  the  probability  of  the  occurrence  of  the  m  assigned 
events,  Q^^^  is  the  sum  of  the  probabilities  of  the  occurrence  of 
every  collection  of  m  -f  1  events  which  includes  the  m  assigned 
events,  Q^^^  is  the  sum  of  the  probabilities  of  the  occurrence  of 
every  collection  of  w  -f  2  events  whicji  includes  the  m  assigned 
events,  and  so  on. 

lY.  As  before  we  may  shew  that  the  theorem  in  III.  is  true 
even  when  the  events  are  not  independent. 

V.  Required  the  probability  of  the  occurrence  of  a/ny  m  of 
the  events  and  no  more. 

With  the  previous  notation  this  will  be 

2e«-S(2.„  +  Se„„-SC.,.+ 

It  may  happen  that  in  some  cases 

2^  = — !^_  n 

"*     [m  In  — 771     "^ 
and  so  on;  this  will  be  the  case  when  the  events  are  all  similar. 
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YI.  In  II.  we  have  found  the  probability  that  ai  least  one 
event  shall  happen,  and  in  V.  the  probability  that  just  one  event 
shall  happen;  by  subtracting  the  second  result  from  the  first  we 
obtain  the  probability  that  two  events  at  least  shall  happen.  Then 
again  we  know  from  Y.  the  probability  that  jiist  ttvo  events  shall 
happen;  by  subtracting  this  from  the  probability  that  two  events 
at  least  shall  happen  we  obtain  the  probability  that  three  events 
at  least  shall  happen.     And  so  on. 
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1.     Having  given 

x  =  h^  +  CZ  +  dUf 

y  =  aa;  +  c«  +  duy 

z=ax  +  hy-h  du^ 

u  =  ax  +  h^ -i- cz, 

shew  that  1  =  ^; + 


l+a     1+6     1+c     l+d' 
Xy  y,  z,  u  being  supposed  all  unequal. 

2.  If         =a,  —^—=6,   and =e, 

y+z  z+x  x+y 

find  the  relation  between  a,  h  and  c\  and  shew  that 

i^ y*       ^        g* 

a  (1  -  6c)  -  6  (1  -  ca) ""  c  (1  -  a6) ' 

3.  Find  the  relation  between  a,  6  and  c,  having  given 

X     a     y     h     z     c  , 

_ +-=1-  +  -=-  +  -,  xyz  =  abc, 
a     X     0     y     c     z 

and  iB*  +  2/*  +  «"  +  2  (a6  +  oc  +  6c)  =  0. 

4.  Find  the  relation  between  a,  6  and  c,  having  given 

y     z  z     X     ,    X     y 

z     y         X     z         y     X 
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5.  Eliminate  x,  y,  z  between  the  equations 

a'(y  +  «)  =  a",  y"(a5  +  «)  =  6",  «* (a?  +  y)  =  c',  xyz^abe, 

6.  Eliminate  a  and  h  from  the  equations 

7.  Eliminate  x  and  y  from  the  equations 

8.  Eliminate  a?  from  the  equations 

32"-=f*y+io*+5('*y. 

c      \a5/  35       \a/ 

9.  Eliminate  x,  y,  z  from  the  equations 

y     z     X         z     X     y 

Vy     «/  \«      «/  \x     yl     ' 

10.  Eliminate  x  and  y  from  the  equations 

aa;  +  6y  =  0,     aj  +  y  +  ajy=0,     a'  +  y*  — 1  =  0. 

11.  Eliminate  a;  and  y  from  the  equations 
y'-»*  =  ay-)8a;,     ^icy  =  ax  +  Py,     a;*  +  y*=l. 

12.  Having  given 

(a;  +  y)"  =  ic^xy,    (y  +  «)"  =  4a*y«>     («  +  «)*  =  ^h'zx, 
shew  that  a*  +  6*  +  c*  ±  2ahe  =  1, 

13.  Eliminate  a  from 

a;  2y  4;s; 


a'  +  o*     a"  +  y'     a*  +  «** 
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14.  Eliminate  x  and  t/  from 

4(a;"  +  y*)  =  aaj  + Jy,     2  (05*  -  y*)  =  cw;  -  5y,     xy  =  c*. 

15.  Shew  that  the  equations 

a  =  xx\     2a' =  yz' -^  zy' , 

^  =  yy>     2}/  =  zx-{-xz, 
c  =  zz\      2c  =  osy'  +  yx, 
cannot  be  simultaneously  true  unless 

2abc  +  aW  =  aa"  +  66"  +  cc".' 

16.  Find  the  number  of  permutations  which  can  be  formed 
with  the  letters  composing  the  word  examinaiion  taken  3  at  a 
time. 

17.  Find  the  chance  of  a  one,  a  two,  and  a  three,  of  the 
same  suit,  lying  together  in  a  pack  of  cards  which  consists  of  m 
suits,  and  has  n  cards  numbered  1,  2,  3,  in  each  suit. 

18.  A  rectangular  garden  is  surrounded  by  a  walk  and  is 
divided  into  mn  rectangular  beds  by  w  —  1  walks  parallel  to  two 
sides  and  n—1  parallel  to  the  other  two.  Find  the  number  of 
ways  no  two  of  which  are  exactly  alike  in  which  a  person  can 
walk  from  one  comer  to  the  opposite  so  as  to  make  the  distance 
equal  to  half  the  perimeter  of  the  rectangle. 

19.  If  a;  be  a  proper  fraction,  shew  that 

X '         a^  X*  a;  05'  05* 


l-ic"     1-aj'     l-a:*"     1+af "  l+x^     l+x'""     

20.  If  a;  be  a  proper  fraction,  shew  that 

7- — 5-— jr —  =  (l+a;)(l+iB^(l+a^(l+aj*)... 

(l-a5){l-aj")(l-a:*)...     ^        ^^  '^         ^^         ' 

21.  Eliminate  x,  y,  z  from  the  equations 
(a-2^)(y-«)(«- «)=;>',  {X'hy)(2/  +  z){z  +  x)  =  ^y 

{a^  +  y'){y'  +  »'){^  +  ^  =  r%  {x'  +  y'){y'  +  z*)(z'  +  x')  =  8''. 
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22.  Shew  that  if 

aX-\-bY+cZ=Oy  and  a,X+ 6^7+0^-^=0; 
where  X  =  ax  +  a^x^  +  a^, 

Y=hx-\-  h^x^  +  h^y 
Z  =  cx  +  c^Xj^  +  c^; 

then    X'  \  Y^  \  Z^-  ^^^^^"^^ "  ^'"^^  "*" ^^^^^' "  ^'^^  "*"  ^«^^» ""  ^'^^^' 

(bc^  -  b^cy  +  (ca,  -  c^ay  +  {a6,  -  a^6)* 

23.  If  ttj,  a,,  ...  a^,  and  b^,  6^,  ...  6^  be  two  series  of  posi- 
tive numbers,  arranged  in  order  of  magnitude,  of  which  a^  and  h^ 
are  respectively  the  greatest,  shew  that 

T^  +  T^  +  . ..  +  r^  IS  less, 

and  T^  +  ~  +  ...  +^  IS  greater, 

than  if  the  denominators  6i,  5^, ...  ft^  were  arranged  in  any  other 
order  under  a^,  a^^, ...  a^. 

©«+» 

can  be  expanded  in  a  series  of  which  the  general  term  is 

_/2 1    \{h-ar 

\n     n-lj    6"-'     • 

25.  If  a  be  less  than  6,  shew  that  (r)  is  increased  by 
adding  the  same  quantity  to  a  and  6. . . 
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,   *        a;(a-a:)(a*  +  2rta;  +  2a;')       *  *  x{a-{-x)' 

36'(a  +  6)  x-xi/-^^  ixr+y' 

1      1 
55.  1.  56.  1.  57.  »"-«  +  -- — 5. 

x     x 

59.  ^'^^"*'\  60.  a»-6*  +  c«  +  2a(j. 


a; 
62.  a''--b*  +  c'-2ac. 


x*+3ax^2a* 


65.  ?^Z^.  66.  ^1.^.  67. 


68.  - 


ac  +  bd' 
a'-^a'b'  +  b^ 


ab(a-by  • 


w. 

a;  +  6a 

66. 

2aa; 

69. 

be  (b  -  c)' 

6*  +  c*  +  6V' 

73.    J^^^. 

71.  ^^r^.  72.  »».  73.  -4^-  74.        „, 

2a  b  X  —  a*  26(? 


y^ 

k. 

58. 

aj«  +  l 
a; 

61. 

a  +  x 

x-y 

«=--2a' 

'*X. 

ax 

6c  +  ca  +  a6 

bc  +  ca-ab 

70. 

«y 

a^+y' 

(a  +  6  +  c)* 

o{x-t 

■1)' 

yg       ad/+  ae 
hdf+be  +  cf 

• 

IX. 

1.  1.        2. 

20.         3. 

3.        4.  11 

5.  ^. 

6.  13. 

7.  9. 

8.4. 

9.  7. 

10.    *  . 

11.  13. 

12.  3. 

13.  5. 

14.  28. 

15.  2. 

16.  2. 

17.  3. 

18.  10.' 

i9.  IJ. 

20.  2J. 

21.  5. 

^2.5- 

23.  13. 

24.  & 

25.  4. 

26.  4. 

27.  9. 

28.  4. 

29.  1. 

30.?. 

31.  56. 

32.  7. 

33.  7. 

34.  8i 

35.  4J. 

36.  2A- 

37.  If 

38.  3. 

39.  2. 

40.  12. 

41.  12. 

42.  2. 

43.  3. 

44.  -2. 

45.  1. 

46.  1. 

47.  5. 

*®-  29  • 

49.  3f. 

50   ^" 
^-  25 

51. 

cd—ab 
a+b—c—d 

62. 

a'ib-a) 
6(6  + a)' 
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^„    a(l— 6*)  ^.    a'c  +  6'a  +  c'6  — a-6  — (5 

b{a*—l)'  '          ac  +  bc  +  ab—1 

^^     ab(a  +  h  —  2c)  k/?    ac             B-tr      ^               «r«    «^  — & 

a^'-^b  —ac  —  bc  b                    a+b                      2 

59.  2.            60.  20.  61.  5. 

X.  1.  £1290,  £2580.  2.  £120,  £300.  3.  £5. 
4.  £140.  5.  28,  18.  6.  38  children,  76  women,  152  men. 
7.  £720.  8.  £144,  £240,  £210.  9.  £350,  £450,  £720. 
10.  A  £162,  B  £118,  G  £104.                        11.  3456,  2304. 

12.  126  quarts.  13.  £2.  15^.  14.  £3.  105. 

15.  £600,  £250.  16.  400  inches.        17.  30. 

18.  6  shillings.  19.  3.  20.  8,  6,  3,  2;  24  kings  in  alL 
21.  42.          22.  £3600.  .      23.  7,  8.  24.   11  oxen,  24  sheep. 

25.  5  shillings  taken  by  each ;  there  were  20  shillings  in  the  purse. 

26.  240.  27.  90  by  180,  and  100  by  230.  28.  48  minutes. 
29.  £8750.  30.  5.  31.  60  oranges  and  240  apples, 
32.  10  from  A,  4  from  R         33.   11,  22,  33.  34.  £420.  10^. 

35.  6x«x  or  4^  past  one.        36.     — .         37.  2s.  8d.        38.  40. 

XI.  1.  x=5,  y=7.  2.  aj=ll,  y=4.  3.  a;  =16,  y  =  7. 
4.  aj=60,  y=36.  5.  iK=12,  y=20.  6.  a;  =18,  y=6. 
7.  x=2,  y=13.  8.  x  =  S,  y=l.  9.  a;  =  -6,  ^=12. 
10.  a;  =  10,  y  =  20.          11.  a;=7,  y=ll.  12.  a;=18,   y=12. 

13.  a;='4,  y=*l.  14.  aj  =  y  =  _.  15.  a:  =  y  =  m  +  ri. 

16.  x=3a,  y  =  -2b.         17.  a:  =  4,  y=l.  18.  a;  =  ^,  y  =  ^, 

-^  nc-^bd  mc  —  ad  _. 

19.  a;=-T ,  y=-^ .  20.  a;=12,  y  =  6. 

mb-¥na  rnb  +  na 

21.  aj  =  2,  y  =  -l.  22,  a;  =  3,  y  =  2.  23.  aj=3,  y=4. 

24.  a;=12,  y  =  3.  25.  x  =  2,  y  =  7.  '26.  a?  =  2,  y=6. 

27.  a;  =  3,  y  =  5.  28.  a;  =  4,  y=3. 

XII.  1,  aj  =  7,  y  =  5,  «  =  4.  2.  aj  =  2,  y  =  3,  «=4. 

4  4 

3.  «  =  3>  y  =  4,  «=  «.  4:.  »  =  2,  y  =  3,  «  =  5. 

m. 
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5.  x  =  2,  y  =  3y  z  =  4:.  6.  a:  =  8,  y  =  4:,  «  =  2. 

7.  a;  =  10,  y  =  2,  «=3.  ^         8.  a;  =  4,  y  =  3,  »  =  5. 

7  7  21 

•  9.  aj  =  3,  y  =  4,  «  =  6.  10.  aj  =  ^,  y  =  -2'  ^"lO* 

11.  x  =  2,  y  =  3,  «=1.  12.  a;  =  4,  y  =  9,  «  =  16,  w=25. 

13.  w  =  4,  a;=12,  y=5,  «  =  7.      14.  «?  =  3,  y=l,  t*  =  9,  «  =  5. 

15.  x  =  3,  y  =  2,  w  =  5,  «  =  -4.     16.  x=2y  y=4,  «=3,  t^=3,  t=l. 

17.  a;  =  2,  y=l,  «  =  3,  w  =  -l,  «  =  -2. 

18.  x  =  ^,  y  =  2,  ^  =  2-  ^^-  "^=—26^ • 

2c*(c-a-6)  2c6  2ac 

20-   aJ  =  7 ^TT r^ r,   y  = 7 ,   «=— ^ T' 

(c  +  a-6)(c  +  6-a)^     c  +  6-a  c  +  a  — 6 


-j=-(^j)- 


24.  a;  =  6  +  c  —  a. ' 


XIII.     1.  |.  2.  250,  320.  3.  :4-  ^-  5»  6- 

5.  425.,  265.  6.  755.  and  355.  7.  5  and  7. 

8.  7,  10.  9.  300,  140,  218.  10.  1,  3,  5. 

11.  Tea,  58,  per  pound;  sugar  4c?.  12.  50. 

13.  £3000,  £4000,  £4500,  at  4,  5,  6  per  cent,  respectively. 

14.  100  miles;  original  rate  25  miles  per  hour. 
J5.  8  and  12.  16.  £540;  17  pence. 

17.  £70.     An  ox  costs  £10  and  a  lamb  I85.  9d, 

18.  A  26,  B  14,  G  8.  19.  A  wins  21  games,  B  13  games. 
20.  u4  1l5.,  ^385.,  (7335.,  D328.,  HBQs.  21.  90  miles. 

22.  A  could  do  the  work  alone  in  80  days,  ^  in  48  days;  AmnsX 

11  21 

receive  ^  of  the  money,  and  jB  ^  of  the  money. 

23.  il  in  five  minutes,  £  in  six  minutes. 

24.  2 J,  2;  distance  5  miles.  25.  600  yards. 

27.  A  in  — ? days,  B  in  -^— -  days. 

p  +  n  —  m     ''  m  —  n     '' 
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28.  — ^ miles  per  hour.  29.  4  yards  and  5  yards. 

a-c 

30.     27.  31.  36. 

32.  Coach  goes  10  miles  an  hour;  train  goes  30  miles.     From  A 

to  J?  is  16|  miles;  from  A  to  C  ib  20  miles;  from  C  to  B  is 

40  miles. 

2rB*— 4.  h 

XIY.     1.  a.  2.  =— 5=.  3.  -. 

x  +  o  a 

4.  0.  6.  s •  ^'  ^  =  ^>  y  =  o,  »  =  c. 

9.  («+!)(« +  2)  (a? +3)  (a; +4). 

XV.  1.  ^±^.  3.  «  =  «,. 

05  +  a;  + 1 

4.  x  =  b-~c,  y  =  c  —  a,  z=a  —  b.  5.  Clear  the  given  rela- 

tion of  fractions;  thus  we  find  (a  +  6)  (6  +  c)  {c+a)=  0,  therefore 
one  of  the  three  factors  must  vanish;  hence  the  required  result 
follows.  6.  Each  child  obtains  £1920.  12^.^  and  each 

brother  £960.  6s.  7.  x  =  -3a. 

XVI.  1.  l  +  4x  +  10aj*  +  12a;'  +  9a;*. 
2.  l-2ic+3a;"-4a;"+3a;*-2a;'  +  a;'. 

4.  l-^  6x  +  Uaf  +  20x''-\-l5x*  +  Qx'  +  x\ 

5,  1  -  6ic  +  15a;'  -  20ic'  +  15a;*  -  6a;'  +  x\ 

XYII.     1.  a;*-a;+l.  2.  a;"-2a;-2.  3.  2a;*+3a;-l. 

4.  2a;'-a;+l.  5.  23;*  -  3aa;  +  4a'.  6.  5a;' -  3aa;  +  4a'. 

7.  {x-a)\       8.  a' +  6'.       9.  (a'+6')(c'  +  e^.        10.  a'-6'+c'-(?'. 

11.  a;-2--.  12.  a;'-7r+-.  13.  77  + . 

X  1     X  2      X     a 

14.  a'  +  (26~c)a  +  c'.       15.  (a - 26) a;' - aa;  +  26 - 3.        16.   M4. 

17.  2a;'-3a;  +  l.  18.  2a;' +  4ca; - 3c'.  19.  2a;' - 3ca;  +  40". 

20.  5-51.  21.  9009.  22.  22-22. 

23.  111111111.  24.  aj-i. 

X 

26.  The  given  expression  =  (x*  -  yz)  {(x*  -  yz)'  -  (t/'  -  zx)  (s^  -  xy)} 

+  two  similar  expressions 
=  (a;*  —  yz)  x{af  +  f^  +  z^  —  Zxyz)  +  two  similar  expressions 

=  {a;*  + y'+ «'- 3ays}'. 


XVni.     1.  xK       2.  a  k        3.  -^ .        4.  1.       5.  (~ 
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6.  a^6"i  +  a*6J  +  a"*H  7.  x^ -^x^y-xy^-y^.         8.  a*-l. 

9.  a  +  ai-l  +  a-i  +  a"\         10.  - 4a"^6"*  +  9a"'6.        11.  a  +  y. 

12.  aj*  -  a*  a*  +  a*.  13.  a"  +  1  +  a"".  14.  2aj''  -  3a^  +  2^^. 

15.  a^aH^^h.  16.     ,   V""      «>        17.    -^^  +yia:i~— ,. 

fic*  +  OQca  +  a  a;*  2y « 

18.  2ai  -  36*  +  4ci.  19.  16x*  -  16aj4  +  12  -  4a;-i  +  x'\ 

XIX.     1.  ai+a'6?  +  a*6*  +  a*'  +  o4^  +  6^. 

2.  2^  +  2'.  3»+2?.  3^  +  2.3  +  2^3^31 

3.  3»- 3. 5* +  3*5* -5*.  5.  -2679492. 

8.   3     /--4  +  3     /?^.  9.  a-2a46J-6.  10.1+^3- 

11.  2-^3.  12.  J5  +  Ji.  13.  7(10) +  2^2. 

14.3V7-2V3.         15.  yf+y|. 

19.  W3  -  2.  20.  1.  21.  1  +  ^/2  +  ^3. 

22.  l+y|-y|.  23.  ^6+^3-^/5-1. 

24.  1+V2.         25.  1+J5.  26.^3-^2.  27.^6-^5- 


XX. 

1. 

1, 

4.         2.  |, 

3 
2' 

3.  a!=l,  3. 

■    4    4-^- 

4.       4,             g. 

5.  3,  ^. 

6.  17,  |. 

7.  -4,-6. 

32 
8.  5,  -  Y 

9.  3,  11. 

10  ?     -i 

11    5     -? 
^*-  3'      2* 

12    ^     -1 
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^^- 10' rr      ^*-n'6o-      is.  4,-i.      le.  3,-|. 

17.4,^.  18.6,-1.  19.  5,- 1.         20.  8,  |. 

21.  1,   |.  22.3,-1.  23.10,-2.  24.  -|, -g. 

25.  5,    ;i.        26.  ±V6.  27.-1,1.  28.  7, -L 


24 
13' 


24 
29.  3,  -:^.        30.  2,  16.  31.  -2,-16.        32.  3,-5. 


33.5,-3.  34.29,-10.        35.10,-29.         36.3,-1 

5 

37.  1,  |.  38.  24,  ^.  39.  8,  -8.  40.  10,-10. 

41.  2,-3.  42.  2,  J.  43.  3,-^.  44.  3,-|. 

4  7  ^^ 

45.  3,  -|.  46.  ^S  1.  47.  ^,  1.  48.  0,  4. 

49.  0,  |.  60.  1, -|.  51.  2+^3,  and- (2  + ;y3) 2. 

62.  a ±6.  63.  **- J,    ^.  64.  a*J(a'-b'). 

a—b     a+b  ^^  ' 

55.  J  {a  +  6+c±;y(a*  +  6'  +  c*-a6-6c-ca)}.  66.  a  +  b  +  e. 

57.  - «,  - 6.  68.  -'-b'.^li-^-by-^^'^} . 

59.  0,  Mzi!^^  60.  ^^,  _3^. 

a  +  b-2c  ac    '  ho 

61.  , —  [ab  +  hc  +  ca^  fj{a'b'  +  6V  +  cV  -  a6c  (a  +  6  +  c)}]. 

62.  -a,  4il±4. 

In  tlie  following  chapters  the  irrational  roots  and  the  impos- 
sible roots  have  not  always  been  given ;  and  some  of  the  roots  given 
are  not  applicable;  see  Arts.  329^  330. 

XXL     1.    1,  |.  2.1,-2.  3.  (-41^^9. 


530  ANSWERS.     XXI. 

4.  14^  (-!)•".  5.  2,  3.  6.  2',  (-1)". 

7.  {-  > *  V(a -  c)}'.  8.  *  1 1.  9.  2'^,  t-  ^)^. 

10.  8,  ^ .  11-  8,  (-  y  n/2)'  12.  =t  2,  i  VIO. 

13.¥.    '    ■  "     '    '  "    -'"'* 


4'    4* 
16 


^4.  4,  1.  15.  16,  (-H) 


18 


.  (-  1)S,  Q*.         17.  4,  -  1.         18.  2",  i.  19.  9,  -3 

20.  ±5.  21.  -^-Ji^f-^')^  22.  16,0.  23.  18,3. 

24.  2'  =  8  or  - 10;  .-.  a;=  3.  25.  0,  ^^^'^y^"^^^  • 

2Q.  0,  — ^a.  27.  ar  = rr  or r  . 

2  w-2        7i  +  l 

28.  a»  =  ~  a6  ±  J  V(3a*  +  36*  -  6a»6'). 

29.  {^(a;  +  2)  +  ^{x*  +  2a;)}"  =  (a  -  a?  -  ,ya;)*,  a  quadratic  in  ^o;, 

-(2  +  a)^V(2aV3a")  c'-2 

^''■'  2^2^  •  '^^'  ■^'(^T2p- 

31.     Multiply  up  and  arrange 

a;  y(a  -  a;)  -  ^(a  +  a?)}  =  ^a  {^(a»  -  aj")  -  a}, 

square,  <fec.  a;  =  0,  ±  — ^  .  32.  2a,  —  2a. 

25  1 

33.1,-1-.  34.  l.ji-.  35.  -=2a,  ±2a^(-l).     , 

I 

36.  .-  =  0  or  ^^^.  37.  1,  -f .  38.  *«,  -^ 

39.  J-^,  ^^-^Itl^.  40.  *V2.  41.  5,  -& 

42.  |(1*  V5).  43.  ««  =  ^^J.  44.  a:'  =  9. 

*^'  '^  =  7^r£-.  •  ^6.  a,'  =  ^ .        47.  {c  *  J{c'-  l)r . 

48.  0,^.  49.  ±2a,  ±a^(-6).  50.  |,  ^. 
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51.0,-t^r%y'V2.    '  52.5.  53.  8, -f. 

3a*  +  36*+  lOab  '       5 

57.  ^  =  T-     Froceed  thus,  -; j-  =2  ( — q — )  >  <fec. 

58.  0,-1.       59.  0,  ^{a  +  6  +  c±^(a»  +  6*  +  c*--26c-2ca-2a6)}. 
60.  0,  -^.  61.  0,  ±V(a*  +  ^')- 

62.  0,  ±  ^{wn  +  a (m-  w)}.  63.  0,  a  ^1  ±  2      /-J  . 

64.  Transpose  and  square;  we  get 

2x  {2x  +  1)  ^{x'  +  2)  =  2  (a:*  + 1)  {2x  + 1). 
The  only  solution  is  a;  =  —  ^. 

65.  1. 


69. 


72.  a  +  2,- 

75.  of  +  5ax  =  —  5a*  ±  ,y(a*  +  c*) ;  whence  03. 

1  9 

76.  af+3x  =  -T  or  —  -r :  whence  x. 

4  4 

-^    a*  4-  cc*     a*  -^a?    ,  ct> ,    -t        itr\ 

"•-^^=sr:^'**'-»'=2(-i"^^- 

78..o=raj-^  +  2J+ra:-^-2)-     Qiiadratic  in  {^"i^* 

79.  («*-«)•- (a;*-a;)=a.  80.  4,-3. 

/29\* 

81.  {slx  +  J{x+1)Y+  Jx  +  J{x  +  1)=^^2.     «=9orf^j. 

82.  (a;-4^a;)*+2(cc-4Va')  +  l  =  0.     05  =  7*4^3. 

83.  (2  Jx  +  1)  {^a  +  J  (a  +  a;)}  =  6 ;  multiply  both  sides  by 
J{a+x)-Jx;  .-.  a(2  7a;  +  l)  =  6y(a  +  a;)-^x},  &c. 

84.  («•  +  «)*+ 4  (a;*  +  a;)  +  4  =  16a;*.         85.  (aj*  +  a*)*  =  2a*  (a;  -  a)*. 

86.  (a;  +  — )  +afa;  +  —  )  +  6 =  0. 

\       ax/         \       oa?/  a 


66.  4,  -  9. 

67.0,2.           68.  0,-5,  |,  -^. 

-  3  ±  V109 
2 

70.  l,i.       71.  2,-5,  |{- 3:^^241} 

a  +  6 
3    • 

73.  2,-|.            74.  1,-2. 
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\a     xj        \a     xj  a?       3  3 

89.  (a;--)— 2^03  —  j  +  l  =  0  after  expunging  ,J{x  —  1). 

90.  1+^3*^(3  +  2^3),  1-^3=^7(3-2^3). 

91.  (aj+l)(a;'-aj+l)  =  0.  92.  (aj+ 1)  {1 +7i(a:»-a;  + 1)}  =  0. 

93.  a;  =  5  is  obviously  one  solution.  94.  a?  =  6  is  obviously  one 

solution.  95.  a;  =  5  is  obviously  one  solution. 

9C.  33  =  0  is  obviously  one  solution.  97.  (ot*  -  4)  (a;  +  1)  =  0. 

98.  a;  =  a  is  obviously  one  solution. 

99.  8a;"-l  + 8  (2a;- l)  =  Oj    .•.  a;  =  i  is  one  solution. 

,_      .    4     1/      2\  2. 

100.  ar-  9  "=  ~  ( ^  "*"  3 )  i     .•.  a;  =  -  «  is  one  solution. 

101.  a;  =  —  w»  is  obviously  a  solution.  102.  a?  =  a,  6,  or  —  (a  +  6). 
103.  a;  +;?  -  1  is  a  fector.  104.  a;  (p  -  1)  +  1  is  a  fector. 
105.  «*=  1  is  obviously  a  solution. 

XXII.     1.  3(a;-5)^a;  +  |V  2.  (a;  +  60) (a;  + 13). 

3..  2(a:  +  2)^aj-|y      4.  (a; -  62) (a: - 26).      5.  a?*- 14a; +  48=0. 
6.  a;*-9a;+20  =  0.         7.  a;"  +  a;-2  =  0.  8.  a;*-2a;-4=0. 

9.  42,  36,  117.  10.  m=  8.  11.  ^^— ??,  p(/-.3j). 

12.  ca:*+6a;  +  a  =  0. 
XXJII.     1.  a;  =  *3;  y  =  A4.  2.  a;  =  60,40;    y  =  40,60. 

3.  03=2;  y  =  2.  4.  aj  =  4,  yi  2^  =  3,  |. 

6.  a;  =  7,  5i  y  =  -5,-7.  6.  a;  =  2,  5;  y=6,  3. 

7.  a;=»i=7,  *4;  y  =  *4,  ±7.  8.  a;  =  -l,  |;  y  =  -l,  |. 

9.  a;=l;  y=l.  10.  a;  =  ±3,  =f8;  y  =  «fe5. 

in  ^.    333  370  9q 

^^-  '^  =  ^'    28"^2^  =  ^':84-        ^^-  «^  =  =^3,=fc36;y  =  =fc5,^^. 

13.a;  =  .3,=.^;y  =  .2,-=-^. 
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15  3 

16.  a;=db4,  ±3^3;  y  =  ±5,  ±^3.        17.  «  =  '*=7^>  ^"*;72"r 

18.  a:=3,--;  y  =  -4,— .  19.  a^  =  «^^2;  ^  =  2^2' 

20.  a5  =  ±6,  y  =  ±3,  =f3.  21.  aj  =  ±3^2;  y  =  ^j2,^J2. 

12 
22.  a;  =  0, -1;  y  =  0, -y.  23.  05  =  0,4;  y  =  0,  5. 

24.  a;  =  0,  15;  y  =  0,  45.  25.  aj  =  0,  2,  ±^2;  y  =  0,  2,  2=f^2. 

21  7 

26.  x  =  0,  4,-2;  y  =  0,  2,  -4.  27.  aj  =  5,  -r- ;  y  =  3,  -. 

28.  a:  =  4,  2;  y  =  2,  4.  29.  a;  =  2,  0;  y=0,  -2. 

30.  aj=l,  4;  y  =  4,  1.  31.  a;=l,  10;  y=10,  1. 

32.  aj=3,  2;  y  =  2,  3.  33.  a;  =  8,  4;  y  =  4,  8. 

34.  a:=17,  1;  y=l,  17.  35.  a  =  4,  2;  2^  =  2,  4. 

36.  a5  =  4;y=l.  •  37.  a;  =  l,  4;  y  =  4,  1. 

38.  05=2,  3;  y  =  3,2.         39.  a;  =  ±2,  y  =  ±2;  or  a:  =  ±2,  y  =  :F2. 

40.  a;  =  3,  y=l;  a;  =  l,  y  =  3.  41.  aj  =  5, -2;  y  =  2, -5. 

42.  a;  =  ±2,±l;  y  =  ±l,±2.  43.  x  =  i{9^  J73),  i/=  {{9^  J7S). 

44.  a;  =  ±3,  ±2;  y  =  ±2,  ±3.       45.  a;  =  ±5,  ±3;  y  =  «fc3,  ±5. 

46.  a;  =  ±3,  ±2;  ^  =  ±2,  ±3. 

47.  a:  =  ±V(-3),-V3;  y  =  3^^(-3),=b2V3or=F2V3. 
The  first  equation  may  be  written  thus, 

aJ2/(y  +  aj-3)  =  3(4a;  +  y-aj2^). 

48.  x=8,  2;  y  =  2,  8.  49.  aj  =  9,  4;  y  =  4,  9. 
50.  05=8,64;  y  =  64,  8.          51.  05  =  5,13;  y  =  4,  12. 
52.  05  =  4,  9;  y  =  9,  4.              53.  05  =  2,  8;  y  =  8,  2. 

54.  Vo5  =  2±VC,M=^Va^-5};  Jl/  =  -'2^J6,  l{^J{l5)-^5]. 

ti         b 

55.  05=5,  y  =  3.  56.  05  =  «fcl,  y  =  3.  57.  ^=2'y^2' 

58.  05»=  J  {a'*  V(a^  +  U%  y«=  J  {-  a'  *  V(«'+  ^^')}- 

59.  0^  =  J  {26'=fc  ^^(26*+  2a*)} ;  whence  we  maj  proceed. 
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60.  .=|{i*V3},  |{i.^};  ,=|{iW3}.  Iji^^fa}. 

62.  x'  =  ^-^,^a'',y'=  —  ,0.      63.  a;  =  0,  2(a  +  6)j  y  =  0,  2a6. 
64.  4aicy  =  (1  -  xt/f;  this  gives  a  quadratic  in  ajy. 


65.^ 


i^=??',thus«  =  ^i±M£.&c. 


aj  —  y       c  ay  —  c 

67.  x'  =  V{2^JZ])  y"  =  a* {2  =F v'S}. 

68.  Add;  thus  iB»(a:- l)«+y'(y-l)'  =  a  +  6j  also 

x{x-l)  +y  (y-1)  =a; 
.-.  aj(aj-l)  =  i{a±V(2a+26-a»)};  y(y-l)=i{a=FV(2a  +  26-a')}. 

69.  03  =  0,  2a;  y  =  6,  —  6 ;  «  =  c,  —  c. 

^"2'    26^  ^~3'    13^  ^~4'   44* 

71.  Three  simple  equations  for  finding  xy,  yZy  zx. 

.1        1        1 

72.  Three  simple  equations  for  finding  — ,  — ,   — ; 

xy     ysi     iax 

also  X,  y,  and  z  may  each  =  0. 

73.  From  the  Ist  and  2nd  by  subtraction  x^y  or  x-^-y^z;  then 
use  the  third  to  complete  the  solution.     We  shall  obtain 

aj  =  y  =  ±^{2c  +  a±^(a*  +  4ac-4c^}^, 
z  =  {2c  —  a=f  J  (a'  +  4ac  —  4  c*) }  -t-  4a; ; 

or       x2J2=-J{a+c)  +  J{5c-3a)y  y2J2  =  J{a-¥c)- J(5c-U\ 
zJ2  =  J{a^c). 

74.  Form  a  quadratic  in  z]  then  «  =  6  or  -  5 }  with  the  first  value 

.       .  ,    t  .        355  190 

we  get  03  =  4  and  y  =  5 ;  with  the  second  05  =  -^ ,  y  =  -nr"' 


17,           x  +  y     7 
75.  By  eliminating  z  we  get  a?  +  y  +  —  =-^  and  ocy  + =  -5; 

.-.  (a;  +  v)f  1 I  =  ,  <fec.     2,  1,  A  are  the  values  of 

^      ^^\      xyj         xy     '  '     '  * 

X,  y,z;  these  values  may  be  arranged  in  6  ways. 
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76.  Form  a  quadratic  inx+y+z  wliich  gives  9  for  one  value,  this 
leads  to  a  cubic  in  xy,  of  wliich  the  roots  may  be  seen  to  be 
6,  8,  12;  hence  for  the  values  of  x,  y,  z  we  get  2,  3,  4,  which 
may  be  arranged  in  6  ways. 

77.  We  may  deduce  ocyz  =  0 ;  thus  one  or  more  of  the  three  x,  y,  z 
must  be  zero.  The  results  are  0,  0,  1,  which  may  be  ar- 
ranged in  three  ways.  78.  aj  =  a'  -^  st  ^(a'  +  h'  +  c^. 

79.  x  =  -^  or  else  9aj* (a— «)=«'.    Similarly  for  the  other  quantities. 

XXIY.     1.  15  and  24.        2.  3.4.5;  that  is,  60.         3.  120 
and  121  yards.         4.  Five  miles  per  hour.         5.  66  on  one  side, 

22  on  the  other.  6.  28  acres.  7.  14.  8.  |(1  +  ^5)  is 

the  produced  part;  a  being  the  given  line.  9.   50  and  15. 

10.  18.  11.  Ninepence.  12.  30  Austrian;  36  Bavarian. 

13.  5  and  4.  14.  The  first  worked  24  days  at  is.  per  day; 

the  second  18  days  at  3s.  per  day.  15.  15  persons;  each  spent 

5  shillings.      16.  100  shares  at  £15  each.       17.  as"  +  aj"  =  9  (a;  +  1) ; 
.*.  05*  =  9;  the  number  is  3.  18.  7  per  cent,  and  6  per  cent. 

7 
19.  Rate  of  train  is  ^  that  of  coach.     20.  A  40  hours;  JB  60  hours, 

21.  70  miles.  22.  150  miles.  23.  5  hours  and  3  hours. 

24.  15  hours  and  10  hours.         25.  36  workmen,  and  each  carried 
77  lbs.  at  a  time;  or  28  workmen,  and  each  carried  45 lbs.  at  a  time. 

XXV.     1.   1.       2.  The  expression  =. ,  „   ^  ,,-.,, —r- -5 — -ttI 

then  see  Art.  70.     6.  1  +  a;*  +  aj*  -  x\     7.  -t^  {J{a  +  &)  +  J{a  -  b)}. 

8.  ^{J{l  +  n  +  n')  +  J{l-n  +  n')}.  9.  a;=10. 

12.  We  get  (b'xx  +  a'y^y.  -  a'by  +  a'b' (xy  -  yx')' =  0.        13.  £30. 

5 
3 


14.  2.5.9.  16.  aj  =  Oor^.  17.  aj  =  l±^2  or  1*^(-1). 


18.  aj  =  l,  2,  3,  or^{-ll=i=V(-23)}.       19.  x  =  S^j5  or  l^  J5. 
20.  V(2«-1)-\/(5«-^)=n/(^«-3)-V(3»-2);  then  square;  x  =  l. 
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21.  x-a  +  ic  J{x^a)+  4c** a?  +  a-  4&^(a;  +  a)  +  46*;  then  extract 
the  square  root :  a?  =  (c  ±  &)'  + —^ . 

22.  wa;  =  n(aj  +  a-a)j  divide  by  ^(a;  +  a)-^a;  aj  =  0,  -yA-^,x^-. 

23.  x  =  a,  \{a^hy,  y^h,  \(a  +  h).  24.  «  =  -^,  y  =  A* 

2  3 

25.  aj  =  3  or  ^ ,  y  =  2  or  —  -^ . 

o  o 

26,  2x  =  a  +  c-bA:tJ(a!'  +  b'-\-c'-2hC'-2ca-2ah);  x  +  y  =  c. 

Also  x  =  ^{ac),  t/  =  J{hc),  27.  x  =  2,  3^=3,  «=1. 

28.  Add  the  four  equations;  thus  we  get 

(t?  +  a?  +  2/  +  «)'  =  4  (a  +  &  +  c), 
and  £pom  this  result  and  the  first  given  equation 

{v  +  x-y'-zy=8a; 
2v  =  ^J{a  +  h  +  c)^  J  {2a)  ±  J{2h)  =t  J  {2c). 

XXVI.     1.  4  :  9;  10  :  12.  2.  7  :  15.  3.   18  and  27. 

5.  Short  road  from  ^  to  jB  is  26  miles;  from  -5  to  C  62  miles. 

6.  Either     oca  =  yh  =  zc  =  -= z- ; 

0C  +  ca  +  ao 

or  else  oca  +  yh  +  zc  =  0  and  aj  +  y  +  «  =  —  1. 

•  9   ft   ^9 

XXYII.     1.  3.  2.  6400.  3.  57.  4.  £i£i±l. 

9.  Suppose  etc?  =  6c;  then 

a  +  c?-(6  +  c)  =  a-6-  fc j  =-^ ^-^ -. 

10.  In  the  first  the  wine  is  J  of  the  whole;  in  the  second  |. 

11.  A  has  £72  and  B  has  £96;  each  stakes  ^  of  his  monej. 

12.  Female  criminals  |  of  the  male. 

XXYIII.      1.  4.      2.  a  =56.      3.  4.      4.  1.      6.  |.     7.  10. 
8.  2lx^  =  ^y\     9.  y  =  2a;  +  -.      10.  16.      13.  10.      14.  (r'  +  O*. 
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'.  "We  have  y  +  «  — a;  =  -4,  (x  +  y  —  z)(x  +  z  —  y)  =  Bi/z; 

us         x^-{y-  zf  =  Bt/z,  therefore  x'-{y  +  z)'  =  (-ff  -  4)  yz, 

\  (x-y-z)(x  +  y  +  z)  =  {B-4:)yz,  or  -A(x-^y-^z)  =  {B~-i)yz. 

1.  2  (n  —  1)  hours.  18.  4  hours. 

XXIX.  1.  450,  1214;  product  613260.  2.  321420111. 
).  15tl.  4.  209.  5.  1105«.  6.  624.  7.  2223. 
I  1022634.  9.  17-6.  10.  134M11.  11.  3015333. 
J.  1099-39.  13.  124-96.  14.  753461.  15.  1589-349609375. 
5.  588;  1114.  17.  22441;  20846^.  18.  152.  19.  11111. 
).  44-4,  in  scale  3  it  is  1001*2.      21.  62444261,  sq.  root  is  7071. 

"I  OA  1  2 

2.  1101111.  23.  ^.  24.  J.  25.  -02,  that  is,  j^s  • 

5.  Eight.         27.  Six.         28,  Eleven.        29.  Five.        30.  Six. 
I.  Five.  35.  2'"  + 2* +  2^  + 2*  + 2*+ 2*+ 2 +  1. 

3.  3%3«+3*-3Vl.      37.  3«-3*-3-l.      38.  3«-3*-3«-3+l. 
i.  Three  feet  eleven  inches.     40.  Twenty-three  inches  and  a  third. 

3.  r"  —  1  and  r"""^;  r  being  the  radix  and  n  the  given  number. 

5.  The  number  is  one  hundred  and  twenty. 

XXX.  1.  800.        2.  4.       3.  -333.        4.  -26|.        5.  -2. 

6.  61  J.  7.  5.  8.  425.  9.  0.  10.  n{S  +  n). 

1.  r^ — -.  12.  Common  difference  —  3.  13.  9. 

12 

4.  4  or  - 11.  15.  2n  - 1.  16.  Number  of  terms  is  10  or 
2 ;  last  term  3  or  -  1.             17.  Common  difference  7. 

8.  The  number  of  terms  is  m-\-n—l  or  m  +  n]  in  the  former 
case  the  last  term  is  1 ;  in  the  latter  case  it  is  zero. 

0.  ^{2  +  4(7^-l)}or7l(27^-l).  21.  1111.  22.  20. 

3.  l{n-\)n {2n - 1)  yards.  24.  1,1 334.               25.  Nine 

leans,  3,  5,  7,  19.  26.  Number  of  terms  19  or  -  2. 

7.  5  or  -  10.       28.  4  or  7.  31.  4  or  9.       32.  p+q-¥{m-\)2q. 
6.  5,  9,  13,  17,  21,  25.  37.  17.                38.  100  or  -107. 

9.  Number  of  terms  7;  middle  term  11.      41.  w*.      42. -7i(-l)". 
3.  l{l-(2yi  +  l)(-l)-}.  46.  9.  47.  iw(7i+ l)Cw  + 2V 
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50.  j(19-7i).     '"    61.  j^,   j^,   j^,    j^.  52.  25  months. 

53.  — o pecks,  calculated  to  last  — ^r—  weeks. 

54.  r-  hours.  55.  432  guineas. 

-l{i-(D>    '•¥•    «■??•    '•!•     " 

97  1 

9.  ^.  10.  9.  11.  10.  12.  1.  13.  ^. 

2o  0 

16.  4.-3V2.  17.|(?.|). 

18. ..21.  SeeArt.  473.  19.  4-(n+2)2--+\ 

20.  6  -  (2n  +  3)  2—.  21.  J  |2  +  (- 1)-  .?|±i} . 

23.  81.  24.  X108,  £144,  £192,  £256. 

25.  -^  {»""(- 1)"-1}-       28.  £3.  4*.        32.  Common  ratio -^ . 

33.  f^;ijl--^.  38.  r^2,  a=3;  r  is  found  bj  an 

(r  - 1)'        r  - 1  '  ^ 

easy  cubic.  39.  -^— ^ ^.  40.   ^y  0-^  ""  •^)  ""  T  ' 

OK  IK         Q  O 

42.  2,  4,  8,  12;  or  -^,   :^ ,   |,   |.  43.  2,  5,  8. 

a(l  -6r+5r^ 


4  1 

14.  i.  15.^. 


45. 


(l-r)(l-6r)' 


__^„      -66  ^111  1 

XXXII.     ^*  YY»    fj*  2*3'   4 I9*  ^^ 

denote  it,  then  1  =  1  +  (» - 1)  f^  -  iV  4.  ^S}^^-  . 

6.  The  common  difference  in  the  arithmetical  progression  foiined 

2 
by  the  reciprocals  is ^  •  ^*  2  and  4.  11.  2,  3,  6. 
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2  1 

12.  The  terms  are  j-^  and  5 ;  then  the  series  can  be  continued. 

16  o 

14.  We  may  shew  that  A  = =■  and  G=s  ^  "  ,  ,  and  as  A  and 

za  —  b  2a —  0 

G  are  known,  we  can  find  the  two  quantities.  ]  9.  a^-\'dby 

a^  —  b^,  a' -ah. 

XXXIII.     1.  134M323.         7.  36  miles.  8.  64  gallons. 

9.  A  £100;  ^£80. 

XXXIY.     1.  1120.  2.  453600.  3.  454053600. 

4.34650.  6.6.  6.  ^E_.  7.  '4^,'-^. 

\2[3[5  1.2    '      1.2 

195  195  160  [5 

O  I I  Q  I 1  ft      9«.  1  1      — 

'[9[8_6'   [10  [85-  ^*  il2[48-  ^^'  ^'''  ^  '   2' 

12.  Suppose  one  person  to  rehiain  fixed,  and  all  possible  permu- 
tations formed  of  the  other  n  —  1  persons.     This  gives  \n  —  \  as 


the  number  of  ways.  But  this  counts  as  difierent  ways  a  pair  of 
cases  in  which  each  person  has  the  same  neighbours,  but  the 
right-hand  neighbour  of  one  case  becomes  the  left-hand  neigh- 
bour of  the  other,  and  vice  versa.  If  such  a  pair  of  cases  is 
counted  as  only  one  case,  we  must  divide  our  former  result  by  2. 
For  example,  if  there  are  three  persons,  there  is  only  one  way 
of  arranging  them,  in  the  latter  view.  13.  [9,  1 10  -  [9. 

,,    12.11.10      16.15.14.13         ,^    T-^,^       .       ,  ^,. 

14.  j-^ X r- .        15.  If  there  is  only  one  thing, 

[3  [4 

it  may   be  given   away  in   n  ways;   then   as  a  second   thing 

may  be   given  away   in  n  ways,  there  are  w'  ways  of  giving 

away  two  things;  and  so  on.  16.  w  =  2r  + 1 ;   r  =  8. 

17.   — i      —  X  — 5-^= —  X  Is  +  r.      Or  if  the  m  things  are  exactly 
[r  |/yt  — r      [f.l2^~£     

\_8±r                      w(w  +  l)(w  +  2) 
alike,  and  also  the  n  things,  j — j —  .  lo.    rg . 

20.  4080.  21.  86400.  22.  [5  x  |3;  if  the  three 

letters  are  to  retain  an  invariable  order,  the  answer  is  |5. 
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24.  90.  25,  36.  26.  3  x  [4  x  |4.  27.  w". 

28    -1^—              29    120                ^0    ^(^~"^)     pCP'^  ,  i 
"^^^  {[13)* •  ^^-  ^^^-  ^^-  -172 172"  ^^• 

124 
preceding  result  by  unity.  34.   .^^2)'' '  35.    [7 ;  if 

however  eacli  set  may  be  in  order,  either  from  left  to  right,  or 
from  right  to  left,  the  answer  is  8  x  [7.  36.    I.   8.7. 6.5  cases 

without  repetition.     II.  ^—^  ^  %  cases  in  which  a  occurs  twice; 

1 .  I2       2 

also  as  many  in  which  i  occurs  twice ;  and  as  many  in  which  n 

14 
occurs  twice.     III.   .  ^  cases  in  which  a  and  i  each  occur  twice: 

[ill 

also  as  many  in  which  i  and  n  each  occur  twice ;  and  as  many 
in  which  a  and  n  each  occur  twice.     Total  2454. 

38.   [4x11111x15. 

1  pj  1 4.  50    49 

XXXY.     1.  i^a"6'.  2.  2^1^  x'V, 

3    12.11.10.9^..^.  ,    2002.2001^1^ 

5.  625  -  2000aj  +  2400a;*  -  1280aj»  +  25ex\ 

6.  ^•y-S-.Uy.  '    7.  -^^'^'^^'S-gi^". 

|4  [5 

9.  ^  aV.  10.  41^  («*«^'  +  «V). 

|5L5  |_4[5^  / 

11.  64a«-.96a*+36a«-2.  12.  lOc^ 

14.  This  follows  directly;  or  thus,  (l  +  a;)"+'(l-  a;)  =  (l+aj)"(l-a:^. 

|2n+l 
16.  From  2nd  to  5th  terms  of  (3 +  2)*.  18.  ■ — !--— ^=_- M)--'. 

\n-r  n+r+1  ^     ' 
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^^*  — i TTo r~« — >  rTTi ^ — :    the    middle 

[r  -  1  \2n  —  r  +  2  I  r  -  1  \2n  -r'^2     ^  "xiv*v*x« 

terms  are  ^  .  \    -  -^ —  (x  — ) , 
[»t[w  +  l      \      x/ 

20.  («"+a7  =  {a:  +  aV(-l)r{^-«V(-l)}* 

XXXYL     13.  ("-^y-^^^g;-, 
U       (n-1)  (2,^-1)  (3,^-1) {(r-l)w-l}„, 

15       (p-l)(2p-l)(3p-l) {(r-l)y-l}^, 

jg    1.3.5  (2r-l)         ,^_  j^    2.5.8    .(3r-l)^^ 

jg    7.9.11 (2r  +  5)^  jg    1.5.9 (4r-3)^ 

[r  '  ■  4'Lr 

27.  2ndand  3rd  terms  yx|  =  |.       28.  3rd  term  = -J4^  i  =  || . 

3.4.5.6  /5\'    9375 


29.  5th  and  6th  tenns  = 


(?)= 


U         \7/     2401  • 

30.  3rd  term  =  |^  {^ .  31.  If  ri  =  1  the  2nd  and  3rd 

terms  are  the  greatest  j  if  »  =  2  the  2]id  term  is  the  greatest; 
and  for  all  other  values  of  n  the  first  term  is  the  greatest. 

^2.  ^^Il'^^ .        33.  Sixth  term.         36.  ^  (2»'  +  4»  +  3). 

37.  Coefficient  of  t^  is  1- ^-^-'-'C^^-l) .  coefficient  of  «**'  is 
obtained  by  dividing  this  expression  by  a. 

40.  (1-2)*,  that  is,  ^2.  41.  i^. 
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XXXVIL     1.  6.  2.     10a>3"+20a«a«+5c* 

3.  3V2^3»+2^3  +  2^3•=:1905.  4.  3. 

5.  -2»3*5  +  2^3^5-2*o. 

r   1  2  2'  2'  2*  "^ 

^'  '^l|«Ll''iriiIl''iM6''l2l3]7'"|il8J- 

7.  2.5'-2'.3.5'.7  +  2*.5.7'.  8.-64.  9.-20. 

,.       15     35      63         37  -,         1  ...     ,_    35    , 

^^-  -8--T-8-=-T;  ^^'   -i-         ^2.  6+15  +  -^-3. 

,„    ,3.7     7.11.19\1  -,.    ^r,  ,^  «*+6»'-13»'+6» 

13.    (  -rrr 7^ I  -if  •  14.   50.  15.  


,    /3.7      7.11.19\1  ,,     .. 


24 

16.  The  expression  is  {(1  +  x)(l  — «)"'}'.      Hence    the  required 

coefficient  is 
7.6.5.4     7j6.^  . .     7^  14.15     7  14.15.16      14.15.16.17 
[4       "^     [3  1.2*    1.2    ■*'l'        |3        "^  [4 

17.  r  +  1. 

w(w-l)(w-2)(w-3)       w(w-l)...(n-4)„,       w(w-l)...(w-5)^.. 

18-  [4  ^  -^  [2j3  2  ^  + [4L2 ^^ 

^n(n-l)     (.-6)^.3  ^n(n-l).(n-7)y^  19.0. 

16  [8 

20.  "^"-^^|;g-^"-'^<-v-H"^"-'^-[3-^"-'^<-xx 

^"^"tt"'^<"V.'-        21.  -23.        22.  ^I^-^^- 

23.  — ^^ j^^^ ^a,*  +  m('/»-l)aja^  +  ?na3.  24.  20, 

25.  -210.  26,  1260,  27.  12600. 

29.  M^-l)(^-2)^^^  ^0_ 

13  ^  ^  L2|2L3[3 

36.  May  be  proved  by  Induction.  37.  For  the  first 

part  put  05=  1.     For  the  second  part,  let  S  denote  the  series, 

so  that 
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and  as  the  coefficients  of  terms  equidistant  from  the  begin- 
ning and  the  end  are  equal,  by  Ex.  36, 

Then,  by  addition, 

2S  =  nr{aQ-ha^  ...  +  a^^}  =  n/r {r  +  ly, 

38.    {1+X  +  xy  = 

change  the  sign  of  x,  and,  since  the  coefficients  of  terms  equi- 
distant from  the  beginning  and  the  end  are  equal,  we  have 

(1  -  a;  +  xy  =  a,„  ~  a^^_^x  +  a^^_^af  - . . . 

Multiply  together,  and  select  the  coefficient  of  x^" ;  this  will 
therefore  be  equal  to  the  coefficient  of  a;*"  in 

(1  +  a  +  xy{l  -x-\-  xy,  that  is,  in  (1  +  a;*  +  x*)\ 

XXXYIII.     1.  4.  2.  2.  3.  1.  4.  5. 

5.  3; -2.  6.  -698970-2;  -732393.  7.  -778151-3. 

10.  I  {log  10 -3  log  2}.  15.  20.  20.  About  125  years. 

XXXIX.     1.  This  is  an  example  of  equation  (1),  Art.  545, 
w  =  (a5  +  1)  (a;  —  1)  and  n  =  x', 

2.  log(a;+2A)fiC-log(a;  +  A)'  =  log|l-. tw|.         3.  See  Ex.  1. 

5.  log(3  +  3a:  +  a»)aj-31og(l  +  a;)  =  log|l--^^-j-^J. 

6.  We  have  to  find  a  series  for 

log  («  + 1)  -  a^  log  « + Ij^  log  («  - 1). 

that  is,  for  log  (l  +  -)  +  £^ log  (l  --)  . 

^  J  1  +  1 

that  is,  for  2-||^  log  (l  -  i,)  +  ^  log --| . 


^■H)'-'H.^^' )•. 


x 
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XL.     1.  Divergent  if  a  >  1,  convergent  ifa<l.     Ifa  =  lwe 
may  suppose  w  =  np;  then  compare  with  t  +  o  "*"  q  "^ and  we 

see  it  is  divergent.  2.  Series  =  1  -  •! + ^ —  &c.  i: 

a{x     x  +  a     x-\-2a         ) 

convergent.  3.  Divergent  if  a;>  1,  convergent  if  a;  <  1.  If  x=l 
the  general  term  is  -g — =- » 'wtich  is  >  - ,  and  series  is  divergent. 

4.  Convergent  if  a  >  1 ;  divergent  ifa<l.  Ifa=l  the  series  is 
obviously  divergent.  6.  Divergent  if  a?  >1,  convergent  if  a;  <1. 

If  05  =  1  the  series  is  obviously  divergent.     6.  Same  result  as  Ex.  5. 

7.  Series  >  1  +-q — ^  +  n — 5-+  i — r  >  <fec.,  and  .*.  divergent. 

1+2      1+3      1+4         '  ^ 

8.  Divergent  if  a5>l,  convergent  ifa;<l;  if  aj  =  l,  obviously  di- 
vergent. 10.  Divergent  if  a?  >  1,  converg^it  ifaj<lj  ifa5=l 
it  is  a  series  discussed  in  the  text. 

XLI.     2.  £900.  3.  ^^ .         4.  2^.  5.  40  :  41. 

6.  Between  48  and  49.  7.  Nearly  32. 

XLIL     1.  7  years.  2.  120  days. 

X         y         z        the  given  sum  «    -c^       .      ,  «• 

*•  jr'-B^*=li=-'=B-':Ji-^^B-'-  »•  Equate  the  coeffi- 

cients  of  a;'"  in  (1  +  x)'  =  (1  +  x)'  (1  +  xY^.  9.  Equate  the 

coefficients  of  aT  in  (1  +  a;)"  =  (1  +  a;)— "+'  (a?  +  1)— \  10.  It  wiU 
be  found  that  the  whole  coefficient  of  a  vanishes^  and  also  the 
whole  coefficient  of  yS. 

XLIIL     1.  £24. 108.        2.  Cent,  per  cent.        3.  4  per  cent. 
4.  £6400.  6.  3^.  6.  £7297-98.  7.  £225M' 

8.    f  ^  ^  ~,  ^^,   =  a  little  more  than  9. 
log  5  —  log  4 

A         1 
^*  -Di;=r-  D >  where  -4  is  the  fii*st  payment;  m  must  be  less 

than  if.  10.  e-'.  11.  P^^^V.  12.  P(l-r)*. 

13.  A  X  2-617238. 
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TTTTV       11      J_i_J_l  '>±1.1:±±1 

JLi,iv.     A.  i  +  3^g^7^9-         ''•  1+2+1+1+1  +  65' 

-111111    1 

0»    "X —    -; 


^■l 

7   8   39 
29'  33'  161' 

•  • 

14 
5  ' 

17 
6  • 

3  19  117 
•  1 '  6  '  37  ' 

721 

22S' 

2  +  4+  3+2+  1+2+  170' 

1  Jl  J- J- JLJ__Li_  1 

4+1+1+1  +  2+3+1+3* 

3  22     355 

•  T*    7  '    113- 

XLY.     1.  |,   |, 

341115  A    ^     ^     ^     ^211 

•  1 '    1 '    3  '    4  •  •  1 '    8  '     65  '    628  • 

491348  fi^y^     5201 

^-  1 '   2 '    3  '   11  •  1 '    10     101 '    10^0  • 

5     26     265      1351  «   5     ^     ?I     ?^ 

'•  T*    5  '    51  '    260  •  1'    1'    4  '    5  • 

7     22     29^    51  w   —     —     ^     80801 

9.  J,   -3-,    ^  ,    y  .  1  '    20  '     401  '     8040  * 

1        11         a      2a'  +  l      4a'+3a     8a*+8a'+l 


11.  a  +  -t: n — r  o — r  •••  T  9       ol      > 

2e 

12.  a-l+ 


2a+ 2a+  2a  +  *"l'       2a     '     4a»  +  l'       8a"  +  4a     ' 
1111  a-l    a    2a"-a-l     2a»-l 


l+2(a-l)+l+2(a-l)+*"    1    '1'      2a-l    '     2a 
1      1      1   J^      a     2a +  1      4a'  +  3a     8a'+8a  +  l 
^^'  ^^2+2a+2+2a'"l'        2      '     4a  +  l  '        8a+4      ' 

14.  a-l  +  K- 


2+  2(a-l)+  2+  2(a-l)  +  '*' 

a-l      2a -1      4a'-5a  +  l      8a»-8a  +  l 
"1    '        2     '        4a-3      '        8a- 4 
[13  and  14  are  connected,  because  a'  —  a  =  (a  —  1)'  +  a  —  1.] 

1 


16. 

256 
71  • 

1520 
^^'    273' 

20. 

1 

(240)' 

"^^2(2111)'- 

e%  /% 

1   3 

13  42 

26. 

2'   7' 

30'  97' 

29. 

1549 
360  ' 

T.A. 

251         114 
360-      ^^-  41 

18.  TjjTj  and 


(44)' 2  (49)'  • 

21.  ,„_-,.  and 


(273/  2(2886)'  * 

2„    485  211 

'•  396'  80  ' 

n_ 

114' 


31.  i^_  32_  ^2_ 


^t> 


546 


ANSWEES.      XLY,  XLYI. 


33.  Positive  root  of  ic"  +  2a;  -  2  =  0. 

34.  Thatof  7a;«-8a;-3  =  0. 

36.  That  of  59x'  -  319a;  +  431  =  0. 


35.  That  of  7a;"+8a;-3=0. 


XLVL     1.  a;  =  2,  y  =  l. 

3.  a;  =  l  or  6,  y  =  20orl. 

5.  a;  =  25-7«,  y=25  +  3«. 

7.  x=8,  y  =  3.  8.  a;  =  7,  y=5. 

10.  a;  =  37,  y=13.       *        11.  4  or  5. 
13.  4,  or  5.  14.  16. 


2.  a;  =  4,  y  =  5. 
4.  y  =  l  +  7«,  a;  =  41-10<. 
6.  a;  =  90-19«,  y  =  13t 
9.  a;  =  ll,  y  =  18. 
12.  19  or  20. 
15.  2.  16.  5. 


17.  3  guineas,  21  half-crowns.  18.  3  spvereigns,  20  francs. 

19.  185,  15;  119,  81;  53,  147.  20.  28  crowns,  20  half-crowns. 
21.  When  n  is  even,  the  common  difference. is  2 ;  when  n  is  odd, 
the  common  difference  may  be  1  or  2.  22,  245. 

23.  104  +  3.5.7.^.  24.  97.  25.  Ascribe  to  y  succes- 

sively the  values  1,  2, ...  8;  and  in  each  case  find  the  correspond- 
ing values  of  a;  and  ».  26.  a;=l+3«,  y=5l-7e,  ;fe  =  63  +  13t 
27.  Allowing  a  zero,  there  are  15  solutions;  excluding  it,  there 
are  14.  The  solutions  are  found  from  100  —  t  half-crowns,  6< 
shillings,  and  100  -  7t  sixpences.  28.  Allowing  zeros, 

4  solutions;  excluding  them,  2.  The  solutions  are  found  from 
4  —  ^  guineas,  5t  crowns,  and  12  —  4^  shillings.  29.   6  crowns, 

4  half-crowns,  2  florins.  30.  Allowing  zeros,  £2.  lis.  6dl; 

excluding  them,  £2.  158.  31.  100.  32.  205,  502. 

33.  974.  34.  5567.  35.  80  ducks,  19  oxen, 


1  sheep;  or  100  sheep. 


'*^-  6'   9' 


17 
IB* 


37.  49,  43,  38.  38.  The  107*^  and  104*^  divisions 

reckoned  from  either  of  the  common  ends. 

39.  "We  must  solve  5a;  +  4y  +  3«  =  20 :  the  accompanying  table 

exhibits  the  solutions  of  this 
equation.  Then  we  can  use 
(1),  (4),  (5>j  or  (2),  (3),  (5); 
or  (3),  (4),  (4). 

(1)  (2)  (3)  X4)  (5)  (6)' 


^  X 

y 

z 

0 
2 
4 

0 
5 
0 

1 
0 
5 

1      2     4 
3      1      0 
1      2     0 
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XLYIL     1.  x  =  2,  y  =  4;  aj  =  3,  y=l. 
2.  a:  =  4,  y  =  21;  x=5,  y  =  7.  3.  a  =  18,  y  =  5. 

4.  a;  =  10,  y  =  1.  5.  360.  6.  1684  square  yards. 

7.  10and7.  9   aj=0,     y  =  3;  a;  =  2,  y=l. 
10.  aj=l,  y  =  3;  ic  =  53,  y=15. 

12     2-^"^  273^]^'  T^^- 

5.  (w  +  l)a;-.  6.  {7n  +  5)  {3a;)".  7.  (n  +  l)«a;-. 

8.  l  +  a-a'-a;* 9.  1  +  2a;  +  a;'-4a»- 11a;*. ^ 

-^    1     a;     3a;'     a;"     7a;*  ,,     1      a;     a;*     a>* 

^^-   2^2^T^2-'-8- ^^-a'-a-^a*-? 

12.  l+j9a;  +  /?(;?-l)a;'+(p'-  2/?Vl)a;'+;o(p'-3p*+j9+2)a;* 

a-l\l+a;     1  +  a"a;/  * 

^^ L-Z'J 11,1 \ 

(1  -  a)' \1  +  a:     1  +  oa;      1  +  a"a;      1  +  a"**a;/' 

15.  a=l,  6  =  11,  c  =11,  £?=1,  c  =  0. 

4.  — llrr 

XLIX.   1.  iz^^h" '  s®^®^  *®"^  (^^)" ■*•  ^  (2^)"- 

^-  l,10^!21a;'-  general  term2(7a;)--(3a;r. 

4.  X  less  than  J.  5,     2-*(5n  +  6).  6.  3"  -  n  - 1. 

7.  |i-^;  47.  8.  ^^;  (-l)-aV-2«+2). 

li.     3.  1  —  5 j  1. 

1  +  w^ 

11  1 3 .   11 

^'   96"2(w  +  2)(w  +  3)     4(w+l)(n  +  2)(n  +  3)(n  +  4)'  96* 
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I /I      1      1_     1      _     1  _J^\      11 

*  3U'^2     3     n'+l     n"+2~n  +  3>/'    18* 

6    Ifl  1  1  ■   1  7    5 3n  +  5       .5 

SU     2(«+l)(»  +  2)/'   32"  6     («  +  2)(»+3)' 6" 

-    n(«+l)(n  +  2)  ,,    ai"{»(a!-l)-l}»  +  a^+' -(«  +  ]) 

12.  ^(m  +  5)"-. 

13.  Expand  and  we  get  (yr^.[^  ""(13^  ^  (T^^  "" j 

ii    T-Ti  w(7i  +  l)    -  n(n  +  l)...(n  +  in-2)  ^_,\ 

14.  6"n+na+ — ;— s— ^a'+ +  — ^ r — S ^*     I 

t  1.2  1^-1  J 

15.  (l  -  |y"=  2- (l  -  ly".  18.  165.  19.  460, 

22.  Proceed  tlius;  suppose 

(1  +  xv){l  +  a^v)  (1  +  x'v) (1  +  afv) 

=  1  +  A^v  +  Ay  + +  ApV', 

where  A^,  A^, Aj,do  not  contain  v. 

Now  change  v  into  xv;  thus  we  can  infer  that 

{l+A^v  +  A^-^ +^,«;^)(l  +  a'+'v) 

=  (l+-4jiM;+-4giB't;"+ + -4^1^)  (1  +  (w). 

Now  equate  the  coefficients  of  the  same  powers  of  v  on  the  two  sides. 

25.  -^ 3  =  ^i 5:  therefore 

1+a;       l-a  +  ar' 

(l+a;){l-.aj'  +  aj«-ajV } 

1  a»  aj*  »• 


... 


Expand  each  term  of  the  last  line  by  the  Binomial  Theorem  and 
then  equate  the  coefficients  of  x"  on  the  two  sides. 

LI.     8.  2a?  is  >  or  <  a?  + 1  according  as  a;  is  >  or  <  1. 
1 6.  This  depends  on  the  sign  of  (a  —  6)  (&  —  c)  (c  —  a). 
22  and  24  depend  on  Ai-t.  676.  23.  As  many  of  the  fol- 

lowing  inequaUtiea  &&  iXkQi.7  \^^  Toa^Ycod  will  be  found  to  hold; 
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2(n-l)>n,    S(n-2):>n, ;    then   by    multiplication    the 

result  is  obtained.  25.  may  be  deduced  from  Ex.  23. 

29.  See  Ex.  3  of  Chap.  xxv.  31.  Multiply  up;  then  use 

Art.  676.  32.  Put  l-a  =  h,  and  expand  (l-h)'  by  the 

Binomial  Theorem;  the  series  will  be  convergent.  We  shall 
then  have  to  shew  that 

(x-l)b     (x-l){x-2)b* 

[T  [1         ' 

and  this  is  obvious,  since  x  is  <  1. 

LH.     2.  66.  3.  3.5«.41».  4.  2\3'.5\ 

5.  2'.  (823)'.  12.  suppose  n  to  lie  between  m'  and  (m  +  1)*; 

then  n  —  ab^  (m*  +  m  —  n)'.  19.  n'  —  n  +  l  is  greater  than 

{n  —  1)'  and  less  than  n'.  20.  Suppose,  if  possible,  w®  + 1  =  m' ; 
then  7i'=(m  — 1)  (w  +  1).  Now  no  fector,  except  2,  can  divide 
both  m  —  1  and  m  + 1,  and  2  cannot  here  divide  them,  for  n  is 
odd.  Hence  m  —  l  and  m  + 1  must  both  be  perfect  cubes ;  but 
this  is  impossible ;  for  the  difference  of  two  cubes  cannot  be  so 
small  as  2.  35,  36,  37,  38.    These  all  depend  on  Fermat's 

Theorem.  43.  22680.  44.  2''''5'"\  45.  12. 

46.  12.  47.  160  divisors.  48.  6.  51.  (w+1)". 

53  and  54  must  be  solved  by  trial;  the  answer  to  53  is  2*.  3'.  5, 
and  the  answer  to  54  is  2'.  3^  5.7.  57.  a  =  2 .  5',  7'.  ^, 

y  =  2.5.7.«. 

Lni.     1.  27  to  8  against.  2.  ^~ .  4.  f .  5.  i. 

5  11 

^-  To«  '?•  oF«  8.  7  to  2.  10.   -4 's  chance  of  losing 

is  f ,  and  of  neither  winning  nor  losing  is  J ;  2>'s  chance  of  win- 
ning is  I,  and  of  neither  winning  nor  losing  is  J ;  -5  and  G  have 
each  the  chance  J  of  winning,  J  of  losing,  J  of  neither.  Or  more 
simply,  ^'s  chance  of  winning  is  J,  J5'8  and  C's  ^,  and  2>'s  f,  if 

5  2 

we  suppose  that  one  of  the  boats  mtist  win.       ^•^*  g  •       ^^'  JTg  • 

11    3  ,-1  i„    n  ..    18586  ..    31031 

14.  jj.        10.  g.        10.  g;.        10-  -(36jr-        ■'''•  "e*—- 
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23. 

2551 
7* 

1- 

1053 
5* 

31. 

7 
15' 

51x50x49*  *  52.51.50.49* 

»4-     »»-K"-i-'P{'-C-^')'}- 

32.  The  chance  of  the  sovereign  being  in  the  first  purse  is  to  the 
chance  of  its  being  in  the  second  as  10  iff  to  9;  the  probable 
values  of  the  purses  are  as  20  is  to  19.  33.  J. 

iC'igiLU      [4  ]• 

42    -1 
60 

45.  The  same  result 


48.  11  to  5. 


34. 

^^           35    ^ 

36. 

f 

40. 

H^r- 

41 

.    033. 

44. 

AC 

1     6  111     6 

7+7-2-2*3'^7 

K 

A 

.    l« 

[n  w" 


49.  6;  t .  51.  ^ .  53.     Let  ^'s  chance  of  winning 

a   single  game    be  x,  and  ^'s  chance  1  —  x;   then  ^'s   chance 

...      ^,        ..    x\2-x)  ^,     9 

of  winning  the  set  is  ^-^ 3  •  ^4.  =r^ . 

^  l-aj  +  or  16 

^.   (-55)^  58.  1^  and  |i.  59.  21  shillings. 

60.  42  shillings.  61.  £400.  62.  35^.  Sd.  63   £10 

64.  A  florin.  65.  3  florins,  1  sovereign.  66.   2  to  1; 

1     i.    1    .        ,     .  1  /.^     2r  +  l  ^-    3n(n  +  l) 

i  of  what  each  stakes.  67.    — « —  •  ^o-  iTFa t"\  • 

^  3  2  {2n  + 1) 

69.  33333  shillings.         70.  -n  shillings.         71.  ^.        72.  i. 

^^-  ;;>TT)-        ^^-  5-        ^^-1286^  "^5144-         ^^-  ^"46"  * 
77.  3.  80.  ^.  81.  -^-!^5^.  82.  4. 
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LIY.      1.  ^(1  -  a;*)  =  - 1  ±  ^3.  2.  Substitute  for  a?" 

from  the  first  equation  in  the  second;  thus  we  shall  obtain  either 

y'=bnoTx  =  — ^.  4.  Square;  and  put  the  ^nation  in 

the  form  (a;'  -  4a;)'  =  24  (a;  - 1)'.  5.  c  =  1 10. 

6.  Midtiplj  up  in  the  given  relation. 

~{    4:N'  4iV»    j    • 

9.  Equate  the  coefficient  of  a*  in  the  expansion  of  ^  ■ , 

l-aj  + 


{1  +  my 

and  in  the  expansion  of  the  partial  /ractions  into  which  this 
expression  may  be  decomposed. 

LY.      1.  Wim'-^n')  V(a'+  6")-  nay.        2.  1  +  ^|  +  ^| . 
3.  The  radix  is  8.  5.  5.  6.  a;=26«;  y=495-2U 

7.  2_(l-^y  \  where ^  =  2". 

8.  (1  -  x^y  +  aj'(l  —  xY  is  always  positive. 

12.  —  logw  =  log-^."s.-. .     Hence  we  may  regard  the 

general  terms  of  the  series  as  -  +  log  (1  — ) ;  and  by  expanding 
log  (1  — )  the  general  term  is  found  to  be  numerically  less  than 

8 .     Then  see  Art.  562.  14.  If  he  draws  again  from 

n 

the  same  bag,  his  chance  of  getting  a  sovereign  is  f ,  and  his 
chance  of  getting  a  shilling  is  f ;  thus  his  expectation  is  ^  shil- 
lings. If  he  di'aws  from  the  oth&r  bag,  his  chance  of  getting  a 
sovereign  is  t,  and  his  chance  of  getting  a  shilling  is  ^;   thus 
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)i-ii 


(n-l)R'-n  +  E' 
his  expectation  is  ^  shillings.  16.  n(E-lY * 

where  E  is  the  amount  of  one  pound  in  one  year. , 

m 

LVL     2.  ab-^h€  +  ca  +  2ahc  =  l. 

3.  (a*  +  6»  +  c*)'  =  -  8(a6  +  6c  +  cay. 

4.  a'  +  6*  +  c*-a6c  =  4. 

6.  (a*+y*)»  =  «*- 

7.  5  (a*  -  6*)  (2a*  +  6»)  =  9a  (a'  -  c»). 

'  \   ac    )       \   ac    ) 
9.  ai8=l  +  y.  10.  (a-6)'(a'+6')  =  aV. 

11.  (a  +  i8)'  +  (a-i8)*=2.   . 

13.  a;(2/'-«^  +  2y(«*-aO  +  M^-y')  =  ^- 

U.  (a +  6)* -(a -6)*  =  (8c)'  16.  399. 

17.  This  problem  can  be  solved  by  the  aid  of  the  principles 
I.  and  II.  of  Art.  766.  Let  p^  be  the  probability  of  a  single 
event  with  three  cards  of  a  selected  suit;  let  ji?,  be  the  probability 
of  a  selected  pair  of  events;  let  jOg  be  the  probability  of  a  selected 
triad  of  events;  and  so  on.     Then 

-,  ^     m{m'-\)  o      m(w-l)(wi-2) 

P,  =  mp,;P,=  -^^^ — 'P,l    A=— ^ ^ Pzl 

"We  have  now  to  find p^,  p^y  p^t 

Imagine  three  cards  fastened  together,  so  as  to  form  one  card; 
we  shoidd  then  have  rrm—  2  cards  instead  of  mn.  The  number  of 
favourable  cases  would  be  \mn  —  2y  and  the  whole  number  of 


cases  I  mn ;  this  would  give  a  chance  denoted  by  '  r  and  to 
\7nn 

obtain  p^  we  must  multiply  this  result  by   [3,   for  the  cards 
imagined  to  be  fastened  together  could  be  permuted  among  them- 

selves  in  [3  ways.     Thus p,  = 7 ^ . 

^  ^^     mTi(mw--l) 
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6'  I  mn  —  4 
Similarly  ^,= — ^  ;  and  so  oil    Hence,  finally,  the  re- 

quired  chance  is 

^,  ?n  (m  - 1)        ^3  m(m-l)(m-2) 
6m  ^         2  ^  [3 


W7i(«iw— 1)     mn...  (mn~3)      m^^ (97m— d) 


•••••• 


18. 


|m  +  yi 


|m[9i 
19.     The  expression  ,  ""  ,  - , ""    ^  +  ,  ""   ^^  -  ...  becomes  by 

JL  ~~  fXT       JL  ~"  iC         JL  ~"  iC 


X  «•  «• 


expansion 

aj +  «'  +  «'  + a'' +  «:'+  ... 

*■"  •v    ■"  •*/     ~"  i«/       •"•  •*/       ~"  iA/       "~  .  .  ■ 

-  fli^- ill'*  -  a"- »*•- »••- 


Then,  by  adding  the  vertical  columns,  we  obtain 

0!  0?  as* 


3  + 


l+*»  '  l+a!«     l  +  aj"     

20.    Let 

o  =  (l-a!)  (!-«•)  (1-a;'),.., 

/5  =  (l+a!)(l  +  a!^(l +  «!•)..., 

7  =  (l-aO  (!-«♦)  (l-**)..., 

8  =  (1  +  !8')(1 +  ««)(! +  !«•)...; 
then    a/3  =  (l-«^(l-««)(l-iB")..., 

y8  =  (l-«*)(l-«'')a-«")-; 
thus     aPySzsyi 

therefore    aj38  =  1,  and  therefore  -  =  )38. 


T.  A. 


%%. 
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